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CHAPTER 1 

INTRODUCTION 

In a letter to his rival Robert Hooke, Isaac Newton (1675) famously stated, “If I 

have seen further it is by standing on the sholders [sic] of Giants” (p.1).  Newton’s 

metaphor ingeniously encapsulated the notion of how scientific knowledge evolves 

through the accumulation of the creative scholarly activity and discourse of humans.  

Indeed, the historical development of mathematical ideas played a central role in the 

work of Isaac Newton, as well as in the contributions of other great innovators and 

thinkers such as Thales of Miletus (c. 624 – c. 548 BC), Archimedes (289–212 BC), 

Leonhard Euler (1707–1783), and countless others.  Moreover, every student of 

mathematics—including all of the greatest thinkers in human history, as well as all 

current students—has benefitted from standing on the shoulders of these same giants, 

albeit to varying degrees.  However, in modern times mathematics education has 

positioned both teachers and students to the side of these historical giants rather than atop 

their shoulders. 

Over the past several decades U.S. education in general, and mathematics 

education in particular, has been relegated to the memorization and performance of skills 

and techniques designed to be measured by standardized tests.  The distillation of 

mathematics into standards and algorithms has diminished both teachers’ and students’ 

understanding of the nature of the discipline.  According to Gutek (2011), “Many teacher 
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education programs are intellectually shallow, lacking a sense of historical and cultural 

perspective. [Thus,] U.S. educators . . . may be ‘culturally illiterate’ to the great ideas and 

heritage of their own profession” (p. 4).  Consequently, many current mathematics 

teachers inculcate their students with this same culturally illiterate view of mathematics.   

 In an effort to increase students’ understanding of the nature of mathematics, and 

to combat the prevailing oversimplification of the discipline into an efficient set of 

algorithms, a research-based curriculum and instructional method has been developed.  

This method is called IDEAS, an acronym which describes the instructional sequence as 

follows: I (Introduce the concept through a hands-on activity); D (Discover the historical, 

cultural, and human context through biography); E (Examine the primary sources through 

inquiry); A (Actualize the learning through written reflection); and S (Synthesize the 

understanding through practice and application).  In order to implement the IDEAS 

method of instruction the researcher has developed a curriculum consisting of history-

based teaching modules.  A specific example of such a module, designed to help students 

understand binomial probability will be implemented in this study.  

Each of the components of the IDEAS method has been based on research, which 

will be discussed in detail in the review of the literature in Chapter 2.  In addition, much 

of the literature consists of studies conducted outside the United States in countries that 

consistently achieve the highest performance in mathematics on international 

standardized testing.  Many of the top performing countries have national curricula that 

mandate the inclusion of the historical development of mathematical ideas.  Thus, as the 

literature suggests, a curriculum that includes the history of mathematics offers many  
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benefits to both teachers and students, especially in terms of an increased understanding 

of the nature of the discipline and its real-world applications.  Therefore, the IDEAS 

method was developed to increase students’ understanding of the nature of mathematics 

and to utilize existing research to affect meaningful change in current practice. 

Statement of the Problem 

It is no secret that secondary students in the U.S. have traditionally struggled with 

the increasingly abstract ideas and processes encountered in their mathematics courses.  

Typically, students first encounter the concepts of logic and deductive reasoning in high 

school geometry—skills which require a significant increase in cognitive demand 

compared to the computational and symbolic skills required for success in introductory 

algebra.  Moreover, according to standardized test data from the Program for 

International Student Assessment (PISA), mathematics performance (which emphasizes 

real-world applications, computation, and reasoning) by U.S. fifteen-year-old students 

has remained below the international average since 2003 as illustrated in Table 1. 

 
 

 

 

 

 

 

 

 

  

 

 

Table 1 
 
PISA Mathematics Scale 
 
Year U.S. Avg. Int’l. Avg. Difference 

2003 483 499 –16 

2006 474 494 –20 

2009 487 495 –8 

2012 481 494 –13 

2015 470 490 –20 
2018 478 489 –11 
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According to this trend, U.S. students remain well behind the international average in 

mathematics performance among the 35 leading industrial nations that comprise the 

Organization for Economic Cooperation and Development (OECD).  This disparity in 

mathematics achievement scores seems to indicate that U.S. high school students would 

benefit from gaining a more complete understanding of mathematical concepts.  

 As previously mentioned, part of the reason for students’ lack of understanding of 

the essence of mathematical ideas could be the increased emphasis on algorithms and 

memorization of formulas without a sense of why these algorithms and formulas should 

be used.  According to Bütüner (2016), “When [students] understand where the formulas 

are coming from, they no longer find them mysterious, tend to remember them, and 

believe that mathematics is logical” (p. 1162).  Moreover, a teacher in one study “likened 

the use of rote learned algorithms to the performance of a trick” (Beswick, 2012, p. 137).  

Indeed, such decontextualized tricks perpetuate the lack of understanding of 

mathematical ideas.  Additionally, teachers tend to resort to imparting to their students 

the same tricks that they have been taught.  One professor in a study by Povey (2014) 

suggested that “we get our children to do various algorithms almost unquestioningly 

because there is so much embedded in our own practice” (p. 151).  Thus, the problem of 

students’ lack of understanding of the nature of mathematics is exacerbated by the 

widespread adoption of an algorithmic approach to the subject.  

 The widening gap in mathematics performance between U.S. secondary students 

and their international competitors, in combination with a dramatic expansion in 

university construction, has led to the displacement of the U.S. as the world leader in 
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 science, technology, engineering, and mathematics (STEM) graduates.  This problem is 

compounded greatly by the necessity for mathematical and technological expertise in the 

global marketplace.  According to McCarthy (2017), estimates of the growth in the 

number of STEM graduates by the year 2030 are about 300% for China compared with 

about 30% for the U.S. (p. 1).  In addition, McCarthy reported that the number of STEM 

graduates in 2016 was 4.7 million for China, 2.6 million for India, and only 568,000 for 

the U.S.  Even with a proportional adjustment for differences in population, both China 

and India are predicted to eclipse the U.S. in the number (and proportion) of STEM 

graduates.  The U.S. is losing the technology race by a devastating margin and the 

problem is only getting worse with the passage of time.  Of course, falling behind in 

preparation for STEM careers could have disastrous economic ramifications.  Clearly, 

educators must act to increase students’ understanding of mathematics in order to close 

the gap between U.S. and international secondary students in STEM subjects.  

Research Questions 

 The goal of this study is to investigate several research questions, which are listed 

below.  In order to answer the questions thoroughly, a mixed methods approach was 

utilized.  A detailed description of both the quantitative and qualitative methodologies, 

along with the rationale for using a mixed methods research design, will be provided in 

Chapter 3.  In short, combining the results from both quantitative and qualitative data will 

allow a more robust analysis and will provide a deeper understanding of the effectiveness 

of the IDEAS method as implemented in this study. 

The research questions that will be addressed in this study are: 



6 
 

 
 

(1) Does the IDEAS method increase students’ understanding of the nature of 

mathematics? 

(2) Does the IDEAS method positively change students’ attitudes about 

mathematics? 

(3) Does the IDEAS method increase student achievement in mathematics? 

Each of these questions will be addressed by collecting both quantitative and qualitative 

data.   

Theoretical Framework 

 In order to gain insight into the possible change in students’ understanding, 

Sfard’s (2008) theory of commognition will serve as a theoretical framework for this 

study.  The term commognition is a contraction of the two words communication and 

cognition.  Sfard developed her theory around the problem of describing precisely what 

was meant by abstract concepts such as thinking, learning, or understanding. As Sfard 

noted, “Pinpointing the exact meaning of the word understanding and finding ways to 

make the principle of learning-with-understanding operative are extremely difficult 

tasks” (p. 28, italics in original).  Several researchers who have studied the use of history 

in mathematics instruction have framed their studies with Sfard’s theory of 

commognition (e.g., Barnett, Lodder, & Pengelley, 2014; Jankvist, 2010, 2011a, 2011c; 

Kjeldsen & Petersen, 2014).  Because of its widespread adoption by researchers in the 

field of history and pedagogy in mathematics, and its versatility in evaluating students’  

mathematical understanding, Sfard’s theory of commognition will serve as the theoretical 

framework for this study. 
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 The focus of Sfard’s (2008) theory of commognition is discourse. By analyzing 

the discourse among a group of mathematics students, for example, one can discern the 

evidence of understanding, or the extent to which understanding has increased.  

According to Sfard, “The term commognition was coined to encompass thinking and 

(interpersonal) communicating and to stress the unity of these two types of processes” (p. 

92, italics in original).  Sfard advocates the disobjectification of discourse.  She pointed 

out that abstract ideas—like thinking, or understanding—are objectified by assigning 

nouns to describe them.  Thus, humans tend to treat these abstract notions as one would 

treat a pencil or a hammer.  One example of objectification in discourse is the use of 

number-words (such as thirty-one) as “the reification of the procedure of counting” 

(Sfard, 2008, p. 47).  However, Sfard advocates the construction of operational 

definitions for abstract ideas (such as the concept of function in mathematics) which can 

be utilized in students’ discourse.  As Sfard stated, “commognition is a beginning of the 

intricate process of building a disobjectified discourse on thinking” (p. 83, italics in 

original).  It is through the careful study of students’ mathematical discourse that 

evidence of understanding, through the implementation of the IDEAS instructional 

module, will be evaluated in this study.  In Chapter 3, the qualitative methodology for 

evaluating students’ mathematical discourse will be discussed thoroughly.  A more 

detailed description of Sfard’s theory of commognition will be provided in Chapter 2.  

Conceptual Framework 

 Several researchers have discussed the idea of parallelism (also called the 

recapitulation argument) as a means to illuminate the processes by which students learn 

mathematics (e.g., Barnett, Lodder, & Pengelley, 2014; Fried, Guillemette, & Jahnke, 
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2016; Furinghetti, 2019; Jahnke, 2014; Jankvist, 2009a, 2010, 2014; Kjeldsen & 

Petersen, 2014; Smestad, Jankvist, & Clark, 2014; Thomaidis & Tzanakis, 2007).  

According to the tenets of parallelism an individual student learns mathematics in much 

the same way that mathematics itself has developed historically. 

 Parallelism is an extension of the recapitulation argument, which will be 

discussed in detail in Chapter 2.  Essentially, there are two concepts involved in the 

recapitulation argument that need to be defined.  According to Jankvist (2009a), 

“ontogenesis is the evolution of a single organism (or individual) from the fertilization of 

an egg to adulthood, and phylogenesis is the evolution of an entire species” (p. 238).  The 

recapitulation argument states that ontogenesis recapitulates phylogenesis.  As it pertains 

to mathematics, the recapitulation argument suggests that “to really learn and master 

mathematics, one’s mind must go through the same stages that mathematics has gone 

through during its evolution” (Jankvist, 2009a, p. 239).  Thus, incorporating the historical 

development of mathematical ideas is critical for modern students to learn and master the 

subject.  While there are some who argue against parallelism (discussed further in 

Chapter 2), it can be helpful to consider parallelism as a conceptual framework for this 

study because the implementation of the IDEAS curriculum and instructional method, 

along with a mixed methods approach for data collection and analysis, seek to determine 

the extent to which understanding the historical development of mathematics helps 

students more clearly understand the nature of mathematics itself. 

Significance of the Study 

 The IDEAS method has been designed to help secondary students better 

understand the nature of mathematics.  Thus, this study should benefit secondary 
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mathematics students.  In addition, this study should benefit secondary mathematics 

teachers, especially those teachers who have little or no experience with the history of 

mathematics.  Moreover, researchers in the field of the history and pedagogy of 

mathematics will benefit from the addition of the findings of this study to the existing 

literature. 

 The IDEAS method has been created to address the problem of students’ lack of 

understanding of the nature of mathematics.  By increasing students’ understanding, it is 

not unreasonable to predict that their academic achievement could increase and that their 

enjoyment of the subject might also be enhanced.  Moreover, by fostering a deeper 

understanding of the nature of mathematics the IDEAS method could lead to better 

performance by U.S. students on the PISA and might help to close the achievement gap 

between U.S. and international secondary students. 

 As stated previously, part of the explanation for students’ lack of understanding of 

the nature of mathematics lies in the inadequate preparation of secondary mathematics 

teachers (e.g., Beswick, 2005; Clark, 2012; Gazit, 2013).  Most teacher preparation 

programs do not require—nor, do some programs even offer—a course in the history of 

mathematics (Clark, 2012, p. 69).  Thus, many secondary mathematics teachers enter 

their profession with no background in the history of mathematics.  Therefore, the IDEAS  

method will benefit secondary mathematics teachers by providing some background in 

the historical development of the mathematical ideas they teach to their students.   

Researchers in the field of history and pedagogy in mathematics can benefit from 

this study as well.  By implementing the IDEAS method and evaluating its effect on 

students’ understanding, this study will add to the existing literature on the use of history 
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in mathematics instruction and its benefits to students.  The IDEAS method incorporates 

aspects of existing research—such as the use of hands-on materials, and the use of 

primary sources—to benefit mathematics students.  However, by combining several 

research-based strategies into a versatile history-based curriculum and instructional 

method it is likely that a positive, practical contribution will be made to the existing 

literature. 

Procedures 

This study was conducted using a mixed methods design.  Both quantitative and 

qualitative methodologies were utilized for data collection and analysis.  The primary 

reason for using a mixed methods design is that each type of data will complement the 

other and facilitate a more robust analysis.  A brief summary of the procedures is given 

here, but a more thorough description of the methodology is contained in Chapter 3. 

 The quantitative and qualitative methodologies will be discussed separately, 

however, the participants, setting, and population of interest will be the same for both.  

The following sections will provide a description of these three components of the study. 

Participants 

 The participants in this study were 107 students enrolled in a pre-calculus course 

at a suburban public high school.  These students came from 10 different classes.   There 

were 60 participants in the treatment group and 47 participants in the comparison group.  

These students ranged in age from 16 -19 years old, and were in 10th, 11th, and 12th 

grades.   

 The participants were racially and ethnically diverse, and were demographically 

representative of the school as a whole.  The distribution of race among the participants is 
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approximately 45.1% African American, 35.7% Hispanic, 8.9% White, 7.1% Asian, and 

3.3% Other, or More than One Race.  There were approximately the same number of 

males and females.   

Setting 

 This study was conducted at a large, suburban public high school in the Southeast 

United States.  The school had 2,056 students enrolled for the 2019–2020 school year.  

The community in which the school is located is considered to be of lower 

socioeconomic status.  Most students (79.6%) are eligible for free or reduced lunch (i.e., 

the school qualifies as a Title I school).   

 The study was conducted in two separate contexts: (1) in a traditional classroom 

setting, and (2) online using a digital format for the implementation of the IDEAS 

module, due to the COVID-19 pandemic and the shift to online learning by the school 

district.  The study was carried out in the spring semesters of 2019 and 2020.  The results 

of these two contextual implementations (online and in-person) will be compared in 

Chapter 4. 

Population  

 This study seeks to investigate the effect that the IDEAS method has on students’ 

understanding of the nature of mathematics.  Consequently, the population of interest for 

this study is U.S. high school students.  

Although this study has a relatively small sample size, it is hoped that the 

quantitative methodology, along with qualitative analysis, will enable the results to be 

generalized to a population of U.S. high school students, or, at a minimum, a population 

of suburban U.S. high school students. 
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Quantitative Methodology 

 Participants completed a pre-intervention attitudes survey containing 10 items 

from an instrument developed by Alpaslan, Işiksal, and Haser (2011, 2014).  This 

instrument was originally designed for use with pre-service teachers, then modified (with 

permission from the authors and review by both the authors and several experts in the 

field) by the researcher for use with secondary students.  The instrument was utilized in a 

classroom context in the spring of 2019.  Exploratory and confirmatory factor analyses 

were employed to reduce the number of items on the instrument from 35 to 10.  In 

addition, for this study students’ pre-test scores on the district assessment for pre-calculus 

(administered in January, 2019 and January, 2020) were collected to determine baseline 

equivalency of the treatment and comparison groups. 

 After the IDEAS module was implemented participants completed the post-

intervention attitudes survey (identical to the pre-intervention attitudes survey) to assess 

any change in attitudes toward the use of history in mathematics instruction, as well as 

any change in participants’ views of the nature of mathematics.  Additionally, 

participants’ scores on a test relating specifically to binomial probability were collected 

in order to compare the academic performance of the treatment group and the comparison 

group. 

 Prior to data analysis, data cleaning procedures were utilized (Osborne, 2013).  In 

addition, all conditions and assumptions pertaining to the use of statistical tests were 

checked prior to performing any data analysis.  In order to determine if there was a   

statistically significant difference (p < .05), for each analysis of treatment and comparison 

groups (e.g., individual items on the attitudes survey, pre- and post-test achievement) an 
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independent samples or repeated measures t-test was used.  Other quantitative data 

analysis procedures were used as well, including exploratory and/or confirmatory factor 

analysis (and other dimensional reduction techniques), correlation analysis, and other 

procedures mitigated by the data.  The complete quantitative methodology will be 

described in Chapter 3. 

Qualitative Methodology 

 Prior to the intervention participants completed a short, written assignment which 

asked the question, “What is mathematics?”  After the intervention participants provided 

their written responses to the same question.  These written reflections were analyzed to 

determine the extent to which changes occurred in participants’ views about the nature of 

mathematics after the IDEAS module had been implemented.   

 In addition, interviews were conducted with a smaller subset of participants in 

order to investigate changes in attitude after the intervention.  These interviews were 

transcribed and coded.  Codes were evaluated to determine two themes which emerged.  

Interview questions are provided in Appendix X.    

All of the qualitative data were used in conjunction with the quantitative results to 

form a robust analysis of the extent to which participants’ understanding of the nature of 

mathematics changed after the implementation of the IDEAS module, as well as to 

evaluate any changes in attitude toward mathematics or its history, and to measure 

changes in academic achievement.  These results will be discussed in detail in Chapter 4.   

Limitations and Delimitations 

 As with any research, there are both limitations and delimitations to this study.  

The next two sections will describe some of the limitations and delimitations.  A more 
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detailed description of the limitations and delimitations of this study will be provided in 

Chapter 5. 

Limitations 

 One of the limitations in this study was the small sample size (n = 107).  While it 

would have been desirable to have a much larger sample size, the COVID-19 pandemic 

likely reduced the number of willing participants, and the number of possible participants 

was determined by the availability of pre-calculus classes at the high school in which the 

study was conducted.  If the sample size were larger the results could be generalized to a 

population of U.S. secondary students with a higher degree of confidence. 

 Another limitation of this study was the time frame in which the IDEAS module 

was implemented.  Ideally, the IDEAS method would be implemented over a semester, or 

even throughout the academic year, and consist of several history-based modules.  

However, for this study a single module was implemented during two 90-minute blocks.   

 Finally, the fact that the researcher did not meet or interact with the participants 

during the online implementation of the IDEAS module created a situation in which there 

was no relationship between teacher (researcher) and students.  Because of the lack of 

personal contact, there was no opportunity for dynamic class or small group discussions, 

and it was impossible to motivate students or to understand their individual instructional 

needs. 

Delimitations  

 The design of this study created two notable delimitations.  First, the participants 

were from a single high school, specifically a public high school in a suburban area.  

While it would have been much more informative—and more generalizable—to include 
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participants from private schools, rural schools, urban schools, and even middle schools 

or elementary schools, time constraints prohibited the inclusion of other types of schools. 

 In addition, the IDEAS module was only implemented in one mathematics course, 

namely, pre-calculus.  Again, due to time considerations, only one historical module was 

implemented.  Ideally, it would have been desirable to examine the effectiveness of 

historical modules in several mathematics courses, such as algebra, calculus, and 

geometry. 

Summary 

 This study examined the extent to which implementing a history-based curriculum 

and instructional method (the IDEAS method) changed students’ understanding of the 

nature of mathematics.  As seen in the PISA, an international standardized assessment, 

U.S. high school students have remained behind many other industrialized countries in 

mathematics achievement for the past several years.  The majority of the countries that 

outperform the U.S. in mathematics have national curricula that mandate the inclusion of 

the historical development of mathematical ideas.  Moreover, the U.S. has lost ground to 

countries such as China and India in terms of STEM training and the growth of careers in 

the STEM fields.  In order to reverse this alarming trend, it is clear that U.S. students 

must increase their achievement in mathematics, which will require a more complete 

understanding of the nature of the discipline. 

 The IDEAS method employs several research-based practices, such as the use of 

hands-on materials, the examination of primary sources, and the incorporation of written 

reflection, in order to help students better understand the nature of mathematics.  The 
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IDEAS method was developed to counteract the prevailing instructional practice in which 

mathematics is presented as a set of disconnected algorithms that must be memorized.   

 The research questions that will be addressed in this study are: 

(1) Does the IDEAS method increase students’ understanding of the nature of 

mathematics? 

(2) Does the IDEAS method positively change students’ attitudes about mathematics? 

(3) Does the IDEAS method increase student achievement in mathematics? 

In order to answer these questions a mixed methods research design was used.  Both 

quantitative and qualitative data were collected and analyzed.  Pre- and post-intervention 

questionnaires were administered to assess the change in students’ understanding of the 

nature of mathematics, as well as to determine any changes in students’ attitudes toward 

mathematics.  Other quantitative data included pre- and post-intervention achievement 

scores.  Qualitative data include written reflections from students and post-intervention 

interviews. 

 The theoretical framework for this study is Sfard’s (2008) theory of 

commognition.  This framework has been utilized in many studies that examine the use 

of the history of mathematics in instruction.  By studying and analyzing students’ 

discourse, evidence may be found of changes in understanding (or learning) of 

mathematical ideas.  The goal in using an historical approach in mathematics instruction 

is to increase students’ understanding of the nature of mathematics, and the theory of 

commognition—a contraction of the words communication and cognition—serves as a 

framework for evaluating students’ mathematical discourse to determine the extent to 

which students’ understanding of the nature of mathematics has changed. 
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 As with any study, there are some limitations.  The sample size was small, which 

was mainly determined by the availability of classes at the school in which the study was 

conducted.  In addition, the duration of the study was somewhat short.  Moreover, the 

school in which the study was conducted had shifted to online learning due to the 

COVID-19 pandemic.  

 The design of this study introduced some delimitations as well.  First, this study 

was confined to one pre-calculus course.  Due to time constraints, it was not possible to 

expand the study to include algebra, calculus, or geometry courses.  Second, again due to 

time constraints, it was not possible to include different types of schools, such as private 

schools, urban schools, rural schools, or even middle schools and elementary schools.  

Ideally, being able to expand the study by implementing the IDEAS method in other 

courses, or in other schools, would generate a much more robust dataset, and would 

facilitate a higher degree of generalizability of the results.
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CHAPTER 2 

REVIEW OF THE LITERATURE 

 This chapter begins with a description of the search strategy that was utilized to 

locate relevant studies to inform the design and implementation of the IDEAS curriculum 

and instructional method.  Next, background and contextual information, as well as a 

discussion of the arguments for and against the use of history in mathematics instruction 

will be presented, including a brief summary of the evolution of history in the 

mathematics curriculum.  In addition, a discussion of parallelism (or, the recapitulation 

argument) will provide a conceptual framework for incorporating the historical 

development of mathematical ideas into classroom instruction.  The next section will 

present the benefits of using history in mathematics for pre-service and in-service 

teachers, as well as for students from the elementary to the undergraduate levels.  The 

subsequent section will present a summary of the research on each component of the 

IDEAS method— the incorporation of hands-on activities, the exploration of biographical 

and cultural contexts, the examination of primary sources, the inclusion of written 

reflection, and the implementation of history-based teaching modules.  Next, a discussion 

of curriculum design for online learning will be presented.  Finally, Sfard’s (2008) theory 

of commognition will be outlined and the justification for its selection as the theoretical 

framework for this study will be discussed.
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Search Strategy 

 The process of finding relevant studies related to the use of history in 

mathematics instruction began in May, 2017, and continued through December, 2019.  

Several databases were utilized for this search, including ERIC (EBSCO), JSTOR, 

ProQuest, and PsychInfo.  Keywords, phrases, and combinations of keywords were 

entered, including history, mathematics, high school, secondary, instruction, modules, 

hands-on activities, primary sources, and written reflection, as well as Boolean search 

strings such as “histor* AND math*,” “(high school OR secondary) AND (history of 

math*),” and “(histor* AND math* AND instruct*).”  These keyword and Boolean 

searches yielded thousands of potential articles. The resulting sources were narrowed 

based upon the following inclusion criteria: 

• The article (or study) was published within the last 10 years (preferably within the 

last 5 years), or was considered a seminal work; 

• The article was peer-reviewed; 

• The article was published in a scholarly journal; 

• The article was published in the English language; 

• The study involved the use of history in mathematics instruction; 

• The subjects in the study were not the same subjects in another study (except 

where noted); 

After collecting all of the articles that matched the inclusion criteria, the references in 

each of these articles were examined to find additional sources.  The references from 
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those articles were searched as well, and the process was continued until a point of 

saturation was reached, i.e., references contained no new studies that met the inclusion 

criteria (Randolph, 2009, p. 7).  This method yielded far more articles than could be 

found by keyword and Boolean electronic searches alone. 

In addition to the articles located through the search strategy described above 

essays, book chapters, and other seminal works were found by contacting several experts 

in the field of history and pedagogy in mathematics (HPM).  These experts included 

Kathleen Clark, Uffe Thomas Jankvist, Fulvia Furinghetti, Çiğdem Haser, and Janet 

Heine Barnett.  Correspondence with these experts was very fruitful, and yielded many 

relevant publications, particularly conference proceedings, dissertations, articles pending 

publication, and the International Commission on Mathematics Instruction (ICMI) study 

(Fauvel & Van Maanen, 2000).  The search strategy involving electronic searches, 

reference mining, and consultation with experts in the field produced over 100 studies 

and other relevant sources that met the criteria for inclusion. 

Background 

 Aristotle (384–322 B.C.)  stated, “If you would understand anything, observe its 

beginning and its development.”  Thus, in an effort to understand the nature of 

mathematics it stands to reason that the historical development of mathematical ideas 

would be an integral part of mathematics instruction.  However, history has been all but 

removed from U.S. mathematics curriculum and instruction (Lockhart, 2008, p. 9).  

Logically speaking, if Aristotle’s statement is true, then its contrapositive (as it applies to 

mathematics) is also true: “If you do not observe the beginning and the development of 
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mathematics, you would not understand mathematics.”  Moreover, those who would 

teach mathematics, as well as their students, cannot fully understand the subject without 

knowledge of how the great mathematical thinkers practiced their craft.  After all, “you 

don't learn to play an instrument without listening to those who played it best” (Barnett, 

Bezhanishvili, Lodder, & Pengelley, 2016, p. 657).  In addition, a disconnect exists 

between mathematics as taught in school and mathematics as practiced by modern 

mathematicians.  Beswick (2011) suggested that “if school mathematics and 

mathematicians’ mathematics are to be reconciled then teachers must have an 

appreciation of the nature of mathematics that is akin to that of mathematicians” (p. 129). 

Furthermore, school mathematics must be taught in a manner that resembles the way that 

mathematicians learn mathematics (Ornstein & Hunkins, 2017, p. 286).  Therefore, an 

important goal of mathematics instruction should be to understand mathematics through 

the study of its historical evolution, and to practice mathematics more like professional 

mathematicians. 

 Ever since the relatively recent (the past 200 years or so) attempt to teach 

mathematics to the masses the inclusion of history in the curriculum has gradually 

diminished.  In fact, Panasuk & Horton (2012) quoted James W. L. Glaisher (1848–

1928), president of the London Mathematical Society from 1884–1886, as having said, “I 

am sure that no subject loses more than mathematics by any attempt to dissociate it from 

its history” (p. 4).  Thus, even as far back as the late nineteenth century the mathematical 

community had begun to voice concerns about preserving the inclusion of history in 

mathematics instruction.  As a response to such concerns the International Commission 
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on Mathematical Instruction (ICMI) was formed in 1908, and in 1976 the International 

Study Group on the Relations between History and Pedagogy of Mathematics (HPM) 

became officially affiliated with ICMI (Fauvel & Van Maanen, 2000, pp. xiii–xiv).  The 

HPM Study Group continues to advocate for the inclusion of the historical development 

of mathematical ideas in mathematics instruction.  Throughout its short history the HPM 

Study Group has helped to affect sweeping changes in mathematics instruction 

internationally, and many countries that lead the world in mathematics achievement (as 

measured by PISA) include history in their national mathematics curricula.  However, in 

the U.S. the Common Core Standards do not generally require students to know the 

historical development of mathematical ideas.  

Argument in Favor of Using History in Mathematics Instruction 

 Several researchers and scholars have advocated the use of history in mathematics 

instruction to illuminate and highlight the human intellectual contribution to society and 

the great diversity of cultural achievement (Barnett, Lodder, & Pengelley, 2016; Clark, 

2012; Fauvel, 1991; Fried, 2001; Furinghetti, 2019; Jankvist, 2010, 2011a, 2011b, 2011c; 

Kjeldsen & Lutzen, 2015; Liu, 2014; Panasuk & Horton, 2013; Radford, Furinghetti, & 

Katz, 2007; Thomaidis & Tzanakis, 2007; Tsiapou, 2015; Youchu, 2016).  In the U.S. the 

National Council of Teachers of Mathematics (NCTM, 2000) stated, “Mathematics is one 

of the greatest cultural and intellectual achievements of humankind, and [students] should 

develop an appreciation and understanding of that achievement” (p. 4).  Indeed, many 

current mathematics teachers and students lack awareness of the cultural context, the 

historical evolution, and the intellectual significance of the discipline.  In fact, it is 
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difficult for some to imagine that mathematics wasn’t always exactly as it is today.  But, 

as Dunham (1990) posited, “Like everything else, mathematics is created within the 

context of history . . . [and] is the product of real, flesh-and-blood human beings” (p. vi).   

In addition to its intellectual and practical considerations, mathematics has an inherent 

beauty and creativity.  Fried (2001) suggested that, “like literature, art, and music, 

mathematics is an expression of that vision and inventiveness so much part of the human 

spirit” (p. 406).  Thus, because mathematics is a highly creative human enterprise 

developed by many cultures over thousands of years, researchers and scholars have 

provided significant and compelling arguments for including the historical development 

of mathematical ideas in mathematics curricula and instruction. 

 Many researchers have advocated the use of history as a means to help teachers 

and students better understand the nature of mathematics (Barnett, 2014; Bellomo & 

Wertheimer, 2010; Beswick, 2005, 2007, 2012; Bȕtȕner, 2015b, 2016; Charlambous, 

Panaoura, & Philippou, 2009; Clark, 2012; Fenaroli, Furinghetti, & Somaglia, 2014; 

Fried, 2001; Gil & Martinho, 2013; Haverhals & Roscoe, 2010; Huntley & Flores, 2010; 

Jankvist, 2010, 2011a, 2011c, 2014, 2015a; Kjeldsen & Lutzen, 2015; Leng, 2006; Liu, 

2009, 2010, 2014; Nataraj & Thomas, 2009; Panagotou, 2014; Papadopoulos, 2014; 

Povey, 2014).  In some studies, because of the historical component of instruction 

students strengthened their beliefs about the nature of mathematics (Bȕtȕner, 2015b, p. 

1042), came to understand mathematics as a socio-cultural process and a human endeavor 

(Bayam, 2013; Furinghetti, 2019; Gazit, 2013; Liu & Niess, 2006; Panasuk & Horton, 

2012, 2013; Povey, 2014), and aligned their views of the nature of mathematics with 
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those of mathematicians (Beswick, 2012; Povey, 2014).  In terms of understanding the 

nature of mathematics, Liu (2014) suggested that “history is one of the significant means 

for achieving that goal” (p. 711).  Moreover, Liu (2010) argued that “high school . . . 

students’ beliefs about the nature of mathematics enable or constrain their capability to 

bridge the links between everyday practice and mathematical concepts taught in school” 

(p. 87).  As it stands today, the vast majority of high school students (and many 

mathematics teachers) hold the view that mathematics is essentially a collection of 

algorithms (Beswick, 2012; Clark, 2012; Liu, 2009; Povey, 2014; Weldeana & Abraham, 

2014), and is taught and learned devoid of its history, as though it were a dead subject 

(Heiede, 1996, pp. 231–232).  Aronowitz (2017) claimed that “the current curriculum and 

pedagogy in [mathematics] includes neither a historical account of the changes in . . . 

mathematical theory nor a metaconceptual explanation of what the [discipline is] about” 

(p. 132).  Indeed, the lack of a historical component in mathematics pedagogy has led to a 

lack of understanding of the nature of the subject by both teachers and students.  Thus, 

the use of history in mathematics instruction could facilitate a positive change in both 

teachers’ and students’ views regarding the nature of mathematics. 

 In an argument in favor of the use of history in mathematics instruction Liu 

(2003) suggested the following: 

• History can help increase motivation and helps develop a positive attitude toward 

learning. 



26 
 

 
 

• Past obstacles in the development of mathematics can help explain what today’s 

students find difficult. 

• Historical problems can help develop students’ mathematical thinking. 

• History reveals the humanistic facets of mathematical knowledge. 

• History gives teachers a guide for teaching. (p. 416) 

Moreover, many of Liu’s claims about the benefits of using history in the mathematics 

classroom have been borne out in subsequent research, as will be shown later in this 

chapter. 

 Numerous other researchers and scholars have argued that history should be a part 

of mathematics curriculum and instruction.  For example, Fauvel and Van Maanen (2000) 

suggested that “mathematics is intrinsically historical . . . so learning the subject must 

involve its history, just as studying art involves learning about art history” (p. xiii).  

Indeed, many of the great theorems of mathematics are as stunning and creative as any 

work of art (Dunham, 1990).  Thus, a number of results from the history of mathematics 

deserve to be admired and studied in order to fully appreciate their inherent beauty and 

their intellectual value.  However, in most cases students only see the polished results of 

perhaps hundreds or thousands of years of creative activity by mathematicians of diverse 

cultures.  Povey (2014) stated that 

Understanding what it is to “work like a mathematician” is greatly supported by 
studying the history of what mathematicians have actually said and done—seeing 
the stumblings, mistaken arguments, conjectures, experiments and the gradual 
refinement of ideas as mathematics comes into being. (p. 148) 

 



27 
 

 
 

Indeed, understanding the development of mathematical ideas into their modern form 

enables students to understand the reasons why the algorithms they use are valid and to 

appreciate the intellectual achievement these ideas represent.  Moreover, according to 

Furinghetti (2019), history can be a “coupling link” between high school and university 

mathematics (p. 3).  Therefore, understanding the historical development of mathematical 

ideas can better prepare secondary students for success in their undergraduate 

mathematics courses.  Finally, examination of history can facilitate a better overall 

understanding of mathematics by “connecting seemingly unconnected subjects” (Jahnke, 

2014, p. 76).  While the previous few paragraphs outline several compelling arguments 

for including history in mathematics curriculum and instruction, a more extensive review 

of the specific benefits reported by researchers will be discussed later in this chapter.  

Argument Against Using History in Mathematics Instruction 

 There are some researchers who have noted reservations, difficulties, or 

objections by teachers regarding its incorporation into their practice (Bütüner, 2015a, 

2015b, 2018; Clark, 2012, 2014; Fauvel, 1991; Fried, 2001; Panasuk & Horton, 2013; 

Siu, 2007; Xenofontos & Papadopoulos, 2015).  For example, Panasuk and Horton 

(2013) cited several reasons given by mathematics teachers for not using history, 

including “lack of knowledge, lack of appropriate materials, emphasis on preparation for 

high-stakes testing, [and] shortage of time” (pp. 42-43).  In fact, the reason most often 

given by teachers for not using history was the lack of time.  However, Fried (2001) 

suggested that incorporating history of mathematics into classroom instruction “[does 

not] require that the teacher take on additional subjects but only teach the old ones in a 



28 
 

 
 

new way” (p. 394).  Thus, teachers need not spend additional class time on history, but 

weave it into their regular instruction.  Secondarily, teachers cited a lack of training as a 

reason for not using history (Bütüner, 2015a).  In fact, many teacher education programs 

in the U.S. inadequately prepare mathematics teachers.  According to Gutek (2011), these 

programs are “intellectually shallow, lacking a sense of historical and cultural perspective 

[and produce teachers who are] ‘culturally illiterate’ to the great ideas and heritage of 

their own profession” (p. 4).  Moreover, Clark (2012) reported that in a stratified random 

sample of U.S. colleges and universities, “90% (135/150) . . . offered a math teacher prep 

program [but only] 45.9 % (62/135) required a history of math course” (p. 69).  

Therefore, less than half of U.S. teacher preparation programs require mathematics 

teachers to learn the history of their subject.  Consequently, teachers have cited the lack 

of knowledge or training in history as a reason not to incorporate it into their instruction.  

Ironically, while teachers have acknowledged the value of using the history of 

mathematics in instruction, very few actually do so (Panasuk & Horton, 2012; Siu, 2007).  

While the two main objections teachers have given to the use of history in their 

instruction—lack of time and lack of training—are valid, they can be mitigated by further 

training (perhaps professional development) regarding the history of mathematics and its 

use as an instructional resource. 

 Frequently cited as the definitive list, Siu (2007) summarized teachers’ objections 

to the use of history in their mathematics classes as: 

1. “I have no time for it in class!” 

2. “This is not mathematics!” 
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3. “How can you set question on it in a test?” 

4. “It can’t improve the student’s grade!” 

5. “Students don’t like it!” 

6. “Students regard it as history and they hate history class!” 

7. “Students regard it just as boring as the subject mathematics itself!” 

8. “Students do not have enough general knowledge on culture to appreciate it!” 

9. “Progress in mathematics is to make difficult problems routine, so why bother 

to look back?” 

10. “There is a lack of resource material on it!” 

11. “There is a lack of teacher training in it!” 

12. “I am not a professional historian of mathematics. How can I be sure of the 

accuracy of the exposition?” 

13. “What really happened can be rather tortuous. Telling it as it was can confuse 

rather than to enlighten!” 

14. “Does it really help to read original texts, which is a very difficult task?” 

15. “Is it liable to breed cultural chauvinism and parochial nationalism?” 

16. “Is there any empirical evidence that students learn better when history of 

mathematics is made use of in the classroom?”  (pp. 268–269) 

However, there has been some dissent among researchers regarding the validity of Siu’s 

oft-cited list.  Haverhals and Roscoe (2010) systematically refuted all of Siu’s 

unfavorable factors, stating that generally these factors “most closely align with an 

instrumentalist view of mathematical knowledge and mathematical instruction” (p. 353).  
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To better understand this criticism, it is helpful to define the 3 views of mathematics 

given by Ernest (1988).  According to Ernest, the instrumentalist view regards 

mathematics as an “accumulation of facts, rules and skills to be used in the pursuance of 

some external end, [while] the Platonic view [holds that] mathematics is a static but 

unified body of certain knowledge, . . . which is discovered (not created) by humans 

through mathematical investigation, [and] the problem-solving view characterizes 

mathematics as a dynamic, continually expanding field of human creation and invention, 

a cultural product” (p.2).  Haverhals and Roscoe, in refuting Siu’s list of teachers’ 

objections, have implied that teachers (and, consequently, their students) hold a primarily 

algorithmic understanding of mathematics, while also noting that the problem-solving 

view is the one which is most associated with using history of mathematics (p. 344).  

Indeed, many of the objections that mathematics teachers have given regarding the use of 

history in their instruction reveal a general adherence to the algorithmic approach to 

teaching the subject.   

 In addition to teachers’ objections to incorporating history in mathematics 

instruction, some researchers have suggested caveats for its use.  For example, de Vittori 

(2018) cautioned that ancient mathematics must be viewed in context, noting that “the 

methods, the objects, and the type of argumentation are historically situated” (p. 129).  

For this reason, any use of history in mathematics instruction should draw attention to the 

specific human, cultural, historical, and social contexts in which the mathematics was 

created or developed.  Other researchers have warned against a Whig approach to history 

(Barnett, Lodder, & Pengelley, 2014; Bråting & Pejlare, 2015; Fried, 2001; Jankvist, 
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2014; Liu, 2009; Povey, 2014).  According to Fried (2001), “In a Whig historiography 

the present is the measure of the past.  Hence, what one considers significant in history is 

precisely what leads to something deemed significant today” (p. 395).  Fried 

characterized the Whig approach as a distortion of history, which, “if not downright 

reprehensible, is at least highly questionable” (p. 395).  Finally, researchers have noted 

that teachers who use history in mathematics instruction must consider the difference in 

cognitive levels of today’s students and the great mathematicians in history (Bråting & 

Pejlare, 2015, p. 258).  Indeed, it would certainly be unwise to assume that the average 

high school student could think mathematically on par with Newton or Euler.  However, 

mathematics teachers are free to use history in their instruction, as long as they present 

history in context, avoid a Whig approach, and understand cognitive differences between 

modern students and great mathematicians of the past. 

Parallelism 

 For this study parallelism will serve as a conceptual framework.  As a theoretical 

construct, parallelism suggests that mathematics students learn mathematics in the same 

progression as the historical development of the subject itself.  Parallelism is closely 

associated with the genetic principle, which promotes mathematical learning through 

taking the same intellectual journey as the original mathematician (Schubring, 2011).   

While the philosophical construct of parallelism is epistemological at its heart, it is based 

upon the recapitulation argument.  The recapitulation argument was first articulated by 

the German biologist and natural philosopher Ernst Haeckel, who stated it as “the 

fundamental law of biogeny” (Haeckel, 1906, pp. 2-3).  According to Haeckel (1906), the 
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fundamental law of biogeny states that ontogenesis recapitulates phylogenesis (p. 2).  For 

the sake of clarity, “ontogenesis is the evolution of a single organism (or individual) from 

the fertilization of an egg to adulthood, and phylogenesis is the evolution of an entire 

species” (Jankvist, 2009a, p. 238).  To apply the recapitulation argument to mathematics, 

Jankvist (2009a) stated, “To really learn and master mathematics, one’s mind must go 

through the same stages that mathematics has gone through during its evolution” (p. 239).  

From this description it is clear why parallelism—an extension of the recapitulation 

argument—is a logical and natural choice for a theoretical framework for this study and 

for the development of the IDEAS curriculum and instructional method.   

Argument in Favor of Parallelism 

Several researchers and scholars have embraced parallelism in the context of their 

own studies and writings involving the use of history in mathematics instruction (Barnett, 

Lodder, & Pengelley, 2014; Fauvel, 1991; Fried, Guillemette, & Jahnke, 2016; 

Furinghetti, 2019; Gazit, 2013; Huntley & Flores, 2010; Jankvist, 2009a, 2010, 2014; Ju, 

Moon, & Song, 2016; Kjeldsen & Petersen, 2014; Nataraj & Thomas, 2009; O’Reilly, 

2011; Radford, Furinghetti, & Katz, 2007; Safuanov, 2017; Smestad, Jankvist, & Clark, 

2014; Thomaidis & Tzanakis, 2007; Wang, Wang, Li, & Rugh, 2018).  One of the 

advantages of parallelism is that students are able to see a “mirror of their own 

development in the development of other mathematical discourses” (Fried, Guillemette, 

& Jahnke, 2016, p. 220).  In fact, students often experience some of the same difficulties 

that the original mathematicians have had, and “the revelation of different approaches 

and methods of solution has both cognitive and affective merit” (Liu, 2003, p. 419).  



33 
 

 
 

Moreover, students respond well to the genetic approach (Barnett, Lodder, & Pengelley, 

2014).  Another advantage of parallelism is that “cognitive obstacles” can be identified in 

the historical development of mathematical ideas, which hindered the original 

mathematicians and might be anticipated to cause difficulty for students, and “cognitive 

affordances” could be sought in the historical evolution to better enable students to learn 

mathematical ideas (Bishop, Lamb, Phillip, Whitacre, Schappelle, & Lewis, 2014).  In 

general, parallelism serves to illuminate the connection from the historical development 

of mathematics to facilitate learning for today’s students.  

Evidence of parallelism is prevalent in the classroom.  As Thomaidis and 

Tzanakis (2007) stated, “Sometimes, [students’ solutions to unfamiliar problems] seem to 

come out directly from historical texts” (p. 177).  In addition, even students’ 

misconceptions are similar to those of historical mathematicians (Smestad, Jankvist, & 

Clark, 2014, p. 32).  Indeed, as students travel the same paths taken by historical 

mathematicians (albeit, guided by teachers) they frequently encounter the same cognitive 

struggles, experience the same sense of discovery, and make some of the same mistakes.  

Argument Against Parallelism 

Although many researchers and scholars have embraced it as a framework, there 

are those who are more critical of parallelism.   For example, Thomaidis and Tzanakis 

(2007) argued that “strict parallelism is untenable, since strong didactic factors intervene 

and constrain students’ approaches and answers” (p. 180).  However, while strict 

parallelism may not be possible, students have clearly demonstrated that, when they 

interact with the history of mathematics a form of parallelism is inevitable.  Additionally, 
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Bishop, et al. (2014) asserted that “the circumstances and environments surrounding 

historical development are significantly different from the circumstances and 

environments surrounding learners today” (p. 24).  Moreover, because the contexts are 

different, there is an ever-present danger of adopting a Whig approach, ascribing undue 

significance or causation to mathematical ideas of the past.  One important consideration 

in the adoption of parallelism is that “the same mathematical concept that [students] 

themselves are now having trouble grasping actually took great mathematicians hundreds 

of years to shape into its final form” (Jankvist, 2009a, p. 238).  Thus, it may be unrealistic 

to expect students to travel the exact same path taken by mathematicians.  Consequently, 

students must be afforded ample time to process difficult mathematical ideas and teachers 

must become adept at facilitating such journeys. 

When evaluating the merits of parallelism, a distinction must be made between 

history and heritage.  According to Bråting and Pejlare (2015), “History deals with what 

happened in the past, regardless of the present situation, . . . while heritage refers to the 

impact of a certain mathematical notion” (p. 254).  Thus, a historical mathematical idea 

can be studied in its cultural, societal, and human context in isolation (history), or the 

same historical idea can be studied in regard to its legacy (heritage).  Furthermore, 

Bråting and Pejlare discussed the issues that may result in adopting a framework of 

parallelism: 

There are three essential problems that may arise when historical epistemology of 
mathematics is paralleled to students’ conceptual developments in mathematics: 
the problem of not considering different conceptual frameworks, the problem of 
tacitly assuming a platonic perspective, and the problem of not considering 
differencies [sic] in cognitive levels. (p. 253, italics in original) 
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All three of these problems are inherent to parallelism.  However, knowing these 

limitations can assist in designing curricula that distinguish between historical and 

modern contexts, that do not assume mathematics always seeks the one ideal answer 

(Platonic perspective), and that remember students and historical mathematicians operate 

with different cognitive abilities.  Overall, the criticisms of parallelism are reasonable, 

but with proper adjustments can be overcome. 

Benefits of Using History in Mathematics Instruction 

 In this section the numerous benefits of incorporating the historical evolution of 

mathematics in instruction will be discussed.  Researchers have found that the use of 

history in mathematics teaching and learning can have a positive impact for teachers and 

students alike, and can greatly enhance the classroom experience. 

History as a Goal vs. History as a Tool 

There are two distinct methodological approaches to using history in mathematics 

instruction: history as a goal, and history as a tool (Jankvist, 2009a, 2010).  Researchers 

have shown that each of these approaches offers several benefits for teachers and 

students.  History as a tool refers to its use as “a motivational and/or affective tool, [or] as 

a cognitive tool (e.g., the idea of epistemological obstacles), . . . [while the] use of history 

as a goal does not serve the primary purpose of being an aid, but rather that of being an 

aim in itself” (Jankvist, 2010, pp. 53–54).  The use of history as a tool or as a goal are not 

necessarily mutually exclusive.  Quite commonly, teachers employ history as a tool by 

offering anecdotal or biographical information about famous mathematicians or their 

discoveries in order to introduce a new topic, or as a small part of their lesson.  For 



36 
 

 
 

example, in a lesson on the Pythagorean Theorem a teacher might give a sketch of 

Euclid’s proof of the theorem from Book I, Proposition 47 of the Elements (a motivating 

tool).  However, the class may then become involved in a discussion about how the 

Egyptians used the theorem long before the time of Pythagoras, or why the theorem was 

named after him (history as a goal).  Jankvist (2010) elaborated on the use of history as a 

goal by stating 

It is considered a goal to show students that mathematics exists and evolves in 
time and space, that it is a discipline which has undergone an evolution over 
millennia, that human beings have taken part in the evolution, that the evolution 
of mathematics is due to many different cultures throughout history, and that 
these cultures have had an influence on the shaping of mathematics as well as the 
other way round. (p. 54) 

 
To better characterize the use of history as a tool or as a goal Jankvist described the in-

issues—the “inner issues of mathematics, e.g., concepts, theories, methods, algorithms, 

etc., [and the] . . . meta-issues—the many different meta-perspective issues referring to 

mathematics as a scientific discipline including those related to its history, its sociology, 

its philosophy, and its epistemology” (p. 54).  Thus, the use of history as a tool focuses 

on the mathematical in-issues, while the use of history as a goal focuses on the meta-

issues (Jankvist, 2010, p. 54).  Many researchers have adopted the terms in-issues and 

meta-issues in describing the use of history as a tool or as a goal, respectively. 

  Some of the benefits of using history as a goal include students’ “understanding 

of mathematics not being absolute” (Jankvist, 2015b, p. 1827), students’ engagement in 

higher order mathematical thinking and meta-issue discussions comparing philosophical 

and mathematical ideas (Jankvist, 2010; Tsiapou, 2015), and students’ increased 
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appreciation of “how mathematics comes into being by the hands and minds of human 

beings” (Papadopoulos, 2014, p. 76).  Moreover, Barnett, Lodder, and Pengelley (2014) 

reported that students gained “a deep understanding of both the similarities and 

differences between past and present mathematics, not merely the past as a convenient or 

most natural avenue to the present” (p. 23).  Indeed, understanding the past in its own 

context, without the imposition of the present along with its own context, avoids the 

perils of a Whig approach to the study of history.  In addition, studies that investigated 

the use of history as a goal have found increased student engagement and enrichment of 

the curriculum (Barnett, Bezhanishvili, Lodder, & Pengelley, 2016; Jankvist, 2010), 

positive changes in students’ beliefs about the nature of mathematics (Bütüner, 2015b; 

Panagotou, 2014), stronger anchoring in students’ discussions and written work (Jankvist 

2011a), increased appreciation of the diversity of mathematics and its relationship to 

different cultures (Liu, 2014), increased motivation and understanding of mathematics as 

a human endeavor (Panagotou, 2014), and enjoyment in experiencing the same 

intellectual journey taken by the historical mathematician (Papadopoulos, 2014).  Thus, 

researchers have reported a variety of benefits in using history as a goal, especially in 

positively affecting students’ enjoyment of the study of mathematics, enhancing students’ 

ability to think mathematically, and increasing students’ understanding of the nature of 

mathematics. 

According to Furinghetti (2007), history is generally introduced to mathematics 

students as an artifact but becomes a tool when they learn to use it for their own purposes 

(p. 136).  Several researchers have examined the use of the history of mathematics as an 
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instructional tool, either to introduce new concepts (Leng, 2006; Lim & Chapman, 2015), 

or to reinforce previous learning (Karaduman, 2010; Nataraj & Thomas, 2009).  Studies 

have been conducted in which the participants were pre-service teachers (Alpaslan, 

Işiksal, & Haser, 2011, 2014; Burns, 2010; Charalambous, Panaoura, & Phillipou, 2009; 

Clark, 2012, 2015; Clark, Otero, & Scoville, 2017; Fadlelmula, 2015; Fenaroli, 

Furinghetti, & Somaglia, 2014; Furinghetti, 2007; Galante, 2014; Gazit, 2013; Gilmullin, 

2015; Guillemette, 2017; Huntley & Flores, 2011; Jankvist, 2015b; Kjeldsen & Lutzen, 

2015; O’Reilly, 2015; Phillipou & Christou, 1998; Pourdavood, 2016; Povey, 2014; Siu, 

2007; Slaten, 2013; Weldeana & Abraham, 2014; Youchu, 2016), as well as in-service 

teachers (Arcavi & Isoda, 2011; Beswick, 2005, 2007, 2012; Bȕtȕner, 2018; Clark, 2011; 

Clark & Phillips, 2013; Panaoura, 2017; Panasuk & Horton, 2012, 2013; Siu, 2007; 

Smestad, 2008).  In addition, researchers have studied the use of the history of 

mathematics in which the participants were secondary students (Bellomo & Wertheimer, 

2010; Bȕtȕner, 2015a; Jankvist, 2010, 2011a, 2011b, 2011c, 2015a; Jankvist & Niss, 

2018; Kjeldsen & Petersen, 2014; Komatsu, 2016; Leng, 2006; Lim & Chapman, 2015; 

Ozdemir, Goktepe, & Kepceoglu, 2012; Panagotou, 2014; Thomaidis & Tzanakis, 2007; 

Troutman & McCoy, 2008), as well as middle school students (Ampadu, 2013; Bayam, 

2013; Bȕtȕner, 2015b, 2016; Carreira & Baioa, 2018; Gil & Martinho, 2013;  Goktepe & 

Ozdemir, 2013; Karaduman, 2010; Nataraj & Thomas, 2009; Papadopoulos, 2014; Sen, 

2017; Tsiapou, 2015), and college students (Barnett, Lodder, & Pengelley, 2014, 2016; 

Barnett, et al., 2016; Bȕtȕner, 2015a; Haverhals & Roscoe, 2010; Liu, 2009, 2010, 2014; 

Liu & Niess, 2006; O’Reilly, 2011).  Other researchers have studied elementary students 
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as young as age 6 (Bishop, et al., 2014; Bȕtȕner, 2015a; Komatsu, 2016).  So, the use of 

history in the teaching and learning of mathematics has been studied for pre-service and 

in-service teachers, as well as for students at all levels from elementary school through 

college. 

Benefits for Teachers 

None of the 58 secondary teachers in the study by Bȕtȕner (2018) felt that they 

 had been adequately trained in the history of mathematics.  Consequently, these teachers 

stated that they felt unprepared to use history in their instruction.  However, both pre-

service and in-service teachers who have been exposed to the historical and cultural 

development of mathematics, whether through undergraduate coursework or professional 

development, intentionally incorporate (or plan to incorporate) history in their instruction 

(Beswick, 2005; Burns, 2010; Furinghetti, 2007; Galante, 2014; Panasuk & Horton, 

2012; Povey, 2014).  So, once teachers gain a level of confidence with using history, they 

tend to incorporate the historical development of mathematics into their lessons. 

 Benefits for pre-service teachers. 

Pre-service teachers felt that they strengthened their overall knowledge and 

understanding of mathematics by studying its historical and cultural development 

(Alpaslan, Işiksal, & Haser, 2014; Galante, 2014).  Moreover, research has suggested that 

pre-service teachers who have studied the history of mathematics have radically shifted 

their attitudes and beliefs about the nature of mathematics (Barnett, Lodder, & Pengelley, 

2016; Barnett, et al., 2016; Beswick, 2005, 2007, 2012; Charalambous, Panaoura, & 

Phillipou, 2009; Clark, 2012; Clark, Otero, & Scoville, 2017; Clark & Phillips, 2013; 



40 
 

 
 

Guillemette, 2017; Liu, 2009; Liu & Niess, 2006; Povey, 2014; Slaten, 2013; Weldeana 

& Abraham, 2014; Youchu, 2016).  Indeed, as Furinghetti (2019) posited, “There is no 

doubt that to be able to put mathematics in its historical context endows teachers with a 

rich cultural view of the subject they teach” (p. 21).  Moreover, written reflection about 

their experience with the history of mathematics helped pre-service teachers develop new 

mathematical understanding (Slaten, 2013).  Other pre-service teachers described an 

increased understanding of the usefulness of mathematics based on their study of its 

history (Burns, 2010; Clark, 2012; Furinghetti, 2007; Galante, 2014).  In fact, in several 

studies, having been exposed to the historical and cultural aspects of the development of 

mathematics, pre-service teachers were highly interested in incorporating history in their 

future teaching practice (Burns, 2010; Furinghetti, 2007; Galante, 2014; Povey, 2014).   

Other benefits of using the history of mathematics experienced by pre-service 

teachers include the development of a more positive attitude toward the subject 

(Alpaslan, Işiksal, & Haser, 2014; Clark, 2012; Fenaroli, Furinghetti, & Somaglia, 2014), 

as well as a higher degree of motivation toward mathematics, an appreciation of the 

human element of the subject, and increased enjoyment (Povey, 2014).   

In addition to the previously described benefits, knowledge of the history of 

mathematics increased teacher efficacy (Charalambous, Panaoura, & Phillipou, 2009).  

However, as Charalambous, et al. (2009) noted, in any teacher preparation course which 

includes the historical development of mathematical ideas “the difficulties of [pre-service 

teachers] with the content need to be acknowledged and addressed” (p. 178).  Thus, there 

are a number of benefits for pre-service teachers when including the history of 
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mathematics in their instruction, but care must be taken in the design of teacher education 

programs in mathematics to assist pre-service teachers in successfully incorporating the 

history of mathematics in their learning and in their future teaching practice.  

Benefits for in-service teachers.  

A large study (n = 367) of U.S. secondary mathematics teachers found that those who 

were favorably disposed to the history of mathematics would incorporate it into their 

teaching practice (Panasuk & Horton, 2012).  By contrast, in-service mathematics 

teachers who have had little or no exposure to the history of the subject are not likely to 

use history in their teaching practice (Bȕtȕner, 2018).  However, there are a number of 

benefits for teachers who utilize the historical and cultural development of mathematics 

in their instructional practice. 

In-service teachers have stated that knowledge of the history of mathematics has 

helped to shape their beliefs about the nature of mathematics (Beswick, 2005, 2007, 

2012; Clark & Phillips, 2013).  In fact, in-service teachers changed their beliefs about 

mathematics as a discipline, which is a result of academic learning, compared to 

mathematics as a school subject, which is a result of practical experience (Beswick, 

2012).  To illuminate this difference, Beswick (2012) stated that, “in essence, 

mathematicians assess mathematics but educators assess learners” (p. 129).  Thus, it is 

imperative that in-service teachers stay connected to mathematics as a discipline so as not 

to lose sight of the nature of the subject.  In addition to helping teachers remain firmly 

grounded in the discipline, an understanding of the history of mathematics gives teachers 

an increased appreciation of its usefulness in their instructional practice (Beswick, 2005; 



42 
 

 
 

Panasuk & Horton, 2012).  In fact, there is a strong correlation between teachers’ beliefs 

about the nature of mathematics and their instructional practices, and teachers’ 

incorporation of the history of mathematics in their instruction can be an important factor 

in the creation of a constructivist learning environment (Beswick, 2005).  Thus, there are 

many advantages to using history as a pedagogical tool in teaching mathematics, 

especially at the secondary level. 

Benefits for Students 

 The learning of mathematics through a historical perspective offers significant 

benefits to students.  Researchers have indicated that students who understand the history 

of mathematics acquired an increased sense of the usefulness of the subject (Karaduman, 

2010; Ozdemir, Goktepe, & Kepceoglu, 2012; Troutman & McCoy, 2008).  In addition, 

students who developed an understanding of the historical and cultural development of 

mathematics reported a more enthusiastic and positive attitude toward the subject 

(Ampadu, 2013; Bȕtȕner, 2015a, 2015b; Goktepe & Ozdemir, 2013; Jankvist, 2011a, 

2011b, 2015a; Jankvist & Niss, 2018; Leng, 2006; Lim & Chapman, 2015; Liu, 2009, 

2010; Liu & Niess, 2006; Troutman & McCoy, 2008).  Moreover, students who learned 

mathematics from a historical point of view gained an understanding of the human and 

cultural context of the subject (Bayam, 2013; Bȕtȕner, 2015b; Gil & Martinho, 2013; 

Haverhals & Roscoe, 2010; Jankvist, 2010, 2011a, 2011b, 2011c, 2015a, 2015b; Liu, 

2014; Liu & Niess, 2006; Panagotou, 2014; Papadopoulos, 2014; Thomaidis & Tzanakis, 

2007; Troutman & McCoy, 2008), were able to make meaningful connections between 

mathematical ideas and real-world applications (Karaduman, 2010; Ozdemir, Goktepe, & 
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Kepceoglu, 2012), and developed meta-discursive rules by which to discuss mathematical 

ideas from a historical perspective (Kjeldsen & Blomhøj, 2012).   

Students who studied the history of mathematics also exhibited an enjoyment of 

learning the subject (Bayam, 2013; Bellomo & Wertheimer, 2010; Bȕtȕner, 2015b, 2016; 

Carreira & Baioa, 2018; Gil & Martinho, 2013; Goktepe & Ozdemir, 2013; Haverhals & 

Roscoe, 2010; Jankvist, 2010; Leng, 2006; O’Reilly, 2011; Ozdemir, Goktepe, & 

Kepceoglu, 2012; Panagotou, 2014; Papadopoulos, 2014; Sen, 2017; Troutman & 

McCoy, 2008), and demonstrated increased problem-solving ability (Bȕtȕner, 2015b, 

2016; Gil & Martinho, 2013; Jankvist, 2011c; Jankvist & Niss, 2018; Komatsu, 2016; 

Liu, 2010, 2014; Ozdemir, Goktepe, & Kepceoglu, 2012; Papadopoulos, 2014).  In 

particular, college students found that their beliefs about the nature of mathematics were 

influenced by the historical mathematicians’ approach to problem-solving (Liu, 2009).   

Researchers also reported that students who understand the history of 

mathematics showed an improvement in their mathematical thinking (Jankvist, 2015; 

Komatsu, 2016; Liu, 2009; Ozdemir, Goktepe, & Kepceoglu, 2012), as well as increased 

levels of creativity (Liu & Niess, 2006).  Also, classrooms which include the history of 

mathematics promote gender equity (Povey, 2014).  Most notable, perhaps, is that 

students who were exposed to lessons which included the history of mathematics 

experienced lower levels of anxiety (Lim & Chapman, 2015), higher levels of motivation 

(Goktepe & Ozdemir, 2013; Lim & Chapman, 2015; Panagotou, 2014), and higher 

achievement in mathematics (Karaduman, 2010; Leng, 2006; Lim & Chapman, 2015; 
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Nataraj & Thomas, 2009).  Clearly, learning mathematics from a historical perspective 

offers many significant cognitive and affective benefits to students. 

Beliefs About the Nature of Mathematics 

 Several researchers have investigated the mathematical beliefs of both teachers 

and students (Beswick, 2007, 2012; Charalambous, Panaoura, & Phillipou, 2009; Clark, 

2012; Guillemette, 2017; Liu, 2009; Liu & Niess, 2006; Povey, 2014; Slaten, 2013).  One 

common thread among these studies was that both teachers and students hold beliefs 

about the nature of mathematics which are inconsistent with those who practice 

mathematics, whether historically or in the present time.  This incongruence in beliefs is 

difficult for teachers and students to reconcile, especially because beliefs are very 

difficult to change (Jankvist, 2015).  Nevertheless, the incorporation of history in 

mathematics instruction can positively affect the beliefs of both teachers and students and 

align them more with the beliefs of practicing mathematicians. 

Teachers’ beliefs.  

One significant problem in current mathematics instruction in the United States is 

teachers’ general lack of knowledge of the history of the subject.  For example, in one 

study, only 12% (3/25) of secondary mathematics teachers claimed to have majored in 

mathematics, and this situation is getting worse with the passage of time (Beswick, 

2012).  According to Clark (2012), in a stratified random sample “90% (135/150) of U.S. 

universities offered a math teacher prep program [but only] 45.9 % (62/135) required a 

history of math course” (p. 69).  Therefore, less than half of U.S. mathematics teacher 

preparation programs even require a history of mathematics course—the only opportunity 
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for pre-service teachers to acquire an understanding of the rich, important history of 

mathematics and to understand the very nature of the subject.  The lack of the 

requirement for a history course is especially troubling because, as Beswick (2012), 

suggested, “[teachers] must have an appreciation of the nature of mathematics that is akin 

to that of mathematicians” (p. 129).  Indeed, U.S. secondary mathematics instruction 

suffers from a lack of understanding of the nature of the subject by those who teach it.  

According to Shulman (1986), “the person who presumes to teach subject matter to 

children must demonstrate knowledge of that subject matter as a prerequisite to teaching” 

(p. 5).  Perhaps teacher preparation programs and professional development efforts could 

focus more on the historical development of mathematics in order to ensure that 

mathematics teachers more fully understand the nature of their subject.  However, 

teachers’ beliefs about the nature of mathematics are also shaped by their classroom 

experiences, which can be misaligned with the true nature of the subject (Beswick, 2012).  

Moreover, Povey (2014) noted that too many mathematics classrooms are teacher-

centered and dominated by the acquisition of procedures and skills for efficient test 

preparation, but result only in disengagement, demotivation, and poor conceptual 

understanding (p. 144).  This phenomenon can be attributed to what Menter (2015) 

described as “the dominance of a technicist and craft model of teacher education” (p. 

1025).  By contrast, Povey advocates incorporating the historical perspective of 

mathematics, along with inquiry-based problem solving which utilizes the same approach 

as that employed by historical (and currently practicing) mathematicians (p. 145).  

According to Povey,  
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[teachers] need to experience mathematics as a human endeavour undertaken by 
persons and as a subject to explore, where there is room for fuzziness to be 
negotiated; for collaborative enquiry; for debate, experimentation and 
interpretation; for imagination and creativity; and for argumentation and the 
appreciation of elegance and beauty. (p. 146) 
 

In this manner, teachers may be encouraged to align their beliefs about the nature of 

mathematics with that of mathematicians, thereby improving their pedagogical practice. 

In another study, teachers’ beliefs about the nature of mathematics were brought 

into alignment with the true nature of the subject as a “result of consensus building 

exchanges between each of the teachers and the researcher” (Beswick, 2007, p. 102).  

Over the course of the study teachers generally abandoned their algorithmic, rules-

oriented view of mathematics in favor of a constructivist, inquiry-based approach 

(Beswick, 2007).  Thus, professional development for in-service teachers can, with the 

guidance of a knowledgeable professional, shift teachers’ beliefs toward those of 

practicing mathematicians, including an emphasis on exploration, imagination, and 

creativity (Beswick, 2007; Panasuk & Horton, 2012).  In the current climate, which 

emphasizes standardized testing, the essence of mathematics—exploration, imagination, 

and creativity—tends to be subtracted from the experience of teachers and students.  

Students’ beliefs. 

Students form their mathematical beliefs primarily in the classroom, with an emphasis on 

passively acquiring skills (Povey, 2014).  Because of this tendency, students have little or 

no time for reflection, which is central to the process of changing beliefs about the nature 

of mathematics (Jankvist, 2015).  Researchers advocate an inquiry-based, historical 

approach to learning mathematics because the beliefs that students develop by this 
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process are evidential and arrived upon by reason, thus enabling students to construct 

their own meaning, especially when reflection is included (Bütüner, 2018; Jankvist, 2015; 

Ju, Moon, & Song, 2016; Leng, 2006; Liu & Niess, 2006; Ozdemir, Goktepe, & 

Kepceoglu, 2012).  It is precisely this type of mathematical inquiry which reveals the 

nature and essence of mathematics, which “lies in its intellectual adventure, beauty of 

abstract form, and application in the physical world” (Liu, 2009, p. 475).  Indeed, 

students’ understanding of the nature of mathematics relies on how well their teachers 

succeed in creating communities of mathematical inquiry.  

 In addition to establishing an inquiry-based approach to classroom learning, 

students must engage in mathematical justification (proof) in order to fully develop their 

mathematical thinking and their beliefs about the nature of mathematics (Jankvist, 2015; 

Komatsu, 2016; Leng, 2006; Ozdemir, Goktepe, & Kepceoglu, 2012).  Typically, 

deductive reasoning and mathematical proof are first encountered in high school 

geometry, and students can struggle a bit with these skills, but “justification and proving 

should be central to mathematical learning at all school levels” (Komatsu, 2016, p. 147).  

Indeed, proof is perhaps the most valuable asset in a mathematician’s toolbox.  Once 

students are able to justify their mathematical ideas and conjectures their beliefs about the 

nature of mathematics will begin to align with the beliefs of mathematicians. 

 While they may possess different cognitive abilities than the great mathematical 

thinkers in history, today’s mathematics students can still take essentially the same 

intellectual journey travelled by the historical mathematician, encountering the same 

roadblocks, challenges, and dilemmas—a process known as the genetic approach 
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(Jankvist, 2010), or parallelism (Ju, Moon, & Song, 2016).  Students’ mathematical 

experience parallels the experience of the historical mathematician, including the sense 

that the students have discovered the result for themselves, thereby reorienting their 

beliefs about mathematics as a process (Jankvist, 2010).  There is an elegance and beauty 

to this approach in that the students’ conceptual development parallels the historical 

development of mathematics (Ju, Moon, & Song, 2016; Papadopoulos, 2014).  There is 

perhaps no better method by which to calibrate students’ mathematical thinking—and 

their mathematical beliefs—to the thinking and the beliefs of mathematicians. 

Components of the IDEAS Curriculum and Instructional Method 

 The IDEAS curriculum and instructional method was designed to combine several 

research-based approaches to improve students’ understanding of mathematical concepts 

and to help students better understand the nature of mathematics.  This section will 

discuss the literature regarding the individual components of the IDEAS method, namely 

the incorporation of hands-on activities, the exploration of biographical and cultural 

context, the examination of primary sources, the inclusion of written reflection, and the 

implementation of history-based teaching modules. 

Hands-on Activities 

 The use of hands-on activities or manipulatives has long been a staple of teaching 

and learning in mathematics classrooms due to their many benefits.  Indeed, hands-on 

materials are an essential ingredient of an inquiry-based approach to learning 

mathematics in which students construct their own knowledge.  Bȕtȕner (2018) found 

that the use of hands-on materials helped students “learn by doing and construct 
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mathematical concepts, rules, and [formulas] on their own” (p. 16).  Moreover, the 

process of investigating and constructing mathematical rules and formulas through the 

use of manipulatives “can result in permanent learning” (Bȕtȕner, 2015b, p. 1042).  In 

addition, according to Peeples (2007), using concrete hands-on materials “adds another 

dimension to the students’ understanding” (p. 26).  Similarly, NCTM (2000) 

recommended the use of manipulatives (whether concrete, or technological 

representations of concrete materials) to present “opportunities for students to have more 

and different experiences with the use of multiple representations” (p. 70).  Furthermore, 

the use of hands-on materials can enable students and teachers to experience the creative 

nature of mathematics.  Fadlelmula (2015) suggested that both teachers and students need 

to “experience mathematics in the making by manipulating objects” (p. 243).  Troutman 

and McCoy (2008) reported that “students cited the hands-on, inquiry-based nature of the 

lessons as a major factor in promoting [their ‘feeling like a mathematician’]” (p. 37).  

Consequently, hands-on materials provide an excellent way for students to explore 

mathematical ideas in an enjoyable way, and to construct their own knowledge in a 

meaningful and lasting manner. 

 Using hands-on materials in a group activity fosters a social constructivist 

learning environment and creates opportunities for deeper understanding of mathematical 

processes.  In this dynamic setting, Tsiapou (2015) found that students demonstrated 

higher order mathematical thinking and “made process pattern generalizations” (p. 1183).   

Moreover, manipulatives “[help] students make sense of abstract ideas in mathematics” 

(Bȕtȕner, 2016, pp. 1169–1170).  In fact, using hands-on materials to construct formulas 
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represents a leap in cognitive demand from simple rote memorization of algorithms, but 

the ability to conjecture, justify, and generalize mathematical results is the very heart and 

soul of mathematical thinking.   

 In a meta-analysis of 55 studies comparing the use of manipulatives with abstract 

symbols on learning outcomes Carbonneau, Marley, and Selig (2013) reported that 

learning outcomes improved when hands-on materials were utilized with instructor 

facilitation compared to a less structured use, noting that “the effect size of studies with 

high instructional guidance (d = 0.46) [was] greater than those with low guidance (d = 

0.29)” (p. 389).  Carbonneau, Marley, and Selig also reported a significant difference in 

student retention of learning with manipulatives, noting a “mean effect size for retention 

of 0.59 (95% CI [0.52, 0.65])” (p. 390).  Overall, the use of hands-on materials was found 

to improve student learning outcomes, and “level of instructional guidance, mathematical 

topic, development status, perceptual richness, and instructional time were statistically 

significant moderators of the effects of using concrete manipulatives” (Carbonneau, 

Marley, & Selig, 2013, p. 393).  Due to the abstract and symbolic nature of secondary 

mathematics, teachers should find reassurance that “using manipulatives in mathematics 

instruction produces a small- to medium-sized effect on student learning when compared 

with instruction that uses abstract symbols alone” (Carbonneau, Marley, & Selig, p. 396).  

Thus, the use of hands-on materials can be of significant benefit to mathematics teaching 

and learning, particularly at the secondary level. 
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Biographical and Cultural Context 

 Mathematics today is typically presented to students apart from the context of its 

historical development and without the acquaintance of its greatest thinkers.  

Consequently, many students tend to find mathematics boring.  However, as Dunham 

(1990) suggested, “Understanding something of the lives of these diverse individuals can 

only enhance an appreciation of their work” (p. vi).  In addition, studying the biographies 

of mathematicians can be motivating and enjoyable for students (Karaduman, 2010), can 

help them overcome their fear of mathematics (Bayam, 2013, pp. 1961-1965), and can 

help them connect with these mathematicians on a human level (Troutman & McCoy, 

2008, p. 38).  Moreover, Clark (2012) noted that “studying al-Khwarizmi’s methods 

prompted [pre-service teachers] to consider historical and cultural content in their future 

teaching” (pp. 78–79).  Indeed, teachers—and, by extension, their students—can be 

inspired and motivated by studying the biographies, as well as the historical and cultural 

context, of the mathematicians responsible for the great works that now exist in their 

modern form.  

 One argument for the inclusion of biographical and contextual information about 

historical mathematicians is that knowing the people who created the ideas facilitates 

understanding of the ideas themselves.  Fried (2001) argued that “mathematics must be 

attached to real human beings—real human doing, making, and thinking—and it must be 

attached to real human circumstances, to social and intellectual climates” (p. 400).  

Indeed, only by studying the original mathematical ideas in their historical context and 

familiarizing oneself with the lives of the real people who brought these ideas to light can 
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one get a complete picture of how the mathematical thoughts of the past came about and 

have arrived to us in our time.  Furthermore, the use of biographical and historical 

context can create a sense of excitement among students and can give them a clearer 

understanding of mathematical activity (Clark & Phillips, 2013).  A teacher in the case 

study by Clark and Phillips stated, “I . . . found the lives of mathematicians fascinating 

and [felt that my] students would enjoy learning the stories behind the individuals 

responsible for mathematical ideas, . . . [and] could possibly relate to the struggles these 

great thinkers faced” (p. 1985).  Indeed, as with all human endeavor, the story of 

mathematics includes mistakes, obstacles, and adversity along with its great triumphs 

(Gazit, 2013, p. 501).  In addition, familiarity with the human element of mathematics 

may help to expand teachers’ vision for teaching (Youchu, 2016, p. 2609).  Thus, 

knowing individual mathematicians and the environment in which they worked fosters a 

better understanding of the mathematics they developed. 

Primary Sources 

 Naturally, an excellent method by which to acquaint oneself with the original 

mathematicians and their work is to examine primary source documents.  Researchers 

have noted many advantages in studying primary source material including enabling the 

reader to take the same intellectual journey as the author (the genetic principle) and better 

understanding the historical and cultural contexts in which the mathematics was 

developed (Jankvist 2015b, p. 1828).  Fried (2001) argued that in addition to thinking 

along with the mathematician, solving problems, and understanding the cultural context, 

the reader experiences “a kind of reflective thinking or inquiry that ultimately is of the 
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highest importance” (p. 402).  These advantages align exactly with the standard of the 

genetic principle and offer students (readers) the optimal mathematical experience—that 

of original development of the idea.   

Furthermore, the study of primary sources can “provide students with an 

understanding of the ideas behind the present mathematical paradigm and offer insight 

into how and why this paradigm evolved into its present form” (Barnett, et al., 2016, p. 

665).  This is true even when the original manuscripts have been lost, and we have only 

translations or diagrams which have come down through oral tradition (Saito, 2018). 

Moreover, Pengelley (2012) asserted that examining original source items can be 

“inspiring, fun, lively, rewarding, and enriching for instructors as well as students” (p. 7).  

Jahnke (2014) found that the use of primary sources was both productive and exciting for 

students (p. 76).  Panagotou (2014) noted that “exposing students directly to primary 

sources in mathematics contributes greatly to motivation and understanding, and 

illustrates the nature of mathematics as a discipline and as a human endeavor” (p. 79). 

In another study, using primary sources shifted pre-service teachers’ beliefs and created 

empathy toward past mathematicians and future students (Guillemette, 2017).  In 

addition, the incorporation of primary source materials in mathematics instruction can 

provide “authentic motivation” (Barnett, Lodder, & Pengelley, 2014, p. 3), can “stimulate 

independent thinking” (Barnett, et al., 2016, p. 667), and can help to identify potential 

difficulties or possible facilitating ideas for modern students (Bishop, et al., 2014).  Also, 

examining original sources allowed students to encounter “sophisticated logical 

arguments not usually found in a classroom” (Panagotou, 2014, p. 106).  Indeed, with so 



54 
 

 
 

many benefits to their use in mathematics teaching it is little wonder that Barnett, et al. 

(2016) stated that “all mathematics might be taught and learned through direct student 

engagement with primary historical sources” (p. 672).  While this notion is certainly 

interesting, the practicality of a high school mathematics curriculum based entirely on the 

study of primary sources is untenable in the Common Core era.  However, because of the 

cognitive and affective benefits to students and teachers, there is substantial justification 

for using primary sources in mathematics instruction. 

Criteria for the use of primary sources. 

Teachers must be aware of the challenges of using primary sources and of the research 

that guides their effective incorporation into mathematics lessons.  Barnett (2014) offered 

the following advice, suggesting that before using primary sources teachers should “be 

sure to know not only your source and your readers, but also your source’s source(s); the 

terrain of the journey both past and present; and the idiosyncracies of all of the above” (p. 

733).  Additionally, Pengelley (2012) suggested that a “student-centered, problem-driven 

classroom [is] prerequisite to engaging primary historical sources as the principle objects 

of study” (p. 2).  Moreover, according to Barnett, Lodder, and Pengelley (2016), “only 

the real, authentic original source has the innate pedagogical richness, . . . [fostering 

students’ understanding of] present-day notation, terminology, and definitions, [which] 

emerge naturally as useful for modern sense-making of the primary sources” (pp. 2-3).  

To facilitate deeper understanding, Jankvist (2011c) recommended that primary sources 

be accompanied by commentaries, explanations, and illuminating tasks (p. 1693).  The 

addition of such supplemental materials may lead to a Whig approach, which is nearly 
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inevitable for high school students (Jankvist, 2015b, p. 1828).  Thus, primary sources are 

best utilized in a constructivist environment that is focused on problem solving, and only 

the authentic work of the original mathematicians should be used in order to provide the 

most meaningful learning experience.   

 Several researchers have discussed the importance of dépaysement when using 

primary sources (e.g., Barbin, 1997; Barnett, et al., 2016; Fried, Guillemette, & Jahnke, 

2016; Jankvist, 2014).  According to Barnett, et al. (2016), dépaysement can be 

understood as “a condition in which one must approach things from unaccustomed points 

of view, and pay great attention to subtleties” (p. 667).  The concept of dépaysement was 

first introduced by Barbin (1997).  Jankvist (2014) provided an English translation of 

Barbin’s original (French) description of the process of dépaysement as follows: 

• Replacement (in the original French wording, vicariante), which refers to the 
replacement of the usual with something different, for example, by allowing 
mathematics to be seen as more than just a corpus of knowledge and techniques. 

• Reorientation (a translation of dépaysement), which challenges one’s perception 
by making the familiar unfamiliar, eventually causing a reorientation of the 
reader’s views and thus a deepening of the mathematical understanding—also 
sources remind students that mathematical constructs have come into being at one 
point in time (and space) and that this did not happen by itself. 

• Cultural understanding (culturel), which allows us to place the development of 
mathematics in a scientific, technological, or societal context of a given time and 
place and in the history of ideas and society. (p. 880) 

 
Thus, by employing the process of dépaysement when studying primary sources not only 

do students come to view mathematics in a different light, but they begin to develop a 

deeper appreciation of the cultural and historical contexts in which the original 
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mathematical ideas were developed.  Along these lines, Fried (2001) argued that “one 

must look at [mathematics] through the eyes and works of its practitioners, with all their 

idiosyncrasies; one must, as far as possible, read their texts as they wrote them” (p. 401, 

italics in original).  Moreover, Barnett, Lodder, & Pengelley (2014) suggested that “the 

contrasts between past and present are to be consciously studied, always maintaining an 

awareness of oneself as the interpreter of the past” (p. 23).  Finally, Furinghetti (2019) 

stated that “to walk in the foreign and unknown landscape provided by history forces us 

to look around in a different manner and brings to light elements which otherwise would 

escape” (p. 11).  As much as possible, students and teachers must attempt to place 

themselves in the cultural time and space, as well as in the mindset of the original 

mathematician when studying primary source materials. 

 Objections to the use of primary sources. 

While the benefits of using primary sources in mathematics instruction are numerous, 

there are some who have raised concerns.  For example, Carter (2014) noted that reading 

and understanding primary sources could be challenging for students (p. 546).  In 

addition, Fried, Guillemette, and Jahnke (2016) claimed that “in general, a first historical 

appearance of an idea is clumsy and difficult to understand to a modern mind” (p. 216).  

This difficulty could be due to the fact that these ideas were “written for a narrow circle 

of specialists and not for pupils of later generations” (Jahnke, 2014, p. 77).  

Consequently, Haverhals and Roscoe (2010) noted that “the first solution to a problem is 

rarely the most elegant or straightforward to understand” (p. 351).  Indeed, when students 

first encounter the unfamiliar language and notation in an original source, they can be a 



57 
 

 
 

bit perplexed and overwhelmed.  However, this experience may lead to an even better 

appreciation of modern notation.  Moreover, this difficulty is akin to students’ initial 

reaction to the works of Shakespeare or Beethoven, but the difficulty alone is no reason 

to decline the opportunity.  Thus, as Fried (2001) posited, “The study of mathematics 

becomes the study of mathematical texts, just as literature is the study of great works of 

prose and poetry” (p. 401).  Therefore, even though some researchers and scholars voice 

valid objections to using primary sources, they offer many benefits to teachers and 

students which justify their inclusion in mathematics instruction. 

Written Reflection 

 Many researchers and scholars have discussed the use of written reflection to 

facilitate learning in mathematics classrooms.  For example, Barnett (2014) 

recommended a written component whenever primary sources are used (p. 732).  Fried 

(2001) suggested that “understanding what they are doing when they do mathematics 

demands that students become somewhat more reflective about mathematics” (p. 401).  

Another reason given for using writing in mathematics when studying primary sources is 

that “student’s written work contains more verbal justification than solutions prepared by 

students who have not studied from historical sources” (Barnett, Lodder, & Pengelley, 

2014, p. 14).  Bellomo and Wertheimer (2010) found that through written reflection 

students “developed more of an appreciation for mathematics and its connections” (p. 

24).  Moreover, according to Jankvist (2011c), “having groups of students prepare small 

essays was a good way of bringing them to work with the history of mathematics” (p. 

1696).  Panagotou (2014) advocated the use of written essays “as a way of making 
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[students] work with the extrinsic nature of mathematics” (p. 83).  Weldeana and 

Abraham (2014) suggested that written reflection is a “key to improve metacognitive 

skills and, thus, perceptions toward mathematics” (p. 322).  Additionally, reflections can 

“foster flexibility and awareness” (Fenaroli, Furinghetti, & Somaglia, 2014p. 196), can be 

“major factors in changing beliefs” (Jankvist, 2011b, p. 129), and can help students 

“enter into the spirit of [the] mathematics era and [relive] its discoveries” (Panagotou, 

2014, p. 106). 

 In particular, the use of reflection journals when incorporating an historical 

component in mathematics instruction has produced positive student learning outcomes.   

Fried, Guillemette, and Jahnke (2016) reported that “students learn something about their 

own mathematics by experiencing and reflecting on the contrast between modern 

concepts and their historical counterparts” (p. 218, italics in original).  Moreover, 

O’Reilly (2011) found that prevalent themes from students’ journal entries included 

“expressions of interest, enjoyment, and surprise, as well as evidence of anticipating 

(looking forward), recalling (linking to previous knowledge), reflecting (articulating 

general insight), understanding (articulating specific insight), identifying what is easy or 

hard, and identifying what is helpful” (p. 1764).  In addition, Weldeana and Abraham 

(2014) stated, “Reflective writing helps learners have focused thoughts, access thoughts 

for assessment, think at a higher level of complexity, decipher mental images, employ 

multiple sense organs, and communicate” (p. 309).  Leng (2006) noted that written 

reflections “create metacognitive awareness of the strategies [students] utilized [in 
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solving problems]” (p. 495).  The use of written reflection also enabled students to “grow 

in their view of mathematics” (Carter, 2014, p. 554). 

 Other benefits of written reflection described by researchers include increased 

maturity in mathematical thinking (Carter, 2014, p. 551), resolution of cognitive conflict 

(Weldeana & Abraham, 2014, p. 309), and extension of students’ mathematical 

understanding “beyond procedural and computational knowledge” (Slaten, 2013, p. 12).  

Despite the myriad benefits, students can be somewhat apprehensive about writing in 

mathematics class.  However, according to Carter (2014), “The keys to allaying student 

anxieties about writing in a math course include an early start, a clear assessment rubric, 

and frequent rewrites” (p. 555).   Thus, for teachers who have not previously used written 

reflection in their mathematics class, it would be advisable to introduce written activities 

gradually at the beginning of the school year and provide students with plenty of 

feedback.  Moreover, patience will be required, especially when introducing new or 

difficult ideas.  But, when implemented correctly, according to Weldeana and Abraham 

(2014), “reflective writing activities are believed to motivate the participants to remain 

engaged until they reconcile their beliefs against the progressive ones” (p. 312).  Indeed, 

through perseverance and reflection in written activities, students gain insight into their 

own mathematical understanding and into themselves as mathematics learners (Slaten, 

2013).  Because of all of the cognitive and affective benefits, written reflection activities 

are an essential component of mathematics instruction, especially when incorporating the 

history of the subject. 

History-based Teaching Modules 
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 One of the more effective ways to incorporate history into mathematics 

instruction is through the implementation of history-based teaching modules or courses.  

Jankvist (2009) described the modules approach to the study of mathematics as 

“instructional units devoted to history . . . [that are] quite often . . . based on cases” (p. 

246).  Several researchers have studied the effectiveness of history-based teaching 

modules or courses (e.g., Barnett, Lodder, & Pengelley, 2014, 2016; Bayam, 2013; 

Burns, 2010; Bütüner, 2015b; Clark, 2011, 2015; Gilmullin, 2015; Goktepe & Ozdemir, 

2013; Huntley & Flores, 2010; Jankvist, 2010, 2011a, 2011c, 2015a, 2015b; Karaduman, 

2010; Lim & Chapman, 2015; Liu, 2009, 2010, 2014; O’Reilly, 2015; Ozdemir, Goktepe, 

& Kepceoglu, 2012; Panagotou, 2014; Papadopoulos, 2014; Peeples, 2017; Phillipou & 

Christou, 1998; Sen, 2017; Tsiapou, 2015).  Nearly all of these modules included the use 

of primary sources and were either centered around solving an historical problem or 

around the development of a mathematical idea through different time periods or by 

different cultures.  Topics investigated through these history-based modules were diverse, 

covering nearly the entire known history of mathematics and included the study of many 

ancient and modern cultures.  The purpose of these modules was to use history as a tool 

(e.g., Barnett, Lodder, & Pengelley, 2016; Nataraj & Thomas, 2009), as a goal (e.g., 

Barnett, Lodder, & Pengelley, 2014; Jankvist, 2010, 2015b; Liu, 2014; Tsiapou, 2015), or 

both (e.g., Bütüner, 2015b; Jankvist, 2011a; Panagotou, 2014; Papadopoulos, 2014; 

Peeples, 2017).  These history-based teaching modules or courses were implemented with 

students in elementary school, middle school, high school, and college, as well as with 

pre-service and in-service teachers.  
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 In considering the design of an effective history-based teaching module, student 

learning outcomes must be the focus.  Barnett (2014) suggested that activities should be 

designed “to illuminate the source material and prompt students to develop their own 

understanding of the underlying concepts and theory” (p. 723).  Other history-based 

modules have been designed to “increase mathematical understanding along with 

historical understanding” (Jankvist, 2011a, p. 362).  In the design of 4 projects in a one-

semester course, Barnett, et al. (2016) included “primary source excerpts surrounded by 

historical context, biography, and mathematically unifying modern text” (p. 671).  In 

some instances, modules were built around an historic problem.  As Kjeldsen and Lutzen 

(2015) asserted, “The driving force of mathematics has always been problems in need of 

solutions” (p. 544).  Thus, designing modules that explore problems solved by past 

mathematicians seems a natural choice.  The design of modules must include concrete 

examples from the history of mathematics (Jankvist, 2011c).  Jankvist, Clark, and 

Mosvold (2019) combined the study of a primary source with technology, where they 

“considered the original source excerpt and the [dynamic geometry software (GeoGebra)] 

as two different discourses (Sfard 2008), providing a potential for commognitive conflicts 

to occur, and for meta-discursive rules within these two discourses to be observed and 

articulated” (p. 10).  Similarly, Students have used technology (Geometer’s SketchPad) to 

simulate the intellectual journey taken by Archimedes in determining circular area 

(Papadopoulos, 2014).  Thus, students gained mathematical insight by interacting with 

historical documents and modern software, thereby creating a greatly enriched 

experience.   
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Developing an effective history-based teaching module is no easy task and can be 

extremely time-consuming.  Gil and Martinho (2013) argued that the “development of 

reasoning in the mathematics class is a complex process: it requires a careful selection of 

the tasks, and entails the need for promoting a suitable environment for them, focused on 

the students’ mathematical maturation” (p. 1823).  Indeed, for many teachers, history-

based module design can be a daunting task.  Fortunately, researchers have spent many 

years working on sharable history-based modules that teachers can simply download and 

use.  One excellent example of such an archive is David Pengelley’s website Teaching 

with Historical Sources in Mathematics (https://web.nmsu.edu/~davidp/history/).  

Another archive, sponsored by the National Science Foundation, is TRIUMPHS: 

Transforming Instruction in Undergraduate Mathematics via Primary Historical Sources 

(https://blogs.ursinus.edu/triumphs/).  Both of these resources—and many others—offer 

teachers an easy way to incorporate well-designed, history-based modules into their 

mathematics instruction.  

Researchers have discussed some of the benefits of using history-based teaching 

modules.  For example, students showed a high degree of engagement in history-based 

activities (O’Reilly, 2011).  In addition, participation in history-based modules positively 

shifted students’ attitudes about mathematics (Ampadu, 2013; Bütüner, 2015b; 

Charlambous, Panaoura, & Phillipou, 2009; Clark, 2012; Clark, Otero, & Scoville, 2017; 

Goktepe & Ozdemir, 2013; Guillemette, 2017; Jankvist, 2011a, 2015a; Leng, 2006; Lim 

& Chapman, 2015; Liu, 2009, 2010; Phillipou & Christou, 1998; Slaten, 2013; Troutman 

& McCoy, 2008; Weldeana & Abraham, 2014), increased students’ enjoyment or 

https://web.nmsu.edu/%7Edavidp/history/
https://blogs.ursinus.edu/triumphs/
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motivation (Bayam, 2013; Bellomo & Wertheimer, 2010; Bütüner, 2015b; Clark, Otero, 

& Scoville, 2017; Clark & Phillips, 2013; Gil & Martinho, 2013; Haverhals & Roscoe, 

2010; Huntley & Flores, 2010; Jankvist, 2010; Leng, 2006; Lim & Chapman, 2015; 

O’Reilly, 2011, 2015; Ozdemir, Goktepe, & Kepceoglu, 2012; Panagotou, 2014; 

Papadopoulos, 2014; Sen, 2017; Troutman & McCoy, 2008), had a positive effect on 

students’ achievement (Karaduman, 2010; Leng, 2006; Lim & Chapman, 2015; Nataraj 

& Thomas, 2009), and helped students better understand the nature of mathematics 

(Barnett, Lodder, & Pengelley, 2016; Barnett, et al., 2016; Bayam, 2013; Bellomo & 

Wertheimer, 2010; Bütüner, 2015b; Carter, 2014; Charlambous, Panaoura, & Phillipou, 

2009; Clark, 2012; Clark, Otero, & Scoville, 2017; Clark & Phillips, 2013; Fenaroli, 

Furinghetti, & Somaglia, 2014; Gil & Martinho, 2013; Haverhals & Roscoe, 2010; 

Huntley & Flores, 2010; Jankvist, 2010, 2011a, 2011c, 2015a; Kjeldsen & Lutzen, 2015; 

Leng, 2006; Liu, 2009, 2010, 2014; Nataraj & Thomas, 2009; Ozdemir, Goktepe, & 

Kepceoglu, 2012; Panagotou, 2014; Papadopoulos, 2014; Peeples, 2017; Slaten, 2013; 

Troutman & McCoy, 2008; Weldeana & Abraham, 2014).  Furthermore, Jankvist (2011) 

suggested that the use of history-based teaching modules “could bring about a 

reorientation of . . . student beliefs and images of mathematics” (p. 378).  Moreover, Gil 

and Martinho (2013) found the use of history-based modules to be “an enabling tool for 

mathematics learning, particularly for building a community of mathematical discourse” 

(p. 1817).  Jankvist (2015b) agreed, noting that students’ discussion of the historical 

material “may introduce meta-discursive rules” (p. 1827).  Indeed, students’ discourse 

will provide a means to detect evidence of learning, and of mathematical thinking. 
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Curriculum Design for Online Learning 

 This section will describe some of the considerations involved in designing 

curriculum for online delivery.  In addition, a comparison of designing curriculum for a 

traditional classroom (face-to-face) context versus a digital context will be presented.  

While many studies have been conducted on post-secondary learners, there is a lack of 

research on K-12 students’ virtual learning outcomes and curriculum design (Margolin, 

Pan, & Yang, 2019; Zhang & Lin, 2019).  Nevertheless, important aspects of curriculum 

design shown to be effective for post-secondary students could reasonably be expected to 

be applicable to secondary students when appropriately adapted. 

Considerations for Curriculum in a Digital Context 

 In designing a curriculum for use in a digital context it is necessary to determine 

how technology will be integrated into the curriculum to facilitate learning.  Ardiç and 

Işleyen (2017) described 3 levels of technology integration pertaining to how technology 

is used to enhance or achieve learning outcomes.  These levels include (1) replacement, 

in which technology is used solely as a change in environment; (2) amplification, in 

which technology is used as an efficient tool to perform tasks as part of the learning 

process, but does not provide any additional tasks or learning goals; and (3) 

transformation, in which technology is utilized in order for students to develop deeper 

conceptual insights into a topic (pp. 4–5).  Depending on the purpose of integrating 

technology, the comfort level of the teacher who will be implementing the digital 

curriculum must also be considered.  Margolin, Pan, and Yang (2019) found that “most 

teachers believe that technology enhances student learning and that they have the ability 
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to integrate technology with instruction” (p. 5).  However, because teachers have varied 

experiences with technology integration, it may be difficult for some to implement a 

curriculum in a digital context.  Thus, when designing a curriculum for use in a digital 

context it is important to consider both how the curriculum will be integrated and who 

will be implementing it. 

According to Mesfin, Ghinea, Grǿnli, and Hwang (2018), one purpose of 

developing online activities is “to make education enjoyable, and [to allow] students to 

meaningfully construct concepts and relationships in contexts that involve real-world 

problems” (p. 157).  Indeed, making the experience more enjoyable for students is an 

important goal in curriculum design.  Moreover, Turley and Graham (2019) reported that 

“those developing online learning models suggest more communication in learning 

environments leads to improved learning outcomes and increased student success” (p. 

171).  Thus, the digital context can provide several benefits to students and teachers.  

According to Heinrich, Darling-Aduana, Good, and Cheng (2019), the benefits of an 

online course of study can include “tailoring of instruction to student experiences and 

skill levels; access to more diverse learning resources and wider course offerings; . . . 

fostering greater student engagement and motivation for learning and more connected 

learning opportunities” (p. 2150).  These and other benefits have been demonstrated 

when online content contains a higher level of interactivity.  For example, Turley and 

Graham emphasized the need for online curriculum designers to incorporate interactive 

components, noting that students “experienced a general increase in satisfaction in areas 

in a course with higher levels of interaction” (p. 192).  Therefore, researchers have 
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described numerous benefits to a well-designed digital curriculum.  However, one 

negative aspect of learning in the online context is that there can be a “wide variation in 

effects on student achievement” (Heinrich, et al., 2019, p. 2151).  This variation could be 

explained by differing levels of student motivation, access to technology, or a number of 

other factors. 

 As previously mentioned, digital curriculum has been shown to provide several 

benefits, especially when designed with a high level of interactivity.  Bardakci, Arslan, 

and Can (2018) suggested that an online learning environment should contain the 

following 5 elements in order to promote interactivity: (1) social/rapport building; (2) 

interactive instructional design; (3) interactivity of technology; (4) evidence of learner 

engagement; and (5) evidence of instructor engagement (p. 132).  Moreover, according to 

Zhang and Lin (2019), “An online learning setting that allows students to interact more 

with . . . teachers, classmates, and learning content can . . . result in improved 

motivational, cognitive, and affective outcomes” (p. 58).  Consequently, the design of a 

curriculum for a digital context should be highly interactive, thus benefitting students and 

teachers.  In particular, learner-content interactions, which include video presentations, 

are “an active process of intellectual participation that requires students to construct their 

knowledge through the use of higher-order thinking skills, such as problem-solving, 

analyzing, and critical thinking” (Zhang & Lin, 2019, p. 59).  Additionally, designers of 

digital curriculum must strive to make the learning experience seamless, especially 

because “successful e-learning . . . takes place when technology becomes invisible or 

transparent and both the teacher and students can concentrate on the content of the 
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course” (Mesfin, et al., 2018, p. 160).  Thus, a successful digital curriculum design 

should contain a high level of interactivity, should provide an enjoyable experience for 

students, and should focus on content, rather than the digital aspect of the curriculum, so 

as to make the technology invisible. 

Differences Between Face-to-face and Digital Contexts 

 There are a few notable differences between implementing curriculum in a 

classroom (face-to-face) setting and in a digital context.  For example, one difference 

between face-to-face and online instruction is the limited interaction between instructor 

and student (Heinrich, et al., 2019, p. 2152).  While this can be considered a disadvantage 

of the online context, Bardakci, Arslan, and Can (2018) reported that students found it 

easier to engage in online discussions without worrying about teacher/peer reactions (pp. 

135–136).  Moreover, compared to the traditional classroom context, students reported 

that they “appreciated the flexibility of online discussion . . . [and] found it safe to 

express their feelings and opinions comfortably” (p. 138).  This can be especially true for 

secondary students who may feel somewhat intimidated and may not actively participate 

in a traditional classroom setting.  In addition, Ardiç and Işleyen (2017), reported that one 

difference between traditional classroom instruction and student-led, technology-based 

inquiry is that “students interact with computers and make individual inferences about the 

relevant subject” (p. 12).  Indeed, today’s secondary students are quite accustomed to the 

digital environment and have a good deal of experience with online course content.   

 Enrollment in online courses can adversely impact student academic achievement.  

For example, in one large study, with only one exception (language arts), students who 
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were enrolled in online courses in Virginia scored lower on end-of-course exams than 

those who were enrolled in the same face-to-face courses (Mislevy, Schmidt, Puma, 

Ezekoye, & Saucedo, 2020, p. 16).  There may be several factors that influence students’ 

success in these online courses, including the purpose for taking the course (e.g., credit 

recovery), ability to work in a self-paced environment, and motivation level.  Besides a 

possible difference in student achievement, there are considerations for differences 

between teachers’ experience with digital context and face-to-face instruction.  

According to Turley and Graham (2019), online course delivery can require a higher time 

investment for teachers than a face-to-face course (p. 188).  Thus, the experience of face-

to-face curriculum and instruction can be greatly different for both students and teachers. 

Theoretical Framework: Commognition Theory 

 According to Fried, Guillemette, and Jahnke (2016), “Any theoretical educational 

framework ought to be cognizant of [the] goals one is aiming for and why they are good” 

(p. 212).  One goal of this study is to determine the extent to which students’ 

understanding of the nature of mathematics has changed.  For this purpose, students’ 

mathematical discourse will be analyzed.  Sfard’s (2008) theory of commognition will 

serve as the theoretical framework for this study.  Because of its focus on student 

discourse, commognition theory is a natural fit for the analysis of some qualitative data 

collected in the study.  In addition, commognition theory will act as the framework for 

the design and implementation of the IDEAS curriculum and instructional module. 
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Overview 

 Sfard (2008) coined the term commognition as a contraction of the words 

communication and cognition “to encompass thinking and (interpersonal) communicating 

and to stress the unity of these two types of processes” (p. 92).  According to Sfard, to do 

research using a commognitive framework requires one to study the development of 

discourses (p. 124).  As Sfard described it, “The quest for discursive patterns is the gist of 

commognitive research” (p. 200).  Thus, for this study students’ discourse will be 

analyzed to determine patterns, notably the development of meta-discursive rules which 

represent evidence of change in mathematical understanding (p. 201).  Specifically, 

commognitive analysis of students engaged in group activities while participating in a 

history-based teaching module will provide insight into changes in students’ beliefs about 

the nature of mathematics and evidence of changes in mathematical thinking. 

 In commognition theory, the source of metalevel mathematical learning is 

commognitive conflict (Sfard, 2008, p. 256).  According to Sfard (2008), commognitive 

conflict can be defined as “the encounter between interlocutors who use the same 

mathematical signifiers (words or written symbols) in different ways or perform the same 

mathematical tasks according to differing rules” (p. 161).  Thus, when investigating new 

mathematical ideas students come in contact with an established, but unfamiliar, 

discourse, into which they begin to navigate their own entry.  Sfard suggested that 

“metalevel learning is most likely to originate in the learner’s direct encounter with the 

new discourse” (p. 256).   
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As an illustrative example, consider Eric, a person who knows nothing about the 

game of American football, who finds himself among a group of friends gathered to 

watch their favorite team play.  At first, Eric simply observes and hears what his friends 

are saying about the game they are watching (for Eric, this is a new discourse, but for his 

friends it is an established, ongoing discourse).  Eventually, Eric begins to offer his 

observations, to ask clarifying questions, and to demonstrate an elementary grasp of the 

rules of the game.  As Eric gains a level of comfort and expertise, he will more fully join 

the established discourse.  If Eric declares (incorrectly) that a fumble has occurred, and 

his friend (an expert interlocutor) disagrees, this gives rise to a commognitive conflict.  

To resolve the conflict, Eric must (cognitively and communicatively, i.e., 

commognitively) calibrate his discourse to that of his friend (metalevel learning). 

 Several researchers have framed their studies using Sfard’s (2008) theory of 

commognition (Barnett, Lodder, & Pengelley, 2014; Barnett, et al., 2016; Bråting & 

Pejlare, 2015; Jankvist, 2010, 2011a, 2011c, 2015b; Jankvist, Clark, & Mosvold, 2019; 

Kjeldsen & Petersen, 2014).  Jankvist (2010) stated that Sfard’s commognition theory 

“provided me with a highly useable vocabulary, as well as further ideas for investigating 

the relationship between the students’ meta-issue discourses and in-issue discourses” (p. 

72).  Kim, Choi, and Lim (2017) noted that commognitive analysis is “a viable and 

generative methodology for studying how students participate in the learning of 

mathematics” (p. 485).  Moreover, the history of mathematics is itself an established, 

ongoing discourse.  Consequently, Radford, Furinghetti, and Katz (2007) suggested that 

history “is a place to enter into a dialogue with others, and with the historical conceptual 

javascript:__doLinkPostBack('','ss%7E%7EAR%20%22Br%C3%A5ting%2C%20Kajsa%22%7C%7Csl%7E%7Erl','');
javascript:__doLinkPostBack('','ss%7E%7EAR%20%22Pejlare%2C%20Johanna%22%7C%7Csl%7E%7Erl','');
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products produced by the cognitive activity of those who have preceded us in the always 

changing life of cultures” (p. 109).  Furthermore, as Sfard asserted, 

Mathematical discourse is a historically established activity practiced and 
extended by one generation after another and taught in schools for the sake of 
further continuation.  Mathematics students are thus supposed to join this activity 
rather than invent their own, idiosyncratic version. (p. 203) 
 

Thus, in using history in mathematics instruction, teachers acquaint students with, and 

engage them in, a discourse that connects them to the ideas of past mathematicians.   

Application 

 In this section, the connection of Sfard’s (2008) commognitive framework to the 

implementation of the IDEAS curriculum and instructional method will be discussed.  

First, as previously mentioned, the history of mathematics is itself an established, 

ongoing discourse.  Therefore, the use of original source materials provides a means for 

students to encounter the (written) discourses of past mathematicians and gain 

mathematical insight by doing so.  In fact, Sfard suggested that “collective 

implementations of historically established forms of activity are the primary source of 

individual growth” (p. 292).  Moreover, commognitive conflicts can occur when students 

first encounter one or more primary source documents.  As Jankvist (2014) noted, 

“commognitive conflicts may . . . arise when students compare discourses of different 

discussants, for example, when comparing different original sources” (p. 892).  

Interestingly, Kjeldsen and Lutzen (2015) reported that “students analyzed primary 

sources . . . as ‘voices’ from the past” (p. 553).  Therefore, primary sources are 

themselves discourses with which modern students can interact. 
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 When motivating the learning with a hands-on activity, students begin the process 

by tactile investigation of what will later be introduced as an abstract concept.  Sfard 

(2008) pointed out that, “because mathematical explorations are developed to enhance 

deeds, it is reasonable to assume that mathematists’ concern about deeds should be the 

starting point for any discursive development” (p. 248).  During hands-on activities the 

students’ discourse regarding the use of concrete manipulatives evolves from the simple 

toward the more complex, setting the stage for further investigation into biographical and 

cultural contexts and is further expanded during written reflection.  The curriculum 

design of the IDEAS method provides a rich opportunity to develop mathematical 

discourse throughout.  Thus, as Jankvist (2011c) posited,  

It may be argued that the students’ discussions (and reflections) follow various 
different discourses: historical, cultural, sociological, philosophical, 
epistemological, psychological, etc., and of course mathematical. By comparing 
the discourses present in the students’ discussions—and essays and interviews—it 
should be possible to say something about the connections and dependencies of 
these with the discourses present. (p. 1698) 
 

Throughout their experience with each phase of the IDEAS curriculum, students engage 

in discourse with expert interlocutors—the teacher, and past mathematicians via primary 

source materials—to develop mathematical understanding.  Jankvist (2011a) summarized 

this phenomenon by stating that “the learning of mathematics is an individualization of 

historically established discourse” (p. 362).  Thus, commognition theory provides a 

framework with which to analyze student discourse for evidence of learning, and informs 

the design of the individual components of the IDEAS method.
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CHAPTER 3 

METHODOLOGY 

 This study will utilize a mixed methods methodology, enabling a more robust 

analysis than either a quantitative or a qualitative methodology alone would yield.  Thus, 

this chapter will be organized into separate sections describing quantitative and 

qualitative procedures.  Using a mixed methods approach allows a deeper understanding 

of the impact of the IDEAS curriculum and instructional method. 

Quantitative Methodology 

 The quantitative methodology for this study will be used to collect and analyze 

data from students regarding their attitudes about mathematics, specifically their attitudes 

toward the use of history in mathematics instruction.  In addition, student data will be 

collected from pre- and post-tests on course content to analyze achievement.  This study 

will be a quasi-experimental design, with 2 classes serving as a comparison group and 2 

classes as the treatment group.  A more detailed description of the instruments, the 

variables, the procedures, and other aspects of the quantitative methodology follows. 

Overview 

 This study seeks to investigate the effectiveness of the IDEAS curriculum and 

instructional method in helping students understand the nature of mathematics, and to 

determine the extent to which the IDEAS method affects students’ attitudes toward 

mathematics, attitudes toward the use of history in mathematics instruction, and to 

determine its effect on academic achievement.  The IDEAS method consists of research-
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based components as detailed in Chapter 2.  The components are hands-on activities, 

biographical and cultural context, primary sources, and written reflection.  For this study, 

a history-based teaching module was designed according to the IDEAS method and will 

be implemented with students in a high school pre-calculus course. 

Background 

 One troubling issue that faces U.S. mathematics teachers and students is that 

scores on international standardized tests (PISA) in mathematics indicate a performance 

gap between U.S. fifteen-year-old students and their international counterparts in the 35 

OECD countries.  Moreover, this gap has persisted since 2003 (see Table 1).  Because the 

PISA measures mathematical computation and reasoning, there appears to be a lack of 

proficiency in these competencies among U.S. secondary students.  One explanation 

could be that U.S. students (and, indeed, teachers) tend to hold a strictly algorithmic view 

of mathematics (e.g., Beswick, 2012; Bütüner, 2016; Povey, 2014).  Consequently, 

numerous researchers and scholars have advocated the use of history in mathematics 

instruction to help students improve their mathematical reasoning ability and to better 

understand the nature of the subject (see Chapter 2 for details). 

 The IDEAS curriculum and instructional method was designed to introduce a 

history-based approach to mathematical teaching and learning.  One of the motivating 

factors behind its design was the fact that many of the countries who consistently 

outperform the U.S. in mathematics have adopted an historical component in their 

national mathematics curricula.  Currently, there is no history requirement in the 

Common Core standards, although the historical development of mathematics has been 
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strongly recommended for inclusion in U.S. mathematics curriculum at all levels 

(NCTM, 2000). 

Purpose of the Study 

 The purpose of the study is to determine the effectiveness of the IDEAS method in 

helping students better understand the nature of mathematics, as well as to assess the 

impact of a history-based teaching module on students’ attitudes toward mathematics and 

toward the use of history in mathematics instruction.  In addition, this study will 

investigate the effect of the IDEAS method on student achievement. 

 In addition to the purposes stated above, this study will inform the design of 

future history-based teaching modules which utilize the IDEAS curriculum and 

instructional method.  While this study will be conducted with secondary pre-calculus 

students, the applications of the IDEAS method could be much broader.  Thus, this study 

may serve to guide the creation of future IDEAS modules. 

Research Questions 

 The IDEAS method was designed with specific learning goals in mind.  

Specifically, these goals are (1) helping students better understand the nature of 

mathematics, (2) helping students develop a more positive attitude toward mathematics, 

and (3) increasing student achievement in mathematics.   

With these learning goals in mind, in order to investigate the effectiveness of the 

IDEAS method in reaching these objectives, the following research questions will be 

addressed in this study: 
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(1) Does the IDEAS method increase students’ understanding of the nature of 

mathematics? 

(2) Does the IDEAS method positively change students’ attitudes about 

mathematics? 

(3) Does the IDEAS method increase student achievement in mathematics? 

Unit of Analysis 

 For this study, the unit of analysis will be an individual student.  Each student’s 

answers to questions on the pre- and post-intervention questionnaire will be analyzed.  

Additionally, individual students’ scores on the pre- and post-tests will be used to 

determine achievement.   

 In addition to collecting and analyzing individual student data, group data will be 

used to analyze treatment and comparison groups.  Summary statistics such as group 

means and standard deviations will enable statistical testing on groups, but the unit of 

analysis will be the individual student. 

Design Details 

For this study, a quasi-experimental design was chosen, which utilizes treatment 

and comparison groups and pre- and post-intervention data (Shadish, Cook, & Campbell, 

2002, p. 136).  Because of the limitation that the school in which the study will be 

conducted has scheduled students in the 4 classes involved in the study, random 

assignment was not possible.  Thus, the design is a quasi-experiment, not an experiment.  

However, classes were randomly assigned to the treatment or control groups. 
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Because the purpose of the study is to investigate the changes in attitudes and 

achievement, quantitative data will be collected, and statistically valid analysis between 

groups (pre- and post-intervention) can only be made when a comparison group is used.  

Thus, the rationale for selecting a quasi-experimental design was to be able to conduct 

valid statistical analyses between the treatment and comparison groups.  In addition, 

Shadish, Cook, and Campbell (2002) stated that “the joint use of a pretest and a 

comparison group makes it easier to examine certain threats to validity” (p. 138).  

Therefore, a quasi-experimental design offers a statistically sound approach to studying 

the effectiveness of the IDEAS method and reduces possible threats to validity. 

Time period. 

The implementation of the IDEAS module will take place in Spring, 2020.  The 

intervention will occur during a 90-minute block in 4 different classes.  Approximately 2 

weeks prior to the intervention, an attitudes questionnaire will be administered.  This 

same questionnaire will be administered within one week after the intervention. 

 A district pre-test was given in January, 2020 to determine students’ initial 

knowledge of the pre-calculus course content.  A similar post-test will be given (the 

district final exam) at the end of May, 2020, and these pre- and post-test scores, together 

with a test consisting of specific questions about Cavalieri’s Principle, will be used to 

determine student achievement.  

Location and data sources. 

This study will be conducted at a large suburban public high school in the Southeast 

United States.  The implementation of the IDEAS module, along with the administration 
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of pre- and post-tests and pre- and post-intervention questionnaires, will take place in a 

single classroom and in a computer lab at this high school.   

 Students will complete the online pre- and post-intervention questionnaires in the 

computer lab.  Data will be collected in Survey Monkey and downloaded to the 

researcher’s computer for storage.  These data will be backed up using a cloud-based 

application and to a flash drive for backup redundancy.  Pre- and post-test data will be 

retrieved from the district by the students’ pre-calculus teacher (the researcher is not the 

students’ regular teacher). 

Variables 

 There are several variables of interest in this study.  For the quantitative variables, 

the data will come from the pre- and post-intervention questionnaires, as well as the pre- 

and post-tests.  These quantitative variables are described below.  

 Dependent variables. 

There are several dependent variables under investigation in this study.  These include 

student achievement, student attitude toward mathematics, and student attitude toward 

using history in mathematics.   

 Independent (predictor) variable. 

The independent, (predictor) variable for this study is participation in the IDEAS 

curriculum and instructional method (the intervention, or treatment).   

 Nuisance, or exogenous variables. 

Some variables may not be able to be well-controlled, or may actually be covariates with 

the independent variable, and thus, could confound the results.  These include, but are not 
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limited to, time of day (morning block vs. afternoon block), block day (black or gold days 

may present different levels of students’ overall interest, etc.), and age (range is 16-19 

years).  At this school Gold Days are Mondays and Wednesdays, and Black Days are 

Tuesdays and Thursdays, with Fridays alternating between Black and Gold Days.  

Because some students may prefer the classes that are scheduled on Black Day over those 

scheduled on Gold Day (or vice versa), students may have a higher or lower level of 

engagement or interest on the day in which the intervention occurs. 

 Descriptive variables; research context. 

This study will be conducted in a large suburban public high school in the Southeast 

United States.  This school is a Title I school with nearly all students eligible to receive 

free or reduced lunch.  Thus, the school would be considered to be low socioeconomic 

status.  The student population of the school is 2,056.  Student demographics include 

45.1% African American, 35.7% Hispanic, 8.9% White, 7.1% Asian, and 3.3% Other, or 

More than One Race.   The demographics of the 4 classes who will be participating in 

this study approximate the school’s overall demographics.   

 The age of the students who will be participating in this study is 16-19 years old.  

Most students are seniors in high school, so a large majority will be 17-19 years old, 

while some are juniors, who will be 16-17 years old. 

 The students in this study are enrolled in the second semester of a pre-calculus 

course.  Many of these students plan to attend college after graduation, but for a small 

number of students in this study pre-calculus will be their last mathematics course in high 

school, and they will not be attending college after graduation. 
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Measurement Challenges 

 For this study, several measurements will be taken.  These measurements will 

come from a variety of sources, as described below.  Because of school district 

confidentiality, some psychometric information pertaining to the sources of measurement 

used in this study cannot be obtained, as noted.  

 Pre- and post-test scores. 

Students’ pre- and post-test scores will be collected from district assessments 

administered online at the beginning and at the end of the semester.  These tests are not 

viewable by teachers, and only individual students’ scores for each teacher and summary 

statistics for the district are available (e.g., district mean and local school mean).  

Moreover, no psychometric information is available due to the district confidentiality 

policy.  However, both the pre- and post-tests have been vetted by district mathematics 

department personnel, administered to thousands of students according to strict testing 

protocols, and have been used as official measurements of the mastery of course content.  

Therefore, it is reasonable to assume that these particular measurements are sufficiently 

valid and reliable for the purposes of comparing groups in this study. 

 Pre- and post-intervention questionnaires. 

Students will complete pre- and post-intervention questionnaires online using Survey 

Monkey.  The questionnaires are identical.  Each questionnaire has 10 items that use a 

Likert scale (1–6) to determine students’ level of agreement to each statement (item).  

The responses to each item range from 1 “strongly disagree” to 6 “strongly agree.” 
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This attitudes questionnaire was developed and implemented by Alpaslan, Işiksal, and 

Haser (2011, 2014), and its modification for use in this study will be discussed in detail in 

a subsequent section of this chapter.  

Units of analysis. 

The units of analysis in this study are individual students.  Because most students are 

under the age of 18, and because these students are enrolled in a public high school, each 

student will be asked to sign an assent form, and each student will be asked to obtain 

parental permission using a consent form in order to participate in the study.  Assent and 

consent forms will be distributed during regular class hours and collected by the students’ 

teacher.  The researcher will explain the purpose of the study and the reason for assent 

and consent forms, and will explain that participation is voluntary, prior to distributing all 

forms.  These forms are required as part of the IRB approval process, and copies of these 

forms, along with the IRB approval letter are located in Appendix A.  Consent and assent 

forms will be retained for a period of 5 years after the completion of the study. 

 Data will be collected from students in the form of pre- and post-tests taken on a 

computer at the high school in which the study will be conducted.  In addition, students 

will complete a pre- and post-intervention questionnaire on a computer at the school.  

This data will be stored on the researcher’s computer and will also be backed up in a 

cloud-based application, as well as onto a flash drive.  All of the quantitative data 

collected in this study will be brought into SPSS (v.25) and R (an open-source statistical 

program) for analysis. 
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Special controls for reducing error. 

A statistical procedure will be used in this data analysis that will check for random or 

careless responses (Osborne, 2013).  This procedure will help to reduce error in student 

data on the pre- and post-intervention questionnaires.  

Population 

 The target population for this study is U.S. high school students.  However, it may 

not be possible to generalize the results of this study to such a broad population.  To 

narrow the population slightly, it may be necessary to consider the target population as 

being suburban U.S. public high school students. 

Sample 

 For this study, the sample will be approximately 100 U.S. suburban high school 

students enrolled in a pre-calculus course.  These students are in 4 separate classes of 

approximately 25 students each.    

 The racial demographics of the students are approximately 45.1% African 

American, 35.7% Hispanic, 8.9% White, 7.1% Asian, and 3.3% Other, or More than One 

Race.  These students are all of low socioeconomic status. 

Sampling Method 

 Due to the limitation of scheduling of the 4 pre-calculus classes by the high 

school, a random sample was not possible.  However, classes will be randomly assigned 

to the treatment and comparison groups.  This sample was also chosen based on the 

mathematical content of the intervention and the level of mathematical training of the 

students, so it may be considered a convenience sample.   
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 A suitable sample could also have been chosen from introductory algebra or 

geometry students, but those students may have been unavailable at the time of the study 

due to state or district end-of-course testing. 

Research Execution 

The next section will describe the stages of the study, the plan for execution of 

each stage, and the plan to handle departures from the intended plan for the study. 

IRB approval. 

Prior to beginning the study, all documents and application materials required for IRB 

approval will be completed and submitted.  These documents will be submitted first to 

the members of the dissertation committee and the department chair.  The department 

chair will submit the application to the IRB.  Once the IRB reviews the plan for the study, 

a letter of approval will be issued.  This IRB approval letter is located in Appendix A.   

 Upon IRB approval, official assent and consent forms will be issued for use in the 

study.  These forms will be explained, and distributed for signatures by students and 

parents.  Once both the assent and consent forms have been signed, the student may 

participate in the study.  Students will be notified that participation is voluntary, and that 

they may choose to withdraw from the study at any time. 

 Instrumentation. 

The pre- and post-intervention attitudes questionnaire that will be utilized in this study is 

called Attitudes and Beliefs towards the Use of History of Mathematics in Mathematics 

Education (ABHME) Questionnaire (Alpaslan, Işiksal, & Haser, 2011, 2014).  This 

questionnaire was originally developed for use with pre-service teachers.   
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 In order to use the ABHME for this study, it was necessary to modify it for use 

with high school students.  Clark (2014) suggested that “the populations available to use 

the instrument are extensive, including pre-service teachers, in-service teachers, and with 

further development and modifications, primary school pupils” (p. 775).  Thus, for the 

purpose of its use in this study, modifications were undertaken. 

 First, the researcher attempted to contact the original authors to seek their 

permission to adapt the ABHME for use in a study involving high school students.  

Contact was made with Çiğdem Haser via email.  He informed the researcher that the 

first author, Mustafa Alpaslan, was deceased, but that he would have been happy to see 

“[his]work useful in a different context” (C. Haser, personal communication, February 

21, 2019).  In addition, he said that he had spoken with the other author, Mine Işiksal, and 

the two of them gave permission to the researcher to adapt and implement he ABHME 

questionnaire in this study. 

The researcher made only slight modifications to the ABHME questionnaire.  

These modifications generally pertained to the context of the questions (i.e., to frame the 

statement from a student’s point of view, rather than that of a teacher).  In addition, 

aesthetic and formatting changes were made for adaptation for use on a computer, but 

these changes did not alter the substance or content of the items on the instrument.  Most 

of the items on the questionnaire were not changed at all.  One such example is the item, 

“Having knowledge about history of mathematics gives an idea about why humans felt 

the need for mathematics” (Alpaslan, Işiksal, & Haser, 2011, 2014).  A few examples of 

modified items from the ABHME questionnaire are shown in Table 2 below. 
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 After making modifications, the researcher sent the original ABHME 

questionnaire (Alpaslan, Işiksal, & Haser, 2011, 2014), along with the modified version, 

to several well-respected experts in the field of history and pedagogy in mathematics 

(HPM) for feedback.  These experts were: Janet Heine Barnett, Kathleen Clark, Fulvia 

Furinghetti, Uffe Thomas Jankvist, Tinne Hoff Kjeldsen, and Çiğdem Haser, one of the 

original authors of the ABHME questionnaire.  After receiving feedback from all of the 

above experts, the researcher incorporated their feedback and finalized the modified 

instrument for use in this study.  The modified questionnaire was unanimously approved 

by the panel of HPM experts and by the original authors. 

 For the original ABHME questionnaire (Alpaslan, Işiksal, & Haser, 2011, 2014), 

the instrument was analyzed for reliability.  Reliability was reported to be very good  

(Cronbach’s α =.905), indicating “very good internal consistency” (p. 1666). 

Table 2 
 
Modifications to ABHME Questionnaire (Alpaslan, Işiksal, & Haser, 2011, 2014) 
 

Original Item Modified Item 

History of mathematics is a practical tool 
for the teaching of mathematics. 

History of mathematics is a practical tool 
for the learning of mathematics. 

I do not know how to integrate history of 
mathematics into mathematics teaching 
processes. 

I have not experienced history-based 
lessons in mathematics class. 

Learning history of mathematics enriches 
pre-service teachers’ professional 
repertoire. 

Learning history of mathematics enriches 
students’ problem-solving repertoire. 
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 To further refine the instrument, a pilot study was conducted in April, 2019 with a 

group of high school students.  The results of this study are discussed in Appendix A.  

The results from the modified ABHME questionnaire were analyzed using exploratory 

and confirmatory factor analysis.  Following this stage, the modified ABHME 

questionnaire was finalized for use in this study.   

Data Collection 

Once assent and consent forms have been signed and returned, data collection will 

begin.  First, pre-test data for students in all of the pre-calculus classes will be 

downloaded from the district portal by the students’ classroom teacher.  These data will 

then be saved as a .csv file and given to the researcher to be digitally backed up.  Next, 

students will complete the pre-intervention questionnaire online, and these data will be 

downloaded by the researcher and digitally backed up.   

 After the IDEAS teaching module has been implemented, within one week the 

post-intervention questionnaire will be administered.  These data will be downloaded and 

digitally backed up by the researcher.  Next, scores from the test containing items 

pertaining to the use of Cavalieri’s Principle will be given to the researcher by the 

students’ classroom teacher.  Then, at the end of the semester the post-test will be given, 

and student data will be obtained from the district portal by the students’ classroom 

teacher, who will provide these data to the researcher.  Post-test scores will be digitally 

backed up. 

 In addition to the collection of quantitative data, a number of qualitative sources 

will be collected.  This qualitative data collection will be described later in this chapter. 
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Participants 

 The participants in the study will be students, ages 16-19 years old, who are 

enrolled in a high school pre-calculus course.  Students will be from 4 different classes.  

These students attend a large suburban Title I public high school in the Southeast United 

States, with a total student population of 2,324.  

The racial demographics of the school are approximately 45.1% African 

American, 35.7% Hispanic, 8.9% White, 7.1% Asian, and 3.3% Other, or More than One 

Race.  The demographics of the participants in this study are approximately the same as 

those of the school.  Most of the participants are seniors, but a small number of the 

participants are juniors.   

There are approximately the same number of males and females in this study.  

Participants are from a low socioeconomic background.  The school in which this study 

will be conducted is a Title I school, and nearly all students qualify for free or reduced 

lunch. 

All data will be kept secure, confidential, and anonymous.  All data files will 

reside on the researcher’s computer, and will be redundantly backed up using a cloud-

based application, and onto a flash drive.  Only the researcher and members of the 

dissertation committee will have access to any of the data collected by the researcher for 

this study. 

Data Analysis 

 The first step in the data analysis will be to assemble all of the quantitative data 

into a file in SPSS (v. 25) or R.  Before any analysis, extensive data cleaning protocols 
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will be used to make sure the data is well-prepared (Osbourne, 2013).  These data 

cleaning procedures include dealing with missing data, identifying careless answers, 

identifying and dealing with outliers, and other procedures as required. 

 Data analyses will include independent t-tests to analyze differences in treatment 

and comparison groups for any significant (p < .05) differences in academic achievement, 

or in changes in pre- and post-intervention attitudes regarding the use of history of 

mathematics and the nature of the mathematics.  In addition, exploratory and 

confirmatory factor analysis, or other dimension reduction techniques will be used to 

determine principle factors.  Change scores will be calculated for each item on the 

ABHME questionnaire, and used to analyze treatment and comparison groups.  Effect 

size will be calculated for the dependent variable, which is the intervention, or the 

implementation of the IDEAS history-based module. 

 Graphical displays may include several different visual representations of the data 

that clearly illustrate any differences between treatment and comparison groups.  These 

displays may include histograms, bar charts, segmented bar charts, and others.  The 

results of all data analyses will be presented in detail in Chapter 4. 

Summary 

 For the quantitative methodology in this study, data will be collected from 

participants who are students at a large suburban public school in the Southeast United 

States.  The sources of data collection include district pre- and post-tests to measure 

academic achievement, and pre- and post-intervention questionnaires to measure 

students’ attitudes toward the use of history in mathematics instruction.  These 
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questionnaires have been modified for use with high school students from the original 

instrument, which was developed for use with pre-service teachers (Alpaslan, Işiksal, & 

Haser, 2011, 2014).  These modifications were done in co-operation with several experts 

in the field of HPM, who provided feedback throughout the process.  The final modified 

questionnaire was unanimously approved by these experts, and by the original authors. 

 The purpose of the study is to determine whether the IDEAS curriculum and 

instructional method (1) increases students’ understanding of the nature of mathematics, 

(2) positively changes students’ attitude toward the subject of mathematics, and (3) 

increases students’ academic achievement in mathematics.  Thus, data will be collected 

and analyzed to investigate these effects. 

 Planned findings for this study are that the use of history in mathematics 

instruction—specifically, the implementation of the IDEAS curriculum and instruction 

method—will improve academic achievement, will positively affect students’ 

understanding of the nature of mathematics, and will positively affect students’ attitudes 

toward the subject of mathematics. 

Qualitative Methodology 

 A qualitative methodology for this study will be used to collect and analyze data 

from interviews, written reflections, and video recordings to investigate the effects of the 

IDEAS curriculum and instructional method on students’ understanding of the nature of 

mathematics, and on their attitudes toward the use of history in mathematics.  The 

qualitative data will be used in conjunction with quantitative data in a mixed methods 
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design for this study to obtain a deeper and more robust understanding of the effects of 

the IDEAS curriculum and instructional method. 

Research Questions 

 The purpose of this study is to investigate how the implementation of a history-

based approach to mathematics instruction—the IDEAS curriculum and instruction 

method—will affect students’ understanding of the nature of mathematics, their attitude 

toward the subject, and their academic achievement in mathematics.  Thus, the research 

questions are: 

(1) Does the IDEAS method increase students’ understanding of the nature of 

mathematics? 

(2) Does the IDEAS method positively change students’ attitudes about 

mathematics? 

(3) Does the IDEAS method increase student achievement in mathematics? 

Quantitative methodology will be used to investigate the effects of the IDEAS method on 

students’ attitudes and achievement, as previously described in this chapter.  Qualitative 

methodology will also be used to investigate how the IDEAS method affects students’ 

attitudes toward mathematics, and will be utilized to determine any changes in students’ 

understanding of the nature of mathematics. 

Research Design 

The research will be conducted according to a mixed methods design.  The 

previous section of this chapter described the quantitative methodology, while the 
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remainder of this chapter will outline the qualitative methodology.   

 The qualitative approach in this study will be deductive thematic analysis (Grbich, 

2013), which enables deep understanding of the content of students’ written reflections 

and transcribed student interviews.  In addition, analysis of video recordings of student 

group work in solving mathematical problems will be done according to Sfard’s (2008) 

commognitive method, which utilizes the study of discourse, as well as non-verbal 

indicators of mathematical understanding. 

Trustworthiness 

 To ensure credibility, the researcher will use member checking.  Each participant 

will be given a copy of the findings of the study to review and asked to comment on their 

accuracy.  Each participant will indicate whether or not the results and summaries of the 

data were accurate.  Moreover, the researcher will use triangulation to ensure the validity 

of the data.  Thus, the data can confidently be believed as true. 

 In terms of transferability, it is reasonable to believe that the same results would 

be found with similar populations having similar dynamics.  That is, one would 

reasonably expect to find similar results from secondary mathematics students in large 

suburban public high schools.   

 As far as dependability is concerned, the results in this study can be expected to 

be enduring.  Thus, it is reasonable to expect that the results in this study are not specific 

to, or derived from, circumstances from a particular time and place (Lincoln & Guba, 

1985).  This is especially true because the history of mathematics is well documented and 

would not change from one study to the next. 
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 To promote confirmability, the researcher will bracket his own experience with 

the history of mathematics in order to reduce researcher bias as much as possible.  That 

is, the researcher will simply ask questions and record participants’ answers without 

comment or judgment.  Thus, the findings may be attributed to the experiences of the 

participants rather than the biases of the researcher. 

 The researcher will endeavor, to the greatest extent possible, to establish the 

trustworthiness of the data and the validity of the results using procedures established by 

sound qualitative research practice (Creswell & Poth, 2018, pp.255–258).  Moreover, it is 

believed that this study could be repeated and similar results obtained by following the 

same procedure and drawing participants from a similar population. 

Population 

 The target population of this study is secondary students at U.S. suburban public 

high schools.  While this population may be somewhat broad, it is reasonable to suppose 

that the results of this study might be applicable to this target population.   

Sample 

 The sample for this study will be approximately 100 secondary mathematics 

students, divided among 4 different classes, at a large suburban public high school.  All 

of these students will participate in the written reflection and group discussion activities, 

and a smaller subset will participate in one-on-one interviews or video recorded group 

problem-solving sessions. 

 The sample selection was not random.  The students were selected because they 

were all enrolled in a pre-calculus course.  The students who will participate in one-on-
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one interviews will be selected by the researcher.  For the video recorded problem-

solving sessions, purposeful sampling will be used.  Students will be selected based on 

their interest level and enthusiasm in group discussion activities. 

Participants 

The participants in this study are students enrolled at a large suburban public high 

School in the Southeast United States.  The school has a total student population of 2324 

students.  The school is a Title I school; nearly all of the students are eligible for free or 

reduced lunch.  Thus, the participants would be classified as having low socioeconomic 

status. 

The racial demographics of the students are approximately 45.1% African 

American, 35.7% Hispanic, 8.9% White, 7.1% Asian, and 3.3% Other, or More than One 

Race.  The participants are all between 16 and 19 years of age.  Participants are mostly 

high school seniors, but a small number are juniors. 

Epoché 

 In an effort to examine and convey possible researcher biases in this study, the 

researcher engaged in bracketing, or reflexively identifying his own perceptions and 

beliefs regarding the history of mathematics and its use in his own teaching practice.  

According to Creswell and Poth (2018), 

Reviewing and then discussing how biases, values, and experiences impact 
emerging understandings is actually the heart of being reflexive in a study, 
because it is important that the researcher not only detail his or her experiences  
. . .  but also be self-conscious about how these experiences may potentially have 
shaped the findings, the conclusions, and the interpretations drawn in a study.  
(p. 229) 
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In my training as a mathematician, I have had extensive study in the history of 

mathematics.  I have a passion for the subject, and have written papers, presented at 

regional and national conferences, and conducted a great deal of research in the history of 

mathematics.  I became fascinated by both the intellectual and the human elements of the 

development of mathematics throughout history.  I have favorite stories from the history 

of mathematics that I regularly share with my students and that have become part of my 

everyday teaching practice.  I am a proponent of the use of history in mathematics 

instruction.  Understanding the historical development of the subject can help students 

build cognitive foundations for further investigation (Bråting & Pejlare, 2015).  

Furthermore, history can be used as a tool to introduce new topics, increase motivation, 

and reduce anxiety (Lim & Chapman, 2015), or as a goal unto itself (Jankvist, 2010).  

Other researchers have suggested compelling reasons to use the history of mathematics in 

instruction (e.g., Clark, 2012; Liu, 2003).   

Recognizing my own biases, I will endeavor to restrict my role in this research to 

simply asking questions and recording answers.  I will make no comment or judgment 

during the interview process, nor will I discuss any of my own views.  I will engage in 

attentive, rather than evaluative listening (Arcavi & Isoda, 2007, p, 124).  My goal is to 

investigate the effects of the IDEAS module, and to bracket my own experiences.  I 

believe I will be able to interview my participants and record their answers as a neutral 

observer.   
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Data Collection 

 The data collection process in the qualitative aspect of this study will consist of 

students’ written reflections, one-on-one interviews, and video recordings of students’ 

problem-solving sessions.  Written reflections will be collected before and after the 

implementation of the IDEAS module.  In each instance, all students will be asked to 

reflect on the question, “What is mathematics?”  Pre- and post-intervention reflections 

will be analyzed to determine any change in students’ understanding about the nature of 

mathematics.   

 After the intervention, a smaller subset of students will be selected to participate 

in one-on-one interviews.  These interviews will be semi-structured, and will be audio 

recorded and stored on the researcher’s computer, as well as being backed up using a 

cloud-based application and onto a flash drive.  These audio files will then be transcribed 

for later analysis.  Interview questions are listed in Appendix A. 

 Finally, a small group of students will be selected to participate in a problem-

solving session, which will be videotaped.  The video file will be maintained on the 

researcher’s computer, and digital backups will be made using a cloud-based application 

and onto a flash drive.  This video recording will be analyzed according to commognitive 

methods (Sfard, 2008) to determine changes in students’ understanding of the nature of 

mathematics, and to determine any change in attitudes toward mathematics, and evidence 

of learning. 

 All data collected will be kept confidential and anonymous.  Participants’ 

identities will be known only by the researcher, and all data collected will be accessible 
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only to the researcher and members of the dissertation committee.  All data collected will 

be stored for a period of 5 years following the conclusion of the study. 

IRB Approval 

 The process for obtaining IRB approval to conduct this study using human 

subjects began in February, 2020.  The researcher completed an IRB application and sent 

it to committee members and the department chair, who then forwarded the application to 

the IRB at Mercer University.  Once approval was granted, official assent and consent 

forms were issued by the IRB.  These forms were explained to the participants and 

parents, and signatures were obtained giving both assent (students) and consent (parents) 

for participation in the study.  Both parents and students were advised that participation 

in the study would be voluntary, and that participants had the right to withdraw from the 

study at any time. 

Data Analysis 

 Analysis of the written reflections will be done according to deductive thematic 

analysis (Grbich, 2013), and according to a method developed in an earlier pilot study 

conducted by the researcher (this pilot study will be discussed further in Chapter 4).  

Prior to instruction, students will be asked to write their answer to the question, “What is 

mathematics?”  These answers will be compared to students’ answers to the same 

question after the implementation of the IDEAS module.  In order to determine any 

change in understanding of the nature of mathematics, 10 criteria from the National 

Research Council (1989) will be utilized.  The number of these 10 criteria evident in each 
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student’s pre- and post-intervention answers will be compared to determine any change in 

understanding.  According to the National Research Council (1989), mathematics 

• reveals hidden patterns 

• helps us understand the world around us 

• is much more than arithmetic and geometry 

• includes data, measurements, and observations 

• employs inference, deduction, and proof 

• constructs models of natural phenomena, of human behavior, and of social 

systems 

• includes numbers, chance, form, algorithms, and change 

• uses the science of abstract objects; 

• employs logic as its standard of truth 

• uses observation, simulation, and even experimentation as means of 

discovering truth (pp. 31–36). 

The researcher will rate students’ responses according to the above criteria, and will ask 2 

other education professionals well-trained in mathematical thinking to rate students’ 

responses.  These 3 ratings will be compared for consistency, and a final determination 

will be made regarding any change in students’ views about the nature of mathematics. 

 Using the transcribed one-on-one interviews, codes will be generated.  Some a 

priori codes will be determined, and some codes will evolve organically from the analysis 

of the transcribed interviews.  From these codes, a few overarching themes will be 
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determined, and these themes will be reported in Chapter 4.  The analysis will determine 

any change in students’ understanding of the nature of mathematics, as well as any 

change in students’ attitudes about mathematics as a subject. 

 Analysis of the videotaped problem-solving sessions will be done according to 

Sfard’s (2008) commognitive method.  In addition to analyzing students’ discourse, non-

verbal indicators, such as gestures or facial expressions, will be evaluated to determine 

changes in students’ understanding of the nature of mathematics and changes in students’ 

attitudes toward mathematics as a discipline. 

Reporting Results 

 All results from the analyses described above will be reported in Chapter 4.  The 

results from analyzing students’ pre- and post-intervention written reflections, one-on-

one interviews, and videotaped problem-solving sessions will be summarized.  To 

provide examples of themes found in the analysis, individual students’ responses will be 

reported from the written reflections, one-on-one interviews, and problem-solving 

sessions. 

Summary 

 This study will utilize a mixed methods design.  The quantitative methodology 

was discussed in the earlier part of this chapter.  The qualitative methodology will 

include deductive thematic analysis, as well as an investigation of students’ mathematical 

discourse according to Sfard’s (2008) commognitive method.   

 Students from a large suburban public high school in the Southeast United States 

will provide written reflections regarding their views on the nature of mathematics.  
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Students’ responses will be analyzed to determine changes in students’ understanding of 

the nature of mathematics.  Additionally, some students will participate in one-on-one 

interviews.  These interviews will be transcribed, and students’ responses will be 

analyzed to determine students’ attitudes toward mathematics, and students’ 

understanding of the nature of mathematics.  Finally, a small group of students will 

participate in a videotaped group problem-solving session.  Students’ discourse, as well 

as non-verbal observations, will be analyzed according to Sfard’s (2008) commognitive 

method to determine students’ attitudes toward mathematics and students’ understanding 

of the nature of mathematics.
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