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ABSTRACT

AMY FRANKS WESTBROOK
A CASE STUDY OF HOW NINTH GRADE MATHEMATICS STUDENTS 
CONSTRUCT KNOWLEDGE DURING A PRODUCTIVE FAILURE MODEL 
Under the Direction of Jeffrey S. Hall, Ed.D.

This study addresses the problem o f mathematics teachers’ resistance to problem

solving models that align with constructivist perspectives because they feel pressure to 

utilize more teaching approaches that focus on preparing students for high-stakes tests. 

The purpose of this qualitative study was to explain how ninth grade mathematics 

students at a rural high school in Georgia constructed knowledge through student talk 

when problem solving using Kapur’s (2012) productive failure design. An embedded 

case study design was used to understand how a group o f students constructed knowledge 

through their use of talk, persistence during the task, and use of prior knowledge while 

working on a productive failure modeled task. The case for this research was a 

representative group of four ninth-grade students enrolled in a coordinate algebra course. 

Triangulation resulted from the collected data from multiple sources, which included 

videotaping, interviewing, and analyzing student artifacts. Utilization o f the constructivist 

perspectives of Vygotsky (1934/1962), Piaget (1971), and Freire (1970/2012) served as a 

framework for analyzing the data. Analysis of the findings resulted in an in-depth 

understanding of how students persisted during a productive failure-modeled task and



revealed three main themes: (a) the group’s processes of interaction, (b) the roles the 

group members played during the task, and (c) the problem solving approaches the group 

utilized during the task. An interactive model of persistent problem solving was created 

to explain how the group utilized the three main themes in order to initiate their prior 

knowledge, chose different methods for solving, and persevered during the task. 

Suggestions for future research include study of a non-representative population, focus on 

the role of gender, writing, group size, and academic conversations; implementation o f 

Kapur’s (2012) productive failure design in a different content area; the role of group 

processes and student roles forwarded their conceptual knowledge; and the determination 

of the zone of proximal development during the model supports learning.



CHAPTER 1 

INTRODUCTION TO THE STUDY 

In the United States, mathematics educators continue to rely on a transmission 

model for teaching students (Brooks & Brooks, 2001; Draper, 2002; Duckworth, 2006; 

Grady, Watkins, & Montalvo, 2012). Teachers prefer this method because it helps 

students “perform correctly and efficiently a predetermined set of mathematical 

techniques” (Borasi, 1996, p. 17). Characterized by a lecture and practice approach to 

teaching and learning (Grady et al., 2012), the transmission model is frequently used by 

teachers because it aligns well with the format o f standardized tests (Kelly, 2009).

Forty-four states have adopted the Common Core State Standards, which specify 

eight process standards for grades kindergarten through twelfth grade (CCSSI, 2012). 

Adopted from the National Council of Teachers o f Mathematics (NCTM) Principles and 

Standards for School Mathematics, the first standard, in particular, specifies that students 

must “make sense of problems and persevere in solving them” (CCSSI, 2012, para. 2). 

The standard calls for students to persist in problem solving by utilizing critical thinking 

skills, making conjectures, finding multiple ways to solve the problem, and evaluating 

their solutions. Further, this standard states that when students evaluate their answers, 

they should be able to change methods when necessary. Therefore, students need to be 

able to make errors while working in order to determine that a change of methods should 

occur.

1
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Since the process standards call for a type o f student learning that requires 

perseverance and the ability for changing methods, the transmission model is not the 

answer for math instruction (Freire, 1970/2012). The transmission model efficiently and 

effectively transmits knowledge from teacher to student through methods such as lecture 

and practice. Therefore, it is understandable how teachers who use this model avoid 

allowing students the time to solve problems that cause students to persevere or make 

errors, since these behaviors are seen as neither efficient nor effective.

Even if teachers understand the need for using other teaching methods that can 

foster critical thinking skills as explained in the process standards, Jones and Egley 

(2007) found that teachers focus on traditional teaching strategies, such as the 

transmission model, because they feel pressure from their school administrators to 

improve student scores on standardized tests. Administrators encourage teachers to 

improve student test scores because schools cannot receive accreditation if  student test 

scores do not meet state guidelines (Brooks & Brooks, 2001). Student standardized test 

scores also are used to evaluate the instructional quality o f teachers (Popham, 2010). 

Nichols, Glass, and Berliner (2012) found that the more pressure that teachers 

experience, the more they use methods such as drill and practice and teach to the test.

Borasi (1996) stated that when teachers utilize the transmission model, they 

provide concise explanations o f mathematical techniques followed by continued practice, 

which may seem an appropriate model to ensure students attain their goals. Even though 

the transmission model may help students adequately perform predetermined standards in 

a small amount o f time, theorists criticize the model for not providing students with a
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deep understanding of mathematical concepts (Freire, 1970/2012; Piaget, 1929/2007; 

Vygotsky, 1934/1962). Further, Brooks and Brooks (2001) found that students taught in a 

constructivist classroom instead did as well on standardized tests as students who were 

educated with a transmission model.

One problem with the transmission model is that it limits a student’s ability to 

utilize critical thinking skills (Borasi, 1996). When teachers implement the transmission 

approach to learning, students are passive learners, and the goal is for the teacher to 

provide students with skill-based knowledge using factual and procedural information 

(Grady et al., 2012). In order to foster a student’s critical thinking skills, the student must 

be an active participant in his or her learning (Freire, 1970/2012; Piaget, 1929/2007). 

Critical thinking is a synthesis of analytic and creative thinking (Greene, 2008). Teaching 

methods that foster critical thinking provide students with the freedom to question their 

learning and discover multiple ways of knowing (Greene, 2008).

In addition, the transmission model supports the idea that there is only one best 

way to answer a mathematics problem (Borasi, 1996; Duckworth, 2006; Greene, 2008). 

This approach treats mathematics as a discipline that is a “. . .  deterministic, black-and- 

white, and cut-and-dried domain where there is no place for reasoning, creativity, or 

personal judgment” (Borasi, 1996, p. 18). According to Duckworth (2006) and Borasi 

(1996), teaching students to believe that there is only one correct answer to solving a 

mathematics problem can create anxiety and confusion.

Teaching models grounded in constructivist theory provide a more effective 

framework for fostering critical thinking skills and a deeper understanding of
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mathematical concepts (Brooks & Brooks, 2001). Brooks and Brooks (2001) stated, 

“Constructivism is a theory of learning that places the quest for understanding at the 

center of the education enterprise” (p. 150). When teachers transition from a transmission 

model to an approach supported by a constructivist theory o f learning, teachers and 

students work together in solving problems to construct knowledge through activities o f 

inquiry (Draper, 2002).

Kapur’s (2010) productive failure problem-solving model aligns with a 

constructivist theory of learning because it underscores the value o f learning for a deeper 

mathematical understanding of mathematical concepts, rather than solely learning 

mathematical facts (Jones & Egley, 2007). Kapur’s (2010) quasiexperimental study 

compared a productive failure model (PFM) in mathematical problem solving to a lecture 

and practice design. The PFM was given as a problem. The teacher provided no supports 

to students until after the students had ample time to grapple with the problem-solving 

task (Kapur, 2010). The lecture and practice model was implemented through an initial 

teacher lecture that contained examples of the learning objectives, and then through a 

student assignment of practice problems similar to the examples given in the lecture. 

Kapur’s research showed the students who learned though a productive failure design 

created diversity in their representations and methods for solving the task, but they were 

not able to arrive at a final solution. Although the students were not able to solve the 

problem during the period that they worked without supports, Kapur (2010) found that 

“despite seemingly failing. . .  students from the productive failure condition 

outperformed their counterparts from the lecture and practice condition on well-



structured and higher order application problems on posttests” (p. 523). Because the 

model provides opportunities for students to hypothesize multiple solutions to a single 

problem, it affords students the ability “to leverage their formal as well as intuitive prior 

knowledge resources to generate multiple representations and methods for problem 

solving” (Kapur, 2010, p. 574).

The PFM in mathematical problem solving is intentionally given to create 

puzzlement in order for students to provide an initial understanding of different methods 

or representations as attempts to construct an appropriate solution. Kapur (2008) 

concluded from his research that students who solve ill-structured problems, as opposed 

to well-structured problems, outperform their counterparts in the complexity of group 

discussions and solving subsequent mathematics word problems. In addition, students 

from a productive failure condition outperformed a lecture and practice condition on 

targeted content on a post-test (Kapur, 2010). Finally, productive failure groups generate 

multiple methods and representations when problem solving (Kapur & Bielaczyc, 2011).

To address the limitations of his study, Kapur (2010) suggested that future 

research examine “learner characteristics as well as the nature of interactional behaviors 

and relating them to eventual gains in group . . . ” for “performance would also be useful 

in explaining productive failure” (p. 576). A qualitative study that analyzes and 

determines the role o f student talk during a productive failure mathematics task could 

provide new insight into discovering how students learn without provision of initial 

structures. This study could provide education professionals, curriculum specialists, and
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policy makers with a better understanding as to why this problem-solving model supports 

a deeper understanding of mathematical concepts.

Conceptual Framework 

The conceptual framework for this study is a problem-solving model called 

productive failure (Kapur, 2012). The productive failure model (PFM) for problem 

solving is a learning design based on the belief that students have a greater capacity to 

understand novel mathematical concepts when students are initially afforded 

opportunities to problem solve, even though the problem-solving activity may not 

produce correct answers (Kapur & Bielaczyc, 2011). This concept aligns with this study’s 

theoretical framework of constructivism because the PFM affords students the 

opportunity to construct their own knowledge through problem solving in groups. A 

productive failure task must (a) provide context in order to activate a student’s prior 

knowledge and initiate multiple representations; (b) encourage students to cultivate a 

critical analysis of the targeted concepts; and (c) allow for connections between failed 

attempts and successful endeavors o f the targeted concepts (Kapur & Bielaczyc, 2011). 

The use o f this model delays initial instruction of a novel mathematical concept in order 

to allow students to grapple with these concepts. The delaying process is intended to 

allow students time to better understand why the targeted concepts—representations and 

methods—are assembled in the way that they are (Kapur & Bielaczyc, 2011).

A Model: Synthesis o f Conceptual and Theoretical Framework

Although the conceptual framework draws upon one body o f research, the 

productive failure model, the theoretical framework o f the much broader body of research



on constructivism serves as the basis o f this case study. In order to narrow the focus o f 

constructivism, I draw upon three constructivist perspectives: a Vygotskian perspective, a 

Freirean perspective, and a Piagetian perspective. Figure I depicts how these three 

constructivist perspectives inform this case study and align with the productive failure 

model.

Verbal Thought 
and Concent 
Formation:

understanding the 
generalizations of 

prior knowledge and 
constructing new 

knowledge through 
talk 

(Vygotsky, 
1934/1962)

Disequilibrium:
errors in thinking 

Piaget (1980)

Kapur’s Productive Failure Model
(Kapur, 2012)

I

Problem-Posing
Education:

Freedom of the 
Learner 

(Freire, 1970/2012)

Solving the task in a 
group setting

Activates Prior 
Knowledge

t

•4— 4-

Initiates Multiple 
Representations

Critical Analysis 
of Targeted 
Concepts

Connection 
between failed 
attempts and 
successful 
endeavors

■ + - k

Reflective
Abstraction:

Assimilation and 
Accommodation 

through persistence 
(Piaget, 1971)

Figure 1. Kapur’s Productive Failure Model Aligned with Theoretical Framework
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As depicted in Figure I, a Vygoskian (1934/1962) perspective on verbal thought and 

concept formation informed this study by explaining how student talk is a necessary 

component for learning and initiating prior knowledge. Secondly, a Freirean (1970/2012) 

perspective informed this study by providing insight into the importance on the freedom 

of the learner to critically think and generate multiple representations of their work.

Lastly, a Piagetian (1971,1980) perspective on reflective abstraction and disequilibrium 

allowed a better understanding of how the productive failure model served as a process of 

persistence through failure. These four components provide a  firm foundation for 

researching a case study on how students construct knowledge though a productive 

failure modeled task.

Theoretical Framework 

The theoretical framework for this study is based on constructivist theory. A 

constructivist theory for learning is grounded in the belief that students do not always 

learn new concepts in incremental stages; instead, they often take action with a new 

concept using the knowledge they already possess, however undeveloped or imprecise. 

Even in the stages prior to mastery of new concepts, students begin fitting their learning 

into a larger picture of the new concept (Borasi, 1996).

Constructivism: A Vygotskian Perspective for Analyzing Verbal Thought

In order to determine how ninth grade mathematics students construct their own 

knowledge while solving problems using a productive failure model, it is important to 

draw upon the theories of Vygotsky (1934/1962). His perspective o f constructivism helps 

clarify how important a student’s social environment is to learning. Vygotsky’s
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experiments on concept formation also provide a framework for studying student talk to 

determine how students construct knowledge during a productive failure task.

Vygotsky first proposed the idea that a child’s social environment is a central 

element to learning (Agbenyega, 2009; Gredler, 2009; Liu & Matthews, 2005). Vygotsky 

believed that children learn through social interactions in their learning environments 

(Agbenyega, 2009; Gredler, 2009; Liu & Matthews, 2005). Roth (2012) stated the basis 

of Vygotsky’s cultural-historical theory is the belief that collective knowledge o f the 

environment has strength, and it becomes integrated with the learner. In order to 

determine how mathematics students construct knowledge in groups during a productive 

failure modeled task, one must understand how students learn in their social environment.

According to Vygotsky (1934/1962), thought and speech can be envisioned as 

two separate entities that overlap to form “verbal thought” (p. 47). Vygotsky posited that 

to study intellectual development requires analysis of this area of convergence. For 

example, one can speak words without any thought while reciting a memorized passage. 

Thought can also exist within the mind without a word spoken. When words and thought 

converge and become verbal thought, it becomes an “intellectual function” (p. 6). 

Vygotsky (1934/1962) stated, “The primary function of speech is communication [or] 

social intercourse” (p. 6). Thought development is overtly exhibited by language 

(Vygotsky, 1934/1962).

Another component to this study is determining how ninth grade mathematics 

students activate their prior knowledge to make gains in solving the productive failure 

modeled task. Vygotsky (1934/1962) explained that concept formation results from
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“complex activity in which all basic intellectual functions take part” (p. 58). His 

experimental study created the idea that concept formation occurs through three stages. 

With each ascent to a new stage, the child is able to activate and transfer the prior 

knowledge he or she learned from the previous stage to progress to the next stage.

Vygotsky (1934/1962) stated, “A concept emerges only when the abstracted traits 

are synthesized anew and the resulting abstract synthesis becomes the main instrument of 

thought” (p. 78). Therefore, when students are developing new mathematical concepts 

during a productive failure modeled task, it is important to understand how their previous 

understandings synthesize to form new concept formation. Vygotsky clearly emphasized 

the importance of prior knowledge when he asserted, “Every new stage in the 

development of generalization is built on generalizations of the preceding level; the 

products o f the intellectual activity of the earlier phases are not lost” (1934/1962, p. 114).

Vygotsky (1934/1962) emphasized another component necessary to constructivist 

theory of learning. To reaching the highest stages of learning requires the presentation of 

problems that place new demands on the student to initiate his or her cognitive processes. 

Students learn new concepts through actively solving novel problems. Vygotsky stated,

“Direct teaching of concepts is impossible and fruitless a teacher who tries to do this

usually accomplishes nothing but empty verbalism, a parrot-like repetition o f words by 

the child, [only] simulating a knowledge of the corresponding concepts” (p. 83).

In conclusion, a Vygotskian (1934/1962) perspective of constructivism not only 

validates the pedagogical methods of using a problem-solving model that provides 

students with novel word problems, it also provides foundational understandings
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necessary to study how students construct knowledge through talk while problem solving 

in a group setting. In order to understand the role of student talk in making learning gains 

during a productive failure modeled task, I determined what roles and group processes 

showed evidence of verbal thought and new concept formation. Analyzing their verbal 

thoughts allowed understanding of how the group activated their prior knowledge and 

formed new mathematical concepts during the problem-solving task.

Constructivism: A Freirean Perspective for Providing Freedom for the Learner

Conducting a case study that determines how students construct their own 

knowledge during a problem-solving task required a commitment o f liberation for the 

learner in the constructivist theoretical framework. I had to provide students a measure of 

freedom. These freedoms allowed students to pose their own problems, have their own 

ideas about how to go about solving the problem, talk to one another in a group setting, 

and present their ideas.

This commitment of liberation aligned with the Freirean perspective o f learning. 

Freire (1970/2012) asserted that education should be a liberating experience in which 

students are active learners. According to Freire (1970/2012), critical reflection is a key 

factor in ensuring freedom for the learner. Secondly, in order for students to experience a 

liberating education, teachers must value the ideas of their students and allow them to 

make mistakes in their thinking (Duckworth, 2006).

Freire (1970/2012) identified two types o f concepts o f education: the banking 

model and the problem-posing model. The banking model aligns with the transmission 

model of teaching discussed earlier in this chapter. This model is inadequate because it
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does not provide students with the freedom to become active participants in their 

learning. To highlight the inadequacy o f the banking model, Freire (1970/2012) gave an 

example of a student learning mathematics under this model, stating, “The student 

records, memorizes, and repeats these phrases [four times four is sixteen] without 

perceiving what four times four really means” (p. 71). Duckworth’s (2006) experimental 

findings also determined that when students learned mathematics through a transmission 

model, they “had learned a verbal overlay, but their deep-seated notions had not evolved” 

(p. 33).

When using a problem-posing model of education, students and teachers work 

together to create new knowledge (Freire, 1970/2012). The students and teacher become 

equally responsible for learning. In order to create a learning environment to facilitate 

students’ construction of knowledge during a PFM problem-solving task, the students’ 

ideas and ways o f understanding must be appreciated (Duckworth, 2006; Freire, 

1970/2012).

A problem-posing model of education also utilizes challenging problems that 

allow students to produce wrong mathematical ideas that facilitate critical reflection for 

both the students and the teacher (Duckworth, 2006; Freire, 1970/2012). The facilitation 

of critical reflection through student errors is vital to a deep understanding of 

mathematical concepts. Duckworth stated, “Wrong ideas, moreover, can only be 

productive. . .  any wrong idea that is corrected provides far more depth than if  one never 

had a wrong idea to begin with” (p. 70). This understanding o f how students learn 

strengthens the value of the PFM for problem solving.
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In conclusion, the constructivist views of Freire (1970/2012) provide a framework 

that defines the importance of the student voice. Allowing students to engage in critical 

reflection in order to create new mathematical concepts provides a deeper understanding 

of these complex ideas (Duckworth, 2006; Freire 1970/2012). The problem-posing model 

of education is a liberating process because it provides students the opportunity to solve 

problems actively and gives them space to grapple, make errors in their thinking, and 

engage in discussion in order to construct new knowledge (Duckworth, 2006; Freire, 

1970/2012).

Constructivism: A Piagetian Perspective

Cognitive constructivism began with Piaget, who recognized the social 

surrounding o f individuals, but perceived the contextual surroundings as important only 

as conduits to provide disequilibrium for the individual (Liu & Matthews, 2005). Piaget’s 

(1929/2007) theories on the developmental stages of children and equilibration through 

assimilation and accommodation contributed a foundational understanding of how 

students persist and activate prior knowledge when constructing new mathematical 

concepts. Piaget’s (1971) theory on reflective abstraction describes knowing through an 

act of assimilation to accommodation in order to return to a state of equilibrium. 

Assimilation is what children experience in their current stage of development to gain 

knowledge of their environment. Accommodation is the changes that occur to a child’s 

current state o f cognition when introduced to new stimuli. In this study, this reflective 

abstraction process of learning from assimilation to accommodation provided a means to 

view how students solve problems in a mathematics course.



14

The “equilibration of assimilation and accommodation” (Piaget & Inhelder, 

1968/1978, p. 47) process for constructing new knowledge allows for a deeper 

understanding of how students persist during a problem-solving task. In this process, 

students naturally seek to attain equilibrium when they experience moments of 

disequilibrium (Piaget, 1980; Piaget & Inhelder, 1968/1978). Disequilibrium can occur 

when there is an error in a student’s thinking. Equilibrium is the reconciliation between 

what a person thinks about a problem and what a person is experiencing from his or her 

environment (Piaget, 1929/2007). For example, when a student is problem solving and 

must work through their own errors, the student experiences disequilibrium and works to 

reach a state of equilibrium. Piaget stated that a child’s disequilibrium is established “due 

to confusion between reality and thought, or more accurately, to a constant assimilation 

of external processes to schemas arising from internal experience” (Piaget & Inhelder, 

1968/1978, p. 132).

This process is applicable to the productive failure model, which is designed to 

create an environment where students experience a state of disequilibrium. When 

grappling with the problem-solving task, students should utilize their prior knowledge 

and persist naturally. The students should assimilate their prior knowledge and 

accommodate for new mathematical concepts.

Statement of the Problem

In the high-stakes testing climate in the United States, mathematics educators rely 

upon a lecture and practice approach to teaching and learning. This transmission model 

does not foster the deeper understanding needed for students to apply mathematical



concepts to situations outside the confines o f the classroom (Boaler, 1998; Borasi, 1996; 

Draper, 2002). Since the transmission model focuses on memorizing mathematical facts 

and procedures, students taught with this approach typically do not have the ability to 

transfer their mathematical knowledge to new situations or learn new concepts without 

supports (Borasi, 1996). Most states have adopted the Common Core State Standards, 

which contain mathematical standards clearly delineating the need for student 

engagement in learning that fosters an in-depth understanding of mathematical concepts 

through real-world problems and adaptive reasoning (CCSSI, 2012). Thus, students need 

opportunities to apply their knowledge to problems they encounter in real-world 

situations.

Purpose of the Study

The purpose of this case study was to understand how ninth grade mathematics 

students at a rural high school in Georgia constructed knowledge through student talk 

when problem solving using Kapur’s (2009) productive failure design. A qualitative case 

study included videotaping, interviewing, and analyzing student artifacts.

My pedagogical approach aligned with Vygotsky’s constructivist theory of 

learning since it afforded students the opportunity to leam new mathematical concepts in 

a collaborative setting through a productive failure modeled problem-solving task, as 

opposed to a transmission model of learning. Understanding the role that student talk 

plays in solving word problems designed for initial failure could “bring about change in 

teacher practice and pedagogy especially in a system of high stakes testing” (Kapur, 

2008, p. 530). Understanding how students initiate prior knowledge and leam new



16

mathematical concepts through talking while working together in a group during a 

productive failure modeled task may help teachers and school leaders see a need for 

adopting instructional methods other than traditional models of transmission.

Another purpose of this study was to determine how student choice plays a role in 

students’ construction of knowledge. A productive failure task aligned with Freirean 

perspectives for it afforded students the freedom to construct their own methods and 

representations while working in a group. This resulted in validation o f their approaches 

to problem solving even when there were errors in their thinking.

Lastly, this study sought to understand how students persist while problem 

solving. Drawing upon a Piagetian perspective of accommodation and assimilation 

helped determine how students construct knowledge through persistence. This 

perspective can inform teachers in how to develop the Common Core mathematics 

process standards in their students. For example, the first standard specifies that teachers 

should help students persevere while they problem solve (CCSSI, 2012).

Research Questions 

By conducting a case study, I sought to provide qualitative data to complement 

Kapur’s (2009) earlier quantitative experiment by explaining “how” the model works 

when students problem solve in groups (Yin, 2009). The case study research questions 

were written as either “how” questions or “what” questions in order to “retain the holistic 

and meaningful characteristics o f real-life events” (Yin, 2009, p.4). The central question 

that guided this study was: How do ninth grade mathematics students construct their own
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knowledge while problem solving using the productive failure model? This central 

question generated the following subquestions:

1. What role does student talk have in making learning gains during the problem

solving task for ninth grade mathematics students?

2. What role does student choice have in making learning gains during a

productive failure modeled task?

3. How do ninth grade mathematics students utilize prior knowledge to make

gains in solving the problem-solving task?

4. How do the ninth grade mathematics students persist during the problem-

solving task?

Limitations

Based on the research, I chose the productive failure model because it seemed to 

be a good candidate for fostering learning according to constructivist theory. However, 

because Kapur (2008, 2010,2011) tested his model with students from secondary schools 

in India and Singapore, the model may not show transferability to the ninth grade 

mathematics students chosen for this study. Transferability is also limited due to the 

participant sample selected for this case study. Because the students are ninth grade 

mathematics students, the results may not be transferable to other grade levels of 

students. In addition, since the students all attended the same mathematics class, the 

students behaved as a group and lacked enough diversity to allow transferability to other 

groups of students.
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The selected data collection instruments also limit this study. When videotaping 

and interviewing participants, reflexivity is a possibility (Yin, 2009). During the 

videotaping, the participants may act differently since they were being taped (Yin, 2009). 

During the interviews, the participants may relate what they perceive the researcher 

wants to hear (Yin, 2009).

Another possible limitation is student reaction to novelty. According to Shadish, 

Cook, and Campbell (2002), the participants’ perception of the productive failure task as 

“innovative” possibly bred “excitement, energy, and enthusiasm that contribute[d] to 

success” (p. 79). Even though this did not affect the research on how students constructed 

knowledge, the results may not transcend to further implementations o f this model for 

instructional purposes once the novelty of the task is no longer present. I considered this 

threat to construct validity when transcribing and coding the qualitative data (Shadish et 

al., 2002).

In addition, since I conducted research with my own students, I possibly acquired 

unexpected biases from previous interactions with my students. These preconceived 

biases might result in an inaccurate account o f my case study. Further bias might stem 

from my prior knowledge of the students’ mathematical abilities and interfere with the 

findings in an unexpected way.

Significance

Kapur (2008) stated, “Reviewers insightfully pointed out [that] examining 

productive failure from cognitive aspects alone is not sufficient” (p. 414). The results of 

my study should provide further research as to how student talk, choice, persistence, and
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prior knowledge play a role in constructing knowledge during a mathematical problem

solving task. In addition, although research provides a working understanding of the 

process o f solving problems and its value for student learning, few studies relate the 

actual experiences of students with problem solving. Gaining understanding o f the 

experiences of students would benefit teachers who seek to implement problem solving 

properly in the classroom. Furthermore, this research could provide secondary education 

professionals, curriculum specialists, and policy makers greater awareness o f what group 

learning entails as it pertains to a mathematics curriculum and mathematics standards for 

learning.

Assumptions

The following is a list of assumptions held by the researcher:

• students will verbalize their ideas and thoughts to group members;

• transcribing student talk from videotapes will be more valid than a self-report 

questionnaire;

• students will be open to problem solving through a productive failure modeled 

word problem;

• students will persist even when they feel that they cannot find the answer;

• students will work collaboratively in order for data to be collected through 

videotaping;

• students will act naturally during the videotaping and forget that they are 

being taped while they are problem solving;
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• students will answer the questions honestly during the interviews and refrain 

from answering questions as they perceive I want the questions answered;

• the classroom environment will be conducive to having students problem 

solve in groups.

Definition o f Key Terms

Concept Formation occurs when students think aloud (Vygotsky 1934/1962).

This creative process develops new mathematical understandings and can occur through 

solving complex problems in a collaborative setting.

Constructivism is a theory that assumes knowledge is not acquired through a 

mechanical process, but through an active process in which learning occurs through the 

learners’ ability to build constructs and is dependent upon the learners’ environment 

(Fosnot & Perry, 2005; Liu & Matthews, 2005).

Disequilibrium is an occurrence in which a person experiences conflict in their 

thinking (Piaget, 1980). For example, when a student determines an error in his or her 

thinking, an imbalance occurs between their understanding and a mathematical structure, 

which is a form of disequilibrium.

Productive Failure Model (PFM) is designed so that students are given contextual 

complex problems that are meant to create persistence and puzzlement (Kapur, 2010,

2011). Although the problem-solving task may not result in students adequately finding 

an appropriate solution, students can generate multiple representations and understand 

correct solutions when presented after attempting the task (Kapur, 2008).
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Reflective Abstraction is a cognitive process that involves assimilation and 

accommodation. Assimilation is a process o f ordering new information in accordance 

with preexisting orders within the mind. Accommodation occurs when a person reaches 

an impasse and is not able to assimilate new information and must add another order 

within the mind to organize the new information. For example, when a student learns 

how to graph a quadratic equation, the student may easily assimilate graphing this 

function if the student has already learned how to graph other similar functions.

However, when the student encounters graphing a function that includes needing an 

asymptote, the student may need to accommodate and reorder his or her thinking to 

accommodate for this change.

Transmission Model is a teacher-directed approach for student learning that 

includes an initial teacher lecture or demonstration followed by a reinforcement 

assignment consisting of practice problems to reinforce student learning (Borasi, 1996).

Verbal Thought is the intersection of speech and thought (Vygotsky, 1934/1962). 

For example, when students think aloud in their groups, they use verbal thought. When 

the students recite or repeat a formula, but have no understanding o f what they are 

repeating, then they are using speech, but not verbal thought. In addition, when students 

quietly think about a problem, they are thinking, but not using verbal thought.

Summary

High-stakes testing has resulted in teacher-reliance upon the transmission model 

o f instruction in the mathematic classroom, which often emphasizes the teaching o f basic 

math facts and procedures, rather than critical thinking skills and in-depth understanding
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of mathematics (Borasi, 1996; Duckworth, 2006; Grady et al., 2012; Greene, 2008). 

Kapur’s (2008) research suggests that students become better problem solvers if first 

given the opportunity to solve problems using the productive failure model. The purpose 

of this study was to investigate how students construct knowledge while working on a 

productive failure modeled problem-solving task, designed to afford students an 

opportunity to struggle with solving a mathematics word problem that is just beyond their 

understanding. The idea is that students may be able to reach some understanding of the 

problem by working in groups and presenting findings. Vygotsky (1934/1962) stated, 

“What the child can do in cooperation today he can do alone tomorrow” (p. 104). The 

productive failure modeled task aligns well with the constructivist theory o f learning 

because student instruction results in active rather than passive learning so that student 

development of the mathematical concepts follows.

Chapter 2 provides the search criteria and a review and synthesis o f the literature 

found in the areas of constructivism, problem solving, and productive failure. Chapter 3 

presents the methodology of the study by including the participants, setting, research 

design and rationale, data collection methods, instrumentation, and data analysis. Chapter 

4 reveals the results of the study. Chapter 5 provides a discussion of the results in relation 

to the findings and literature review.



CHAPTER 2 

REVIEW OF LITERATURE 

The review of the literature began with the problem that students may lack 

adequate opportunities in the mathematics classrooms to exercise their critical thinking 

skills. The Common Core State Standards address this issue by including eight 

mathematical process standards that stress mathematical reasoning and critical thinking 

(CCSSI, 2012). Even though 44 states in the United States have adopted the Common 

Core State Standards, mandated standardized testing is an inevitable accountability factor 

that may cause teachers to feel pressured into using only traditional teaching methods 

(Seiger-Ehrenberg, 2001). Nichols, Glass, and Berliner (2012), whose quantitative 

analysis used standardized portfolios for each state, found that when mathematics 

teachers are under pressure, they increase in their efficiency at teaching to the test.

Traditional teaching methods, or what Borasi (1996) terms the “transmission 

model,” are used because the testing era calls for students to be able to answer a pre- 

established set o f mathematics questions in a correct and efficient manner. Although 

teaching mathematics standards using a lecture and practice model may seem the best 

choice for teachers who have such goals, the problem lies in the type o f knowledge the 

students are acquiring. Although mathematics should involve critical thinking skills, most 

students unfortunately continue to memorize only mathematics facts (Seiger-Ehrenberg, 

2001).

23
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Therefore, the review of the literature began with this problem in mind: in mathematics 

classrooms, overuse o f the transmission model does not afford students the necessary 

opportunities to cultivate critical thinking skills.

Conducting Informed Research: A Search Strategy 

In order to conduct informed research, this literature review is a representative 

and synthesized search aimed at assembling prior knowledge on the following topics: 

constructivism, problem solving, direct instruction, mathematics instruction, and 

productive failure. I used only peer-reviewed articles, books, or reports published in 

English. Both qualitative and quantitative articles were included, but not literature review 

articles or meta-analyses. When possible, my review o f the literature focused on the 

current research in the field of mathematics with participants who were high school age. I 

did not limit my search to participants only in the United States because my findings 

showed that students in other countries faced the same problems in mathematics as 

students do in the United States, such as an emphasis on standardized testing and an 

overuse o f the transmission model for teaching. When a search did not present an optimal 

research article, I focused on articles that researched the same topic but in the field of 

science, studied younger age students, or related to my study by its theme.

A Model for Research: Research Perspectives and Focus 

Figure 2 shows the key elements o f the literature review. It is depicted as a funnel 

to show how my review of the literature began with an inquiry on a broad theory, 

constructivism, and resulted in a review o f the literature on a specific topic for my study, 

the Productive Failure Model.



Constructivism
V y g o t s k i a n  T h e o r y  

F r e i r e a n  T h e o r y  

P i a g e t i a n  T h e o r y

Problem- Solving 
Model
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Figure 2. A Model for Research: Research Perspectives and Focus

The review of the literature mirrors the funnel depicted in Figure 2. 1 began the literature 

review with an overview o f my theoretical framework on constructivism. Constructivist 

perspectives from original works by Vygotsky, Freire, and Piaget were included. Their 

perspectives helped to narrow down my broad interest in constructivist theory to a 

specific area of study and bridge theory with practice. The Vygotskian perspective led to 

further study in the importance o f student talk and the importance of collaboration. The 

Freirean perspective led me to further study the importance o f student voice in the
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classroom to cultivate multiple mathematical approaches and the importance of reflective 

thinking. Lastly, my inquiry into the Piagetian perspective led to further study the process 

o f equilibration and error making for understanding persistence in the mathematics 

classroom.

One commonality among the three perspectives was the need for students to 

problem solve in a mathematics classroom. As depicted in Figure 2, after reviewing the 

literature on constructivism, I reviewed the literature on problem solving as a model for 

learning mathematics. Not only is it important for students to problem solve, but the types 

o f problems that are used are important. The problems need to initiate inquiry and 

actively involve the students in talking, creating ideas, and error making. I also reviewed 

literature on the transmission model to serve as juxtaposition to a problem-solving model.

The common theme found in the literature regarding a problem-solving model 

was the use of authentic problems to promote critical thinking and utilization o f prior 

knowledge. The process o f problem solving was as important, if not more important, than 

arriving at the answer. The processes o f problem solving engaged learners in 

communicating mathematics and inquiry that led to making deeper connections with 

mathematical concepts. Furthermore, the types o f problems were important. The students 

needed to be interested in the scenario o f the problem, and the problem needed to be 

complex in nature to allow for multiple representations and methods for solving. Finally, 

the need for allowing students to persist during problem solving is timely because it 

aligns with the Common Core State Standards (CCSSI, 2012).
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Lastly, as Figure 2 illustrates, the common themes found in the literature on using 

a problem-solving model for teaching mathematics led to narrower review o f the 

literature on a specific problem-solving model, the Productive Failure Model. Choice of 

the productive failure model was due to the presence of themes found in the literature 

common to constructivism and problem-solving models.

As depicted in Figure 1 in Chapter 1, solving a productive failure model task by 

students occurs in a group setting, activates prior knowledge, initiates multiple 

representations, provokes critical analyses o f targeted concepts, and makes connections 

between failed attempts and successful endeavors. The productive failure model served as 

my conceptual framework and served as my topic of interest. I also included a section on 

resistance to the productive failure model and a comparison o f the productive failure 

model with a worked example model.

The productive failure model not only served the purpose of aligning with my 

topics of interest, but also showed a need for future research. In each research study I 

reviewed on the model, Kapur (2008,2009,2010, 2012) and Kapur and Bielaczyc (2011) 

explained a need for more qualitative research on the model. My case study developed 

from the review of the literature and recognition o f a need to explain how students 

construct knowledge during a productive failure task.

Research Questions Reiterated

The research questions were developed from a synthesis of the literature review 

and the conceptual and theoretical frameworks o f this study. The questions reflect the 

themes found in the literature review. The research question and secondary questions are:
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How do ninth grade mathematics students construct their own knowledge while problem 

solving using the productive failure model? This central question generated the following 

subquestions:

1. What role does student talk have in making learning gains during the problem

solving task for ninth grade mathematics students?

2. What role does student choice have in making learning gains during a

productive failure modeled task?

3. How do ninth grade mathematics students utilize prior knowledge to make

gains in solving the problem-solving task?

4. How do the ninth grade mathematics students persist during the problem

solving task?

Constructivism: A Theoretical Framework

Constructivist theory is based on the belief that knowledge is a function that has 

the ability to adjust, but does not have the capacity to produce representations that are 

independent of reality (von Glasersfeld, 2005). In order to understand constructivism, it is 

important to understand what it is not; therefore, a section provides a brief discussion of 

two opposing theories: behaviorism and Maturationism. In addition, I give an overview 

of learning mathematics according to the constructivist von Glasersfeld and provide an 

explanation of what constructivism might look like in a mathematics classroom.

Lastly, I provide sections on Vygotskian, Freirean, and Piagetian perspectives of 

constructivism. The psychological theory of constructivism emerged from the field of 

cognitive science, specifically from the work of Jean Piaget (Fosnot & Perry, 2005; Liu
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& Matthews, 2005). Fosnot and Perry (2005) stated that Piaget believed that humans 

continually develop cognitively, biologically, and physically. In accordance with 

Piagetian theory, students must discover concepts for themselves (Liu & Matthews,

2005). Vygotsky (1934/1962) argued that separating learning and social interactions is 

impossible because learning occurs through our social interactions. Lastly, Freire called 

for a problem-posing education that requires a paradigm shift from our current banking 

model of education (Wink, 2011). The banking model posits the teacher as the authority 

on all knowledge and deposits knowledge into the heads of the students (Wink, 2011). 

Although there are differences in the perspectives of Piaget, Vygotsky, and Freire, this 

review of the literature highlights some of their main ideals and focuses on their 

commonalties as it pertains to problem solving in a mathematics classroom.

Two Oppositional Theories

As stated earlier, in order to understand what constructivism is, it is important to 

understand what it is not. Behaviorism and Maturationism are oppositional theories of 

development to constructivist theory (Fosnot & Perry, 2005). Behaviorism is the belief 

that psychology is a scientific study of behavior that equates gaining knowledge as a 

reaction to physical impulses (Fosnot & Perry, 2005). Maturationism relates conceptual 

knowledge as a dependent factor to a person’s stage o f development. An internal 

biological programming is the only indicator o f a person’s development. Conversely, 

constructivism focuses on deep understanding controlled by the learner’s thoughts and 

actions (Fosnot & Perry, 2005). Constructivists believe students can only construct 

knowledge by being active participants in their learning (Liu & Matthews, 2005).
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Learning Mathematics According to von Glasersfeld

von Glasersfeld (2005), a constructivist philosopher, explained that knowledge is 

viewed not by how successfully the outside world can be understood, but rather as the 

pathways and constructs that have shown to be feasible in the person’s schema. Since 

knowledge lies within each subject who views the world through his or her own 

experiences, objects in life do not exist independently from the knower. When Piaget 

uses the term interaction, this should not imply that the person is interacting with his or 

her environment as the object actually exists, but rather a cognitive being is making 

deliberations using previously constructed structures. Therefore, knowledge is located 

within the mind and is relative to the knower.

Because knowledge is relative to the knower, mathematical concepts, for 

example, produce different constructs within the mind for each individual. When learning 

mathematical concepts, a best-case scenario for an individual is to understand how 

different constructs are compatible because the constructs possess similar functions. 

People rely on this compatibility by way of language, for example, as used for 

socialization. The process for compatibility relies on a person’s ability to reconstruct their 

prior knowledge with new knowledge through social communication and behavioral cues 

of others. Therefore, teachers need to be mindful that students may perceive mathematics 

differently than what the teacher intended.

Constructivism in the Mathematics Classroom

A constructivist classroom is different from a behaviorist classroom in that the 

learners are the focus rather than the teacher. Fosnot and Perry (2005) stated that
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constructivism is a learning theory and not a prescriptive recipe. The constructivist 

teacher believes learning is synonymous with development, rather than learning being a 

resultant factor of development, that requires the learner to create new knowledge 

through self-organization (Fosnot & Perry, 2005). In addition, von Glasersfeld (2005) 

perceived that constructivist teachers realize that students may view their curriculum in 

ways that vary from the intended outcome. Therefore, in order to engender new ways of 

knowing, it is important for teachers to understand their students’ prior experiences and 

prior knowledge of the concepts (von Glasersfeld, 2005).

Teachers encourage learning through exploration by supporting students to 

question, propose their own theories, test those theories, and defend their findings 

(Fosnot & Dolk, 2005; Fosnot & Perry, 2005). Learning mathematical concepts must be 

an active construction. Therefore, knowing is dependent on the learner’s participation 

(Cobb, 2005).

The role of a teacher is not to dole out knowledge but to provide learning 

opportunities for students to build knowledge (von Glasersfeld, 2005). Constructivist 

teachers do not transmit knowledge through language. Instead, they use language to help 

guide students to construct knowledge by limiting some channels and making other 

channels more possible (von Glasersfeld, 2005).

Another key factor that is present in a constructivist classroom is allowing 

students to leam through their own mistakes (Fosnot & Dolk, 2005; Fosnot & Perry,

2005; Schifter, 2005). Fosnot and Perry (2005) noted that disequilibrium promotes 

learning through errors. Further, an error is the consequence o f a learner’s
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understandings; therefore, contradictions that lead to error making should be portrayed in 

a positive light for further discussion and exploration. According to Fosnot and Dolk 

(2005), teachers should provide a safe environment within the classroom, creating a 

learning community where students have opportunities to share their ideas and where 

mistakes are encouraged. Communication within a community generates deeper thinking 

(Fosnot & Perry, 2005).

Constructivists argue that in order to promote creativity and solve real problems, 

students must construct their own learning just as mathematicians do (Fosnot & Dolk, 

2005). Skill in the form of practice is not as important as the process o f mathematics 

(Schifter, 2005). In order for teachers to facilitate students in the learning process, 

teachers should utilize questioning. Schifter (2005) adds that a teacher should ask 

questions that facilitate puzzlement, rather than avoiding this type of disequilibrium, 

because student inquiry is critical for learning mathematical concepts. When the students 

get close to a solution, the teacher adds another dimension because it refuels their 

bewilderment, motivates them to develop an improved solution to the task, and results in 

a better understanding of the concept (Schifter, 2005).

In conclusion, constructivist teachers believe that students leam best through 

inquiry, error making, and problem solving. They also believe the role of teacher includes 

providing the appropriate learning environment through questioning and designing 

activities and instruction to support students’ inquisitive natures and initiate critical 

thinking. Vygotskian, Freirean, and Piagetian perspectives support these constructivist 

beliefs.



33

A Vygotskian Perspective

In this section, the use of a Vygotskian (1934/1962) perspective generates a 

deeper understanding of how to use verbal thought to analyze student thinking and how 

student collaboration facilitates concept formation. First, a Vygotskian perspective 

(1934/1962) provides an accurate definition of verbal thought and facilitates the creation 

of a diagram of verbal thought. Next, a Vygotskian perspective serves as the basis o f a 

discussion of a study analyzing verbal thought to determine how to use verbalization to 

study mathematical thinking (Robottie, 2012). Finally, a Vygotskian perspective is used 

to define concept formation, followed by four current studies on student collaboration.

Analyzing verbal thought to study knowledge construction. Vygotsky 

(1934/1962) defined verbal thought as the intersection between thought and speech. 

Figure 3 depicts the intersection of thought and speech to show the definition of verbal 

thought as the section that is both thought and speech.

Thought
%

Figure 3. A Venn Diagram of Verbal Thought

Speec
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Thought that is not included in verbal thought is what a person thinks but does not 

express in words. Speech that is not included in verbal thought is speech a person uses 

without thought, such as repeating a memorized formula or reactionary speech that erupts 

from emotion without thinking first. Vygotsky (1934/1962) explained that by focusing on 

verbal thought, by separating it from the nonverbal thought and speaking without 

thinking, one can study a student’s thought development.

Robotti’s (2012) conducted a study on the verbalization of students in the context 

of an academic cooperation in Italy and France. To show how language can serve as a 

vehicle for studying the processes o f cognition, Robotti (2012) analyzed the verbal 

thought of pairs of students while they solved plane geometry problems. Her findings 

suggest the use of verbal thought to study student processes o f  cognition and student 

language as a tool for developing student cognitive processes. Each pair o f students 

worked on the plane geometry problem, written not in context of a scenario but as 

geometrical problem without a real-world context. Each student was asked to turn in one 

paper with their response per group to encourage their thinking aloud rather than their 

writing. Her findings showed that there were patterns in their verbal thought, which she 

called “action models” (Robotti, 2012, p. 449) that consisted of two components: 

acquisition and theory. The students moved from an acquisition of ideas to more complex 

thoughts that involved theory.

In conclusion, Robotti’s (2012) study showed that analyzing verbal thought is a 

viable means to study how students construct knowledge during a productive failure 

modeled task. Students often reveal their ideas to others through their talking (Zack &



35

Graves, 2001). Verbal thought is important when assessing what students know; it also 

serves as a tool to further their mathematical thinking (Robotti, 2012). Therefore, verbal 

thought is important for teachers and students. It facilitates teachers’ assessment of 

learning and students’ construction of new knowledge.

Concept formation through collaboration. When students verbalize their thinking, 

they are participating in concept formation (Vygotsky, 1934/1962). Concept formation is 

a creative process that forms new understandings through complex operations during 

solving a problem. Vygotsky explained this as having two modes of stimuli, one of the 

student’s own thinking and one from the group communication. The interaction of the 

two modes serves as the organizing agent to form new concepts. Prior knowledge might 

be one component of the student’s thinking initiated during concept formation. Francisco 

(2013), Zinicola (2009), Zack and Graves (2001), and Saleh, Lazonder, and De Jong 

(2005) conducted current studies on collaborative groups. Their methodologies and 

findings helped to determine the choice of appropriate methods for this case study and 

acted as comparisons for my findings.

To determine how student collaboration contributed to student mathematical 

thinking Francisco (2013) conducted a longitudinal qualitative study o f six students, 

following them from second grade to high school. He studied them during an after-school 

program by videotaping them. Francisco used many theoretical frameworks, two of 

which are noteworthy for my case study: his stance on sociocultural perspectives and 

improvisational theories.
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Francisco (2013) assumed that students’ social interactions are mediating 

processes where learning occurs and observable through the negotiations they make 

during collaboration. The improvisational theoretical framework provided a framework to 

study their collective understandings. He stated that as the group collaborated, their ideas 

become collective and maintained a “taken as shared” philosophy (Francisco, 2013, p. 

420). Teachers only intervened during student collaborations to encourage them to talk 

about their thinking. Francisco also conducted interviews when needed to learn more 

about the group thinking process during the tasks. He analyzed the data using a priori 

coding system determined by components o f the improvisational theoretical framework.

Francisco (2013) found that group collaboration supported learning by creating a 

means for the group to reevaluate their reasoning for different solutions and create more 

complex forms of pathways to a solution. The group either accepted or rejected the ideas 

from group members according to whether or not the idea made sense to them. Lastly, 

Francisco (2013) found moments when a group member worked on an independent idea 

that later complemented the group’s collective work. This study provides an 

understanding of how a previous study interpreted group work collaboration.

Zinicola (2009) also studied collaborative groups of students while they problem 

solved. His case study, conducted in a science class at a middle school in New Jersey, 

involved two groups of four students, typical in age and ability. Zinicola analyzed their 

written work through journal reflections and their talking through videotapes. He found 

that the students had more difficulty collaborating when a visual representation was not 

present in the task. He also found that the boys talked more than the girls did. In his
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discovered the group did not engage in the role o f explainer or challenger and determined 

he should have structured the groups heterogeneously for ability. Furthermore, Zinicola’s 

(2009) analysis o f group processes showed that the group participated in a) using a 

connection of ideas in which one person started the group off with an initial idea and the 

group built upon that idea; b) rephrasing technique in which the group broke down an 

idea by repeating the steps and terms in smaller pieces; and c) integrating a group 

challenge in which the group synthesized their ideas through explanations and challenge 

of the ideas of other group members. The first findings may show the importance of prior 

knowledge in order to create an initial idea that the group could build upon.

Zack and Graves’s (2001) qualitative study on three fifth-grade boys, considered a 

representative case in terms of their content knowledge, also focused on collaborative 

thinking to determine the relationship between group talk and learning. Their findings 

resembled those of Zinicola (2009) in reference to student roles. Zack and Graves (2001) 

found the group to take on roles such as the respondent, the leader, the explainer, the 

listener, the commenter, the questioner, and the explainer.

Zack and Graves’s (2001) findings on the relationship between group talk and 

learning showed that student utilization of the role of questioner led to different inquiries. 

In addition, when students utilized the role o f explainer, they were able to tell the group 

what they did and did not know about a mathematical problem. Lastly, Zack and Graves 

(2001) found students had to feel supported within their collaborative group in order for
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the group members to take on these roles. Therefore, inquiry was dependent upon the 

group dynamics of the group, such as the level o f support.

The decision o f whether to use a heterogeneous collaborative group or a 

homogenous group for a case study can be difficult. Saleh, Lazonder, and De Jong (2005) 

conducted a quantitative study with 104 fourth graders in an elementary school in Kuwait 

to determine whether collaborative groups make greater learning gains in heterogeneous 

groups or homogeneous groups. Their findings indicated that neither form o f grouping 

showed superiority, although each type of grouping had its own merits. Saleh et al.

(2005) found that heterogeneous groups had greater peer interactions involving 

collaborative reasoning and individual elaboration o f the task. They also found that 

homogenous groups made greater learning gains associated with collaboration, had 

greater episodes of collaborative elaborations, and exhibited greater effectiveness for the 

average ability grouped. The findings o f Saleh et al. (2005) contradicted those of Zinicola 

(2009), who attributed the lack of student explanations in two of the tasks to the type o f 

grouping.

Francisco (2013) and Zack and Graves (2001) discovered collaborative groups 

think as a collective entity. Once a group member voices a thought, it becomes part o f the 

group. Zack and Graves (2001) found that when a group worked the problem, they may 

have called it, for example, “Jeff’s way” (p. 259), but the method could be used by the 

group and not viewed by its members as copying.

In conclusion, student collaboration is crucial in a mathematics classroom because 

it provides students with a means to form new conceptual understanding. Whether
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students collaborate in homogeneous or heterogeneous groups, they freely share ideas 

and build upon the ideas of others to further their mathematical thinking.

Concluding thoughts regarding a Vygotskian perspective. Zack and Graves (2001) 

stated that students initially construct knowledge by interacting with others in engaging 

context. Learning is considered a social activity (Shreyar, Zolkower, & Perez, 2010; Zack 

& Graves, 2001). Shreyar et al. (2010) stated that communication is a “verbal plane of 

thinking” (p. 24) that derives from the intersecting lines of communication and thought. 

Furthermore, videotaping collaborative groups while they work on mathematical 

problems facilitates data collection of verbal thought and data analysis to determine the 

thought processes of the group (Zack & Graves, 2001). Whether a collaborative group 

should be heterogeneous or homogenous was inconclusive. Findings indicated the 

collaborative groups constructed new concept formations through synthesizing their ideas 

and playing roles such as questioner and explainer. Use of a Vygotskian perspective 

provided an understanding of the role o f language in learning mathematics.

A Freirean Perspective

Freire (1970/2012) stated that in order to be fully human, one must have the 

freedom for inquiry. Furthermore, knowledge is a product o f  one’s continual inquiry, 

which involves a continual and persistent pursuit of making new inventions within the 

mind. In this study, a Freirean perspective provided a framework for understanding the 

importance of the freedom of the learners in using reflective journals and student voice in 

developing multiple representations and methods to mathematics problems. Freire’s 

(1970/2012) definition of authentic reflective thinking precedes the discussion o f two



40

current studies that utilized reflective writing in mathematics. Next, Freire’s (1970/2012) 

definition of a problem-posing education serves as a precedent for three current studies 

investigating student voice.

Learning journals to facilitate reflective thinking. Freire (1970/2012) stated that a 

person’s life is given meaning through communication. He also stated that it is 

impossible for teachers to think for their students. Therefore, using student learning logs 

or reflective journals is a method to facilitate student thinking and reflection (Albert,

2000; Popp, 1997; Stephens & Winterbottom, 2010; Zack & Graves, 2001). Student 

learning logs create a means for students to engage in authentic reflective thinking and 

have a choice in how they solve mathematical problems (Freire, 1970/2012). Two 

studies, reviewed in the previous section, used learning journals for student work (Zack 

& Graves, 2001; Zinicola, 2009).

Albert’s (2000) interpretive case study o f seven seventh grade students from the 

Midwestern part o f the United States investigated how students use different 

mathematical strategies in their written work while working in groups. Their written 

work consisted of their methods, representations, and reflections while solving a 

mathematics problem. Her findings showed that the students used written reflections to 

make conjectures, keep track of their thinking, make connections in their work, and show 

subsets of correct work even if  the answers were wrong. For example, students may have 

not gotten the correct answer, but they could see that some o f their work was correct or 

on the right path for attaining a solution, which was empowering for the students. Albert 

also found that the students created multiple solution paths and engaged in self-talk. This
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case demonstrated a means for the communication o f student reflection through writing 

while students worked in a group setting.

Stephens and Winterbottom’s (2010) study determined whether learning logs 

supported learning in a high school biology setting. Their study, which involved a class 

of 30 students (11 males and 19 females) in the UK, used a learning log design that did 

not prompt authentic student reflection or extensive writing except on the students’ final 

entry. This was because the logs consisted o f a common format with copied pages of 

questionnaires presented as a Likert-type scale. Stephens and Winterbottom (2010) 

asserted their format compensated for students who may have difficulty designing their 

own structure for the pages given their study habits. Their findings showed that the 

students did not provide much written reflection on their final entry. Stephens and 

Winterbottom (2010) concluded that, although their learning log design may have 

provided scaffolding through the structured questionnaires, it was possibly too restrictive 

because it did not allow students to engage in authentic reflection using extended writing 

assignments.

In conclusion, it is possible to use learning journals to promote critical thinking as 

long as the journals are not too restrictive and provide space for authentic student 

reflection. The learning journals need to provide students with the freedom to reflect in 

order to create multiple representations o f their thinking. This flexible thinking is 

important when problem solving (Freire 1970/2012).

Student voice to develop multiple mathematical approaches. Freire (1970/2012) 

asserted that only dialogue utilizing creative thought has the ability to initiate critical
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thinking. In order for this type of dialogue to occur in the classroom, a problem-posing 

education must be present where the teacher and students share the responsibility o f the 

learning. When students learn through a problem-posing model, students have equal 

voice in the classroom. In the area of mathematics, student voice enables students to 

create multiple mathematical approaches during the learning process (Shreyar et al., 

2009).

The study of Shreyar et al. (2010) involved 21 sixth grade students from a private 

school in Argentina. Basing the analysis on a theoretical framework positing whole-class 

conversations may facilitate pathways so that teachers and students unite in reflective 

thinking. The coding of data derived from videotapes of whole-class conversations, that 

involved assignation of each clause as a speech function and interpretation o f the 

interpersonal grammar of the text. Their findings revealed that the students created 

multiple mathematical models during their group discussions and whole-class discussions 

support student learning.

Shreyar et al. (2010) also discovered a pattern in the data indicating a new phase 

began every time a new idea became the topic o f conversation. The teacher was able to 

elicit deeper thought by requesting the students to focus on the relationships between 

different mathematical concepts and methods. Lastly, Shreyar et al. found students felt 

empowered to use their voices to disagree with their classmates and the teacher, which 

furthered the thinking of the whole class. Therefore, students do not have to be in 

collaborative groups to use their voice. This study showed that whole class discussion can 

also empower students to use their voice.
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Inference of the findings of a study conducted by Kajander, Zuke, and Walton 

(2008) supports the results of the Shreyar et al. (2010) investigation. Kajander et al.’s 

case study of four “at risk” high school students attending four different classes in a high 

school in Ontario showed negative results when students were not given a voice in the 

classroom. This study used participant-observers to gather data over a four-month period 

three times a week rather than videotapes to capture the essence of their experiences. 

Kajander et al. found that the students did not engage in any hands-on activities or study 

any interesting tasks. The observers found that each day the teacher discussed the 

homework, presented a lesson, and gave a new assignment. Their findings revealed that 

the students expressed frustration; lacked confidence and described themselves as stupid; 

appeared to be disengaged; seemed unmotivated; did not ask questions; and lacked good 

attendance. Kajander et al. attributed the experiences of the students to their teachers’ 

consistent use of only one model for teaching, which was the transmission model for 

teaching. They state that the participants in this study were the unheard voices in the 

classroom.

Brand, Glasson, and Green’s (2006) study found that when students felt validated 

by their teachers, they were empowered to perform better academically. Their qualitative 

study explored the perspectives of five African-American students (3 males and 2 

females) by using videotaped open-ended interviews to understand their participation and 

success in their mathematics and science classes. Their findings showed that positive 

teacher relationships favorably affected student participation in class. Additional findings
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indicated teacher acknowledgement of student competency in science and mathematics 

resulted in student reporting of higher performance experiences.

Concluding thoughts regarding a Freirean perspective. A problem-posing 

education gives students more freedom to make choices and have agency in their learning 

(Freire, 1970/2012). Greene (2008) claimed that when the school fails to provide students 

with the freedom to make discoveries and inquiries within their classroom walls, the 

consequences are a school filled with students who see no relevance in their learning. 

Solomon (1998), another advocate for student choice, asserted that the learner is more 

likely to gain knowledge when allowed to make learning decisions.

A problem-posing education can be a means to closing the achievement gap, 

which Nieto and Bode (2008) defined as a situation in which marginalized students do 

not make the same learning gains as other students. According to Grossman, McDonald, 

Hammemess, and Ronfeldt (2008), closing the achievement gap requires teachers to 

move away from a curriculum that emphasizes memorization of facts and move towards 

a curriculum that promotes higher demands on a person’s intellect. In the area of 

mathematics, problem-posing assists mathematics teachers in transitioning from skill- 

based type questions that emphasize rote memory to problems that require higher order 

thinking skills through the context in which the problems are administered (Freire 

1970/2012). Schools that have made gains towards closing the achievement gap use a 

curriculum that is sensitive to the cultural needs o f  the student and is rich with high-level 

work (Grossman et al., 2008; Nieto & Bode, 2008). A review of the literature showed
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that when students are able to reflect through learning journals and use their voice to 

provide multiple mathematical approaches, they become reflective and critical thinkers.

A Piagetian Perspective

The way students formulate problems is equally important as the answers they 

construct (Piaget & Inhelder, 1968/1978). As students formulate new problems, they 

perform assimilatory activities. These activities are important because they organize a 

students’ prior mathematical knowledge with new concepts. In this study, a Piagetian 

perspective provided further understanding o f the role that persistence and error making 

play in problem solving. This section offers Piaget’s (1971) definition of reflective 

abstraction, followed by three studies on the role o f persistence in problem solving. A 

discussion of disequilibrium in terms o f Piaget (1980) precedes a narrative study on the 

use of errors in a mathematics classroom.

Persistence in problem solving. Reflective abstraction is a process o f thinking in 

which a person is able to build upon prior knowledge through reflection on new concepts 

(Piaget, 1971). This process of thinking includes assimilation and accommodation. 

Assimilation is the process of organizing new information into preexisting categories o f 

knowledge within the mind, and accommodation occurs when a person is not able to 

assimilate and therefore creates a new category o f knowledge to organize the information 

within the mind (Piaget, 1978). Cobb (2005) maintained that students construct 

mathematical understandings through reflective abstraction. This process happens 

naturally because of a learner’s tendency to self-organize. When a learner experiences
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disequilibrium, the learner’s mission is to self-organize and to return to a state o f 

equilibrium (Fosnot & Perry, 2005).

Sideridis and Kaplan (2011) conducted a mixed-methods study at a university in 

Greece on the relationship between persistence and perceptions of achievement activities. 

Ninety-seven undergraduate psychology students (36 male and 61 female) took a 

preliminary test that determined their perceptions o f achievement activities by 

determining their mastery goals and performance-approach. The preliminary test showed 

the students were mastery-oriented, meaning that their focus was to solve the puzzle; 

performance-oriented, meaning that their focus was to outperform other students; or 

performance avoidance, meaning that their focus was to avoid appearing inadequate. 

Following the preliminary test, students solved a series o f five puzzles, each consisting of 

seven wooden pieces that needed configuring into a geometric shape according to 

specific directions. The first three puzzles were unsolvable; the fourth puzzle was 

relatively easy; and the last puzzle was unsolvable. Students could remain on each puzzle 

for as long as they liked, but once they moved to the next puzzle, they could not return to 

a previous puzzle.

Sideridis and Kaplan’s (2011) findings showed that the performance avoidance 

group, who believed achievement is a display of a person’s ability, showed consistently 

lower persistence levels even after the fourth puzzle and displayed defensive behaviors 

towards a commitment to the task. Sideridis and Kaplan (2011) attributed these behaviors 

to the students’ determination to avoid appearing incapable. The performance-oriented 

students showed a decrease in their persistence with each failed task after initially
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displaying some of the same defense mechanisms as the performance avoidance group, 

but then showed an increase in persistence after the one successful puzzle. The mastery- 

oriented group displayed high levels of persistence, and their failed attempts only 

increased their efforts while they solved the puzzles. Sideridis and Kaplan’s (2011) study 

revealed the possibility that students’ preconceived belief system, instead o f the task, 

determines task persistence behaviors.

Montague and Applegate’s (2000) study compared the problem-solving behaviors 

of 54 Florida middle school students with low, average, or high ability levels. Like 

Sideridis and Kaplan (2011), Montague and Applegate (2000) determined that the low 

ability students showed lower persistency, possibly due to preconceived poor perceptions 

of their abilities or lack of strategic knowledge. The average and high ability groups 

showed more persistency than the low ability groups. The high ability students showed to 

persist less than the average ability students, but only because they were able to quickly 

solve the problems, eliminating the same need for persistency. This study reveals that the 

level of the task does matter in the level of persistency. It seems that the task did not 

sustain persistency for the low or high ability students because it was too difficult for the 

low ability students and too easy for the high ability students.

Dahl’s (2004) study provided additional information on the problem-solving 

behaviors of high-ability mathematics students. Her qualitative study investigation of 

eight English and Danish high school students, considered successful in mathematics, 

explored student explanations o f how they learned a new mathematical concept. To 

analyze student responses to questions about their thinking during a problem-solving
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exercise, Dahl devised a priori set o f themes that focused on, for example, student 

awareness o f how they solved the problem and their predisposed personal beliefs as it 

related to problem solving. In her analysis, Dahl (2004) included both the social and the 

individual aspects of the group. She framed the individual aspect on the theory of 

reflective abstraction by Piaget. She found that, although the group synthesized ideas, 

ultimately each person organized the knowledge constructed by the group differently. 

Therefore, when a group member actively engages in learning in a group, his or her prior 

knowledge does not originate from the language from the group, but from within his or 

her mind. Dahl’s findings showed that students believe that learning has both an 

individual and a social component.

In conclusion, teachers should consider reflection abstraction as a pathway to 

facilitate student learning since students naturally utilize this process to create new 

representations through accommodation (Fosnot & Perry, 2005). A review of the 

literature indicates when students have a predisposed belief regarding their ability to 

problem solve, it may affect their persistence in solving the problem. The level o f task 

difficulty also plays a role in the level o f student persistency. Lastly, consideration of 

students’ prior knowledge is important, even when they work in a group.

The need for errors. Disequilibrium occurs when mathematics students experience 

disparity between their thinking and a mathematical structure (Piaget, 1980). Error 

making, a process fundamental to a child’s development, is an embedded component o f 

Piaget’s concept of reflective abstraction (Borasi, 1996). An allowance for errors is a 

needed element while problem solving because it initiates disequilibrium; therefore, the
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creation of mathematical problems that lead to puzzlement should be viewed as a 

foundational component o f teaching that aligns with a Piagetian constructivist standpoint 

(Borasi, 1996).

Borasi’s (1994) narrative study of 11 instructional experiences determined 

whether secondary students possessed the needed prior knowledge and skills to capitalize 

on their error making to further their thinking. Her findings showed that mathematical 

errors led students to engage in constructive doubt, explore different mathematical 

methods, and critically reflect on their work. The students also spent time communicating 

their work to others and justifying their thinking. Borasi (1994) reported only positive 

results for utilizing errors as a way to forward students’ thinking. This study contradicts 

Montague and Applegate’s (2000) study because Borasi’s participants, who attended an 

alternative school in New York, had a history of being unsuccessful in mathematics, yet 

they showed positive results when solving problems through their error making.

In conclusion, error making creates the disequilibrium needed for students to 

further their thinking in mathematics. As students experience error making, it initiates a 

need for persistence. This leads to deeper levels o f mathematical exploration and inquiry.

Concluding thoughts regarding a Piagetian perspective. Reflective abstraction can 

be defined as a transformative learning process in which an accommodation has occurred 

by recognizing a pattern, thus changing an initial cognitive structure from merely one 

based on experiences to a more generalized form (Fosnot & Perry, 2005). Error making is 

a way to create disequilibrium in a mathematics course to facilitate deeper mathematical
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investigations needed to increase student understanding o f mathematical concepts. A 

Piagetian perspective aids the understanding of learning processes while problem solving. 

Constructivism: Concluding Thoughts

A review of the literature o f constructivism revealed that student learning does not 

merely involve attaining the correct answer, but also concerns the processes used when 

learning mathematical concepts. In addition, knowledge is relative to the knower, and 

each knower contributes to a collaborative group according to his or her own prior 

knowledge and beliefs. Furthermore, studies revealed the importance of group 

collaboration in furthering critical thinking and initiating prior knowledge. Finally, 

students need freedom to engage in critical reflection as well as opportunities to persist 

through problem solving by creating multiple representations and making errors.

The use of problem solving to construct knowledge was one of the common 

themes in the review of the literature on constructivism. The next two sections present the 

literature on two models: a transmission model and a problem-solving model. Although, 

the problem-solving model is the focus of this study, the majority o f the research 

compares the problem-solving model to a transmission model. In order to accurately 

define traditional mathematical practices such as direct instruction and lecture and 

practice, it is necessary to include research findings regarding the transmission model.

A Transmission Model for Teaching Mathematics 

von Glasersfeld (2005) stated that teachers may not consider education from the 

constructivist point of view and may use methods premised upon the teacher’s 

understanding of the curriculum that is then predesigned for students to absorb. The
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transmission model of teaching includes the methods of teaching the rules, demonstrating 

procedures, and extensive amount o f practice problems (Fosnot & Dolk, 2005). The basis 

of a transmission model for teaching is the belief that the teacher has the ability to 

dispense mathematical concepts to students through direct instruction and student 

practice (Fosnot & Dolk, 2005). Fosnot and Dolk (2005) found that most students do not 

view learning mathematics as a creative process; instead, they see mathematics as a 

process of memorizing a collection o f facts, formulas, and algorithms through teacher 

explanations and subsequent practice.

Benefits of a Transmission Model for Teaching Mathematics

Mevarech and Amrany (2008) studied 61 Israeli high school students using a 

pre/posttest design to determine whether training students to use an additional 

instructional method that trained students to self-address their learning through 

questioning would improve their test scores on a mandated mathematics achievement 

test. The treatment group received the additional training and the control group only 

received a transmission model approach to instruction. Both groups received a traditional 

teaching approach in which the teachers for both groups introduced the new unit o f study 

on growth and decay with a lecture, assigned the students practice problems to work, and 

then reviewed the answers to the practice problems. Using an ANCOVA and controlling 

for pretests, Mevarech and Amrany (2008) found that the students who received 

instruction through a transmission model approach with the additional metacognitive 

training significantly outperformed the group who did not receive the training on the 

posttest: F(l,58) = 4.79, p  = .033. These findings suggest that use o f a transmission
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model of teaching coupled with metacognitive training promotes student gains on 

standardized tests.

Piper, Marchand-Martella, and Martella (2010) conducted a research study in the 

Pacific Northwest with eight middle school students to determine if  low performers in 

mathematics would improve their mathematics ability if  they participated in additional 

direct instruction. The control group (n= 49), chosen because they performed at grade 

level on a previous state standardized test, received their normal instruction mainly 

through a transmission model during the study. The treatment group (n= 8), chosen 

because they did not meet grade level expectations on their previous standardized test, 

received additional direct instruction during their lunch period. Piper et al. (2010) found 

no significant differences between the two groups, but they did find improvements in the 

treatment group’s overall performance and attitude towards mathematics. After the at-risk 

students received additional direct instruction, they felt more confident in their regular 

class time and participated more in class discussions.

Flores and Kaylor (2007) found similar results when they studied a class o f 

middle school students who received a direct instruction intervention targeting a review 

of fractions. Flores and Kaylor (2007) reported the students’ grades improved. In 

addition, the researchers concluded it was an efficient instructional approach because it 

increased student computational skills in a short timeframe with only a few intervention 

lessons.

This study defines a transmission model o f teaching as an efficient model that 

includes teacher-directed lessons and student practice of mathematical skills. A review of
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the literature supports its success in preparing students to answer standardized test 

questions and improve grades on skill-based tests. Other than the metacognitive training 

in the Mevarech and Amrany (2008) study, the literature did not reveal any benefits for 

using this model to foster critical thinking or reflective thought. Proponents for the use of 

the transmission model seemed to advocate for students who struggle with mathematics, 

citing that these students needed the extra practice and lacked the skills to leam through 

problem solving. However, these studies did not show increases in learning at a 

significant level even on skill-based tests.

A Problem-Solving Model for Teaching Mathematics 

Johnson and Johnson (2001) assert that students given opportunities to participate 

in mathematics problems that involve critical thinking and reasoning often perform better 

on standardized tests than those who do not. Instead of a lecture and practice model, a 

problem-solving model provides students with better conditions to develop their 

reasoning skills (Borasi, 1996; Johnson & Johnson, 2001; Sternberg, 2001). Problem

solving skills are one of the most beneficial skills that students can attain because 

students experience mathematics in the context of their daily lives (Sternberg, 2001).

Students need opportunities to engage in mathematics in the context o f a problem. 

Perrenet and Taconis (2009) stated that problem solving is a foundational component to 

the culture of mathematics. Through the Common Core State Standards initiative, the 

Georgia Department o f Education has adopted eight process standards for kindergarten 

through twelfth grade to ensure student learning through problem solving (CCSSI, 2012). 

These process standards align with the types of problems highlighted in the sections of
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the problem-solving model that follow. For example, students should be able to problem 

solve by critically analyzing their solutions; persevere by monitoring their progress and 

changing direction when necessary, and apply mathematics to everyday life. Although 

these types of process standards have existed since 2005, Goodlad (2008) contends that 

accountability reforms are directing schools to follow a narrow academic path that 

ignores the fingerpost of the comprehensive mission for schooling. Dewey (1934/2008a) 

warned against a narrow academic path for education and compared it to educating 

students in a vacuum. Dewey campaigned for an education that continually provided 

learners with flexibility, inquiry, experimentation, and experiential learning.

The review of the literature on problem solving revealed the following themes: 

allowing for multiple solution types through open problems, engaging students through 

authentic problems, initiating prior knowledge, and allowing for errors. After a synthesis 

of the findings on the four main themes of the problem-solving model, I provide three 

studies on teacher resistance to the problem-solving model. Lastly, I present a study that 

advocates for a balanced approach to mathematics instruction.

Problem-Solving Model: Allowing for Multiple Solutions through Open Problems

In order for authentic problem solving to occur, students must engage in 

mathematical problems that are open. Open problems contain numerous paths for 

solutions and require methods that students may have not yet learned; thus, students must 

determine the necessary mathematical methods (Perrenet & Taconis, 2009). Students can 

revise their problem-solving methods as they accumulate more knowledge. Open



55

problems tend to allow for multiple representations (Bingolbali, 2011; Boaler, 2008; 

Perrenet & Taconis, 2009).

The multiple solution aspect o f open problems allows for students with varying 

levels of mathematical understanding to be able to participate in the problem-solving 

process (Boaler, 2008). Boaler’s three-year study used a varying case study design to 

observe teachers in one school using a transmission approach to teaching mathematics 

and teachers in another school using an open-ended problem solving approach to teaching 

mathematics. Her findings revealed that, in both schools, the teachers worked hard to 

teach mathematics, and the students worked hard to learn mathematics. The major 

difference between the students at the two schools was that the students from the school 

using a traditional approach acquired procedural knowledge, whereas the students 

learning through open problems acquired flexibility in their thinking and greater depth in 

their mathematical understandings.

Engaging Students through Authentic Problems

Dewey (1934/2008a) stressed the importance of teaching students within the 

context of their lives. He wrote that teachers can support students in making their own 

connections by using their experiences and background knowledge when making a 

learning leap from concrete to abstract concepts. Hansen (2008) agreed, positing that 

teachers should broaden their minds to include problems from a global perspective that 

address relevant social, economic, and environmental issues. Using problems that are 

applicable to students’ daily lives provides authentication and relevance for students.
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Authentic problem solving is also a process that requires students to be active 

learners. This active process works best when students can work cooperatively and 

receive appropriate technology and manipulatives. Hansen (2008) asserted students 

would naturally leam as a matter of interest that afforded with first-rate academic 

resources, opportunity to interact with a diverse population, and provided different 

learning environments. Hansen also emphasized the importance of student learning as an 

active process where students participate by sharing their thoughts and beliefs instead of 

a passive process in which the learner merely observes. Perrenet and Taconis (2009) 

describe this active process of learning mathematics as an enculturation that involves 

utilizing self-efficacy skills, analyzing the steps o f the problem, and questioning the 

results. These high-order thinking skills are a direct result of problem solving that 

requires students to take on an active learning role.

Use of student-focused instruction through authentic problems can result in 

culturally responsive curriculum. In order for the use of contextual learning to address the 

cultural needs of students, mathematics teachers need to leam more about individual 

students than results on pretests. Grossman et al. (2008) believed that teachers cultivate a 

learning environment by first drawing upon the students’ backgrounds and culture and 

then building upon those resources to create responsive curriculum. As Howard and 

Aleman (2008) concluded, teachers communicate to a diverse set of learners through 

their command of the subject matter. Culturally relevant mathematical problems rarely 

appear in mathematics textbooks, so teachers need to create problems from a contextual 

standpoint. Howard and Aleman (2008) indicated the necessity of an increase in
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empirical research to determine the effects of teaching mathematics through a 

multicultural curriculum on student learning.

Nasir (as cited in Howard & Aleman, 2008) found, for example, a relationship 

between mathematics proficiency and identity for African American adolescents and used 

this perspective to teach mathematics using games familiar to these students. Howard and 

Aleman (2008) stated that Nasir used games, such as dominoes, to teach mathematical 

concepts and tie mathematics to a culturally relative topic. The playing of the games 

necessitated the use of mathematical goals within the context of the activity and 

normalized the learning of new mathematical concepts. Nasir (as cited in Howard & 

Aleman, 2008) also used basketball to further African American males’ understanding of 

statistics. Finally, Howard and Aleman’s (2008) findings showed that failure to recognize 

culture as part of student learning was detrimental because African Americans often 

attribute their low performance to their race.

Initiating Prior Knowledge

Another important consideration in problem solving is student prior knowledge. 

Dewey (1934/2008a) stated that education only occurs with it is supported by the prior 

knowledge of the student who acquired this knowledge through his or her own 

experiences. Hansen (2008) concluded that a Deweyan perspective accepts that everyone 

possesses the capacity to be educated by way o f personal experiences. As they build 

knowledge, students should reflect on their former problem-solving activities as part o f 

the process (Perrenet & Taconis, 2009).
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A problem-solving model for learning mathematics is beneficial to students 

because they can connect the context to their prior knowledge. The knowledge that a 

student brings to the classroom affects the development of new mathematical concepts 

(Chinnappan & Chandler, 2010). Chinnappan and Chandler (2010) shed light on the links 

that connect prior knowledge to new knowledge when they stated that one’s schema can 

be visualized as a complex framework connecting all the components of an idea together. 

Since student learning is complex due to factors such as student schema and culture, 

Howard and Aleman (2008) supported using authentic problems as appropriate pedagogy 

because it provides a means of addressing the need for linking prior knowledge to the 

concepts.

Allowing for Errors to Promote Critical Thinking

Problem-solving models that provide for intellectual conflict are critical to ensure 

higher-level mathematical reasoning (Johnson & Johnson, 2001). One way to foster 

intellectual conflict is by creating problems that allow for students to problem solve 

through their own errors. Borasi (1996) stated the potential o f errors is their ability to 

create doubt, which leads to valuable mathematical inquiries. Therefore, errors serve as a 

catalyst for learning new mathematical concepts.

Making errors during problem solving promotes critical thinking rather than rote 

memorization (Bingolbali, 2011; Hansen, 2008). Hansen (2008) stated that in a culture of 

learners, thorough analysis of the materials for teaching and learning is necessary to 

determine how the learning can move past rote memorization to deep understanding of 

the concepts. Perrenet and Taconis (2009) criticized the typical problems given in
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secondary schools, stating that problems were merely conventional with an obvious 

method for solving by using a mathematical principle. These rote type problems did not 

foster critical thinking because the students never engaged in error making. 

Problem-Solving Model: Three Studies on Teacher Resistance

Because of the high variation of ability levels in schools, one might think that 

mathematics teachers would commonly utilize open problems in the classroom that allow 

for multiple methods and representations. Instead, Bingolbali (2011) concluded that 

middle school teachers were not open to students having the freedom to answer a word 

problem using more than one solution. These conclusions were based on the results of 

Bingolbali’s (2011) study, which analyzed how 216 teachers graded student work on the 

first open mathematical problem and how 177 teachers graded student work on a second 

mathematical problem with multiple answers. Bingolbali purposefully gave the teachers 

student answers that were worked correctly, but were not necessarily answered in a 

traditional way. For example, the first problem asked students to multiply 32 by 25, and 

teachers viewed three different student responses, which all showed the same answer o f 

800. One student answered the question traditionally. The other two students reached the 

same answer with correct methods, but used either the distributive property or an area 

model for solving. After viewing the students’ methods, Bingolbali asked teachers to 

explain which answers they would accept as the correct answer. Sixty-seven percent o f 

the teachers responded that they would only accept the first response, which was the 

traditional answer and work. This revealed a teacher bias for traditional methods for 

solving mathematics problems. Bingolbali (2011) determined that instead of valuing
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multiple solution problems in mathematics, teachers resist using problems with multiple 

solutions because they find it difficult to assess the correctness of student work.

Although the setting for Bingolbali’s (2011) study was in Turkey, the study has 

relevance to schools in the United States. Bingolbali explained that Turkish education 

was experiencing major curricular reforms at the time of the study that included 

constructivist ideas for problem solving, such as allowing for open problems that can 

have more than one answer. Expectations for students included taking an active role in 

communicating mathematics, thinking critically, and problem solving. This required 

teachers to make a change in their understanding o f how to teach mathematics and what 

they accepted as correct answers on student work.

Grady et al. (2012) determined that implementation o f lessons in a typical 

mathematics class in the United States is through passive modes of instruction. Although 

using a transmission model is the norm, the National Mathematics Advisory Panel (2008) 

recommended reforms. The panel asserted students need a balanced approach in which 

they receive instruction that is both student-centered and teacher-directed (National 

Mathematics Advisory Panel, 2008).

Grady et al. (2012) compared the effects o f a constructivist-based curriculum 

called Everyday Mathematics with a transmission model and found no significant 

differences in student scores on the Illinois Standards Achievement Tests (ISAT) 

between two groups of sixth grade mathematics students. Grady et al. (2012) stated that 

this replication study did not have the same positive findings towards the Everyday 

Mathematics curriculum as other previous studies. They determined teacher buy-in and
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implementation as reasons for the insignificant results. Their findings led Grady et al. 

(2012) to determine that a traditional approach may be as good as the Everyday 

Mathematics program in preparing students to perform on the ISAT.

Similar to Grady et al. (2012), Perrenet and Taconis (2009) found that five 

cohorts of college students completing a Mathematics degree at the Technishe University 

Eindhoven perceived that mathematics problems in high school were easy to solve with 

an obvious method for solving and problems given in college were difficult to solve 

because they were complex in nature. Perrenet and Taconis (2009) recommended that 

secondary high school teachers should not resist complex problems, and they should 

incorporate more problem-solving activities that challenged their students. Although this 

study was in the Netherlands, as stated earlier, the typical mathematics classroom in the 

United States utilizes the same types of highly structured mathematics problems (Grady 

et al., 2012).

The issue of teacher “buy in” is very important and timely. In the United States, 

teachers are educating students in a testing era, and they tend to utilize transmission 

methods of teaching because they align better with standardized tests (Schiro, 2008). 

However, most of the states have adopted the Common Core standards that specify eight 

mathematical practice standards that all teachers in grades kindergarten through twelfth 

should aim to cultivate in their students (CCSSI, 2012). These Common Core 

mathematical practice standards are much like the reform measures that Bingolbali 

(2011) described in his study. The Common Core standards call for students to problem 

solve, to search for multiple ways in solving problems, and critique their solutions.



62

Therefore, teacher resistance can be a factor in determining the extent o f the exposure of 

students to problems that require the use of critical thinking and multiple solutions.

The resistance for change from teachers stems from their methods, which Dewey 

(1934/2008a) called traditional methods for teaching. However, these traditional methods 

fail because the assumption is that one-size-fits-all and provide all students with a 

predetermined curriculum (Dewey 1934/2008). Open problems do not align with 

traditional methods of teaching, and they are better suited to reach the wide range of 

ability levels found in a traditional American classroom (Boaler, 2008). Although 

research findings showed that teachers are resistant to using a problem-solving model, the 

National Mathematics Advisory Panel (2008) urged the provision of a balanced approach. 

The Common Core State Standards call for even a stronger push towards using a 

problem-solving model by expecting teachers to afford students consistently with 

problem solving specified through the eight mathematical practice standards.

Concluding Thoughts Regarding Problem-Solving Models

Problem solving is a process. The main purpose of this process is to serve as a 

vehicle by which to learn mathematics. Hansen (2008) stated learning only occurs when a 

person is able to abandon a previous way of understanding for a new way of thinking. 

Dewey (1934/2008a) stressed the need for educators to not only look at the product, but 

also the process, when he stated that education is more about the processes that cause us 

to develop and less about the final result.

Bingolbali (2011) listed problem solving as one of the needed processes to learn 

mathematics because it initiates active roles for students such as critical thinker, creative
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thinker, and communicator. Hansen (2008) differentiated between function and purpose 

(which seems to lend itself to the benefits o f the problem-solving process) when he stated 

that learning mathematics should not only be functional, in which students learn 

necessary mathematical skills, but also should be purposeful in which students make 

authentic connections with mathematical concepts. Traditional mathematics teaching 

through skill-based learning has a function, while the process of learning mathematics 

through problem solving gives students a purpose.

A Balanced Approach for Teaching Mathematics 

Research supports a balanced approach that affords students both opportunities to 

problem solve and practice mathematics using skill-based learning. Bottge, Rueda, Grant, 

Stephens, and Laroque (2010) asserted that teachers seldom incorporate computational 

skills with problem-solving skills as recommended. As stated earlier, the National 

Mathematics Advisory Panel (2008) determined that teachers should incorporate both 

student and teacher-centered instruction, a recommendation subject to interpretation o f a 

balanced approach between a transmission model and a problem-solving model.

Bottge et al. (2010) advocated for teachers to heed research in the field of 

mathematics education by teaching computational skills in conjunction with problem 

solving. To compare the effects o f formal instruction of mathematics and informal 

instruction, Bottge et al. (2010) conducted a quantitative pre-post design study. The study 

sought to determine whether students with learning disabilities in mathematics who lived 

in the Pacific Northwest would perform better on two different tests: a computation test 

and a problem-solving test. The formal instruction group consisted o f 25 students who
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received implicit instruction in fractions through a skill-based computer program, along 

with two units of problem-solving tasks. The informal group consisted of 25 students 

who did not receive the skill practice and received instruction in fractions on an as- 

needed basis while problem solving three units o f problem-solving tasks, the same two 

tasks as the informal group plus a third task to replace the skill practice. Bottge et al. 

(2010) found that the group who received fractions instruction informally made 

significant gains on the computation test when compared to the group who received the 

extra fraction practice and one less problem-solving task. Their findings also showed no 

differences in student performance on the problem-solving test. Although the findings 

contradicted the initial hypothesis that the formal group who received a balanced 

approach through both a skill-based practice design and a problem-solving design would 

perform better than the informal group, Bottge et al. (2010) still maintained their initial 

belief that students should be taught in complementary ways that include skill-practice 

and problem solving. They contended it was possible the results were due to the failure to 

identify mediating variables, such as the time spent on the problem-solving tasks and the 

teacher-student interaction. Therefore, research suggests that both skill-based learning 

and problem solving may have a place in the mathematics classroom.

Grossman et al. (2008) stated that even on a strict pacing schedule, there is still 

time to address and develop students’ in-depth understanding of mathematical concepts.

A balanced approach is best because when instruction is limited to repetitive practice, it 

can decrease the student learning motivation (Bottge et al., 2010). Chinnappan and
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Chandler (2010) stated that there is a scarcity o f research on how to support learning 

during knowledge construction of mathematical concepts.

A review of the literature of my theoretical framework, constructivism, led to 

further inquiry regarding the two different approaches to teaching, the transmission 

model and the problem-solving model. Overall, the problem-solving model aligned better 

with constructivist theory; however, it is impossible to sum up the constructivist theory as 

a specific approach. Therefore, a constructivist teacher can utilize a transmission model 

when it is necessary, for example, to review previous concepts or to clarify student 

thinking. The problem is not that teachers use a transmission model; instead the problem, 

as explained earlier, is the overuse o f the transmission model. A transmission model has 

the advantage of being efficient and effective for learning facts and algorithms, but the 

drawback is that it does not foster the same level o f critical thinking that a problem

solving model can offer. A problem-solving model fosters critical thinking and a deeper 

understanding of mathematical concepts, but it can be time-consuming and builds on 

prior knowledge that some students may lack. A balanced approach may be the best 

approach. There is a need for more research to determine whether students should learn 

mathematics solely by way of problem-solving model or by way of a balanced approach.

Productive Failure Model: A Conceptual Framework 

After a review of the literature on constructivism and two approaches to teaching 

mathematics, I found that the productive failure model (PFM) for problem solving to be 

the most promising model for this study. The components o f this model aligned most 

closely with the constructivist perspectives from the theoretical framework and with the
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important components of a problem-solving model. In addition, the productive failure 

model includes a teacher-led consolidation lesson at the end of the problem-solving 

sessions, which is subject to perception as a transmission approach component o f the 

model. These factors indicated that the PFM was a promising model even for resistant 

teachers because it offered a balanced approach.

As stated earlier in Chapter 1, a productive failure modeled task must (a) provide 

context in order to activate a student’s prior knowledge and initiate multiple 

representations; (b) encourage students to cultivate a critical analysis o f the targeted 

concepts; and (c) allow for connections between failed attempts and successful endeavors 

of the targeted concepts (Kapur & Bielaczyc, 2011). This section presents an overview of 

the productive failure model (see Chapter 1, Figure 1 for a visual model). It also provides 

an explanation of the teacher’s role; addresses the importance of creating appropriate 

tasks; provides two studies on writing appropriate tasks; discusses the findings from five 

studies (Kapur, 2008, 2009,2010,2012; Kapur & Bielaczyc, 2011); and considers the 

benefits and resistance to the model, and offers concluding thoughts on the model. 

Overview of PFM

Kapur’s (2009) productive failure model for problem solving capitalizes on the 

use of errors in order to provide a foundation for learning mathematics. Kapur found that 

students need to grapple even to the point o f failure when they problem solve because 

this exercise is ultimately productive. By design, the structure of the productive failure 

problem-solving model renders complex problems meant to create persistence and 

puzzlement within a task scenario. Students who engage in these complex problems
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better understand the reasoning for using appropriate methods and realize the importance 

for utilizing multiple methods when problem solving (Kapur, 2010).

The productive failure model (PFM) is a problem-solving model that utilizes 

problem solving in the form of a task to capitalize on student errors in order for students 

to increase their understanding of mathematical concepts. Productive failure is a method 

that capitalizes on the understanding that students need to be able to experience 

opportunities of unsettlement in order to expand their learning (Kapur, 2010, 2011).

Kapur (2010) acknowledged that, according to the Piagetian disequilibrium theory, some 

form of failure should precipitate learning. Therefore, the process o f challenging students 

to the point of bewilderment as they problem solve can be a positive symptom of solving 

an authentic problem. Cotic and Zuljan (2009) stated that problem solving is a learning 

curve that includes intellectual strain.

The Teacher’s Role

The teacher’s role is vital in supporting students during a problem-solving 

exercise in which productive failure should occur. Instead of assisting students with 

instructional supports, teachers support students during the struggle by explaining the 

benefits o f being puzzled and by encouraging them to try new ways for solving. Cotic 

and Zuljan (2009) urged teachers to support students by allowing them to search for their 

own methods when solving mathematics problems. Hansen, Anderson, Frank, and 

Nieuwejaar (2008) contend educators cannot teach logic by presenting mathematics as a 

list of facts.
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Darling-Hammond (2008) asserted that the teacher’s role is to support students in 

finding multiple ways to solve problems rather than memorizing facts from a solitary 

source. In order for students to understand different methods to problem solve, students 

need to try out multiple methods and learn what does and does not work. This exploration 

of methods occurs best when teachers allow students the opportunity to struggle to the 

point of reaching a situation of feeling stuck during the problem solving process (Kapur, 

2010, p. 524). Cotic and Zuljan (2009) stated that teachers should encourage students to 

assume active roles in all aspects o f their learning. Students who have more opportunities 

to be involved in their learning have a better understanding o f  the concepts (Boyle-Baise 

& McIntyre, 2008).

Creating the Appropriate Tasks

In order to facilitate productive failure, an open problem is necessary. Cotic and 

Zuljan’s (2009) found that each problem should be defined by three necessary 

components: an initial problem that creates puzzlement, a required end result, and a 

hindrance that prevents easy access to the end result. Open problems should be complex 

in nature in order to sustain student engagement. Kapur (2009) stated that when designing 

a complex problem, the problem should make allowances for multiple solutions and 

methods, enable students to make numerous explorations and pose multiple solution 

paths, and not necessitate a successful solution. Traditional secondary mathematics rarely 

contain open problems that facilitate decision making because the organization of 

problems are designed so students can deduce what skills or methods are needed to solve 

the problem simply by where the problem is located in the text (Peled, 2010).
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Peled (2010), who studied different word problems to determine the types of 

mathematical models that children could create while problem solving, determined that in 

order for students to apply different mathematical models, it is important to assign 

problem-solving tasks for scenarios familiar to students. For example, he determined that 

students were not familiar with the act of mixing paints to create new colors. Because the 

students did not have background knowledge of mixing paints, a determination about 

their mathematical understanding of the target concept, ratios, may be inaccurate. Peled 

also found that inadequate information might result in the inability to deduce necessary 

solution paths. For example, as he studied a common word problem that focused on the 

proportionality between fish lengths and fish food, Peled (2010) found the omission of 

relevant information prevented proper assessment of student knowledge through the 

mathematical models that they could create. Therefore, the types of problems assigned to 

students are important. Teachers need to create task scenarios with contexts students 

understand and enough information to make appropriate mathematical deductions.

Cotic and Zuljan’s (2009) single-factor experiment model studied how 179 nine- 

year-old students, assigned to either an experimental group or a control group (89 and 90 

students respectively), would learn mathematics from a problem-based learning approach 

or a traditional approach. The treatment group received complex problems to learn 

mathematics in class and complex problems for homework. Cotic and Zuljan (2009) 

delineated five types of complex problems to give students: a) problems without adequate 

information; b) problems with unnecessary information; c) problems with more than one
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solution, d) problems with multiple ways to solve; and e) problems with conflicting data 

or no solution. The control group received traditional math problems that required a 

single mathematical approach for solving and had one correct solution.

Cotic and Zuljan (2009) found that for the control group, much o f class time was 

spent discussing the complex problems that the students initially worked outside the 

classroom for homework. The experimental group did not spend much time on discussing 

homework because the problems could be determined either right or wrong; therefore, the 

students used a small amount of class time to compare their answers with other students. 

Cotic and Zuljan found that when comparing the treatment group to the control group and 

controlling for pretest scores, there were no significant differences on their test scores. 

Despite this, Cotic and Zuljan (2009) determined that problem-based learning was more 

suitable for students when preparing them to solve more difficult mathematics problems.

In conclusion, when creating a productive failure task, it is important to make 

considerations about the problem scenario to ensure students possess background 

knowledge about the real-life situation presented in the problem. For example, if the task 

is about making a budget and learning how to write linear equations and students have 

never made a budget, this might not be a promising scenario. In addition, the task must 

allow for multiple representations, indicating a need for a teacher to work through the 

problem beforehand to find multiple methods for solving. Lastly, the problem should 

create puzzlement. In order to create puzzlement, the task should be just beyond the 

students’ mathematical understandings but allow for initiation of their prior knowledge.
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Therefore, the task should precede formal instruction on a new mathematical concept, 

rather than follow.

Findings of Five Studies Utilizing PFM

The following sections are a brief summary of the recent studies on the productive 

failure model. Although each study is different, they all contain a quantitative pre/posttest 

design that compared a productive failure design group to a more traditional design. The 

qualitative data focuses on the types o f representations and methods that the students 

created while problem solving.

Study 1: A case for ill-structured problems. The purpose of Kapur’s (2008) 

contrasting-case randomized experimental design was to determine whether eleventh 

grade science students (50 groups) who solved ill-structured problems without supports 

would show gains toward learning a new targeted concept when compared to students (53 

groups) who solved well-structured problems with supports. Three hundred nine eleventh 

grade students (197 male and 112 female) from the National Capitol Region of India 

participated. The students attended one of the seven co-educational English-speaking 

schools in the area and exhibited no significant differences in their science ability before 

the study.

Although problem solving was part o f the same standardized curriculum for the 

seven schools, Kapur (2008) determined that the curriculum presented mainly well- 

structured problems. He defined well-structured problems using the following criteria: a) 

the problem should have fewer parameters than the treatment group, b) the problem 

should have predictable solution paths that require a small number of mathematical rules,
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and c) the problem should have a direct path for solving. Kapur (2008) defined ill- 

structured problems using the following criteria: a) the problem should have many 

parameters with some parameters not defined, b) the parameters are interrelated, c) the 

problem has multiple ways for solving and evaluation, and d) the problem necessitates 

that students make assumptions and personal judgments when solving the problem. The 

treatment group, given four ill-structured problems, and the control group, given four 

well-structured problems, worked in triads using synchronous text-chat for 

communication. Both sets o f problems aligned with their science and mathematics 

curricula and focused on Newtonian kinematics. The students in the treatment group were 

not able to solve their problems completely, whereas the control group made greater 

gains in solving their assigned problems.

Kapur (2008) administered a pretest and two posttests to each group to assess the 

students’ performance on well- and ill-structured problems. His findings showed that the 

treatment group made significant gains on the well-structured problem posttest when 

compared to the control group (x2 = 22.82, p  < .001), as well as on the ill-structured 

problem posttest (x2= 22.71, p  < .001). His findings indicated that students receiving the 

ill-structured problems learned to be more sensitive to different parameters and took more 

considerations for different parameter types, which enabled them to have a greater 

transfer o f knowledge on the posttests.

Using quantitative content analysis, Kapur (2008) examined the students’ 

communication through text to analyze their interactions while they problem solved as a 

group. His findings revealed that the treatment groups had significantly greater activity
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that focused on analyzing the problem, reviewing the problem, and developing criteria: F 

= 18.2, p < .001, partial rj2= .16; F = 11.91,/? < .001, partial tj2= .11; and F = 4.09,/? = 

.046, partial ?/2 = .04, respectively. Finally, Kapur engaged in deeper analysis o f student 

interactions using lag-sequential analysis and found that the treatment group was twice as 

likely as the control group to maintain interactions involving analysis o f the problem, 

development of a solution, and off-task texting.

In conclusion, Kapur’s (2008) findings suggested that although the treatment 

groups presented the ill-structured problems may not have been able to solve their 

assigned problems as well as the control group presented the well-structured problems 

during the lesson, they outperformed the control group on two different types o f posttests. 

Furthermore, an analysis o f their texts revealed a deeper level of problem analysis, which 

showed they engaged in a greater amount o f critical thinking.

Study 2: A case for a productive failure design. The purpose o f Kapur’s (2009) 

quasi-experimental study was to create a productive failure design cycle and compare it 

to a lecture-and-practice cycle to determine whether there are learning gains when 

students receive delayed supports. The treatment group (n = 37) and the control group 

(n= 38) were seventh grade mathematics students from a secondary school in Singapore 

who were taught by the same teacher. Within the two-week treatment cycle, students took 

a pretest, solved two complex problems in a triad or dyad, problem solved two extension 

problems individually, participated in a teacher-led consolidation lesson as a whole class, 

and took a posttest. The complex problems resembled the ill-structured problems from 

Kapur’s (2008) study. In the teacher-led consolidation lesson, the teacher reviewed the
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correct answers to the problem and explained the different methods for solving the task. 

The lecture and practice group received the same number o f days of instruction, but 

received the same concepts only through a teacher-led lecture, an individual practice 

assignment, and a homework assignment. The problems given to the control group were 

traditional problems like the well-structured problems from Kapur’s (2008) study. Both 

groups worked problems related to rate and speed.

Kapur (2009) stated that, by design, the problems that the treatment group solved 

created persistency through delaying initial structures. His findings indicated that the 

productive failure groups created diverse representations during the task and persisted 

even when unable to arrive at a solution, whereas the lecture and practice group arrived at 

solutions for all of their problems. Use o f an ANCOVA on the results of student scores 

on a posttest containing six well-structured problems and one ill-structured problem 

revealed the treatment group performed better on both the well- and ill-structured 

problems at a significant level: F (1, 72) = 4.87, p  = .019, ES = .42 and F (1, 72) = 8.95, p  

— .004, ES = .98, respectively (Kapur, 2009).

In conclusion, the productive failure group persisted during the task and created 

multiple representations in order to solve the problems, even though they were not able to 

arrive at the solution. The lecture and practice group arrived at solutions without much 

persistence and created correct single solutions for their problems. The productive failure 

group did not receive instruction from the teacher to support them with answers to the 

problems until the last day of instruction. Although on the front end the control group 

seemed to perform better than the productive failure group, the data showed that the
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productive failure group outperformed them on the posttest. These findings suggest that 

there is merit in delaying initial teacher supports when students are problem solving, even 

when they may seem to be failing.

Study 3: A case for delaying instructional support. Kapur’s (2010) quasi- 

experimental designed study compared three groups to determine whether students 

perform better on ill-structured problems with instructional support during a productive 

failure modeled task. The groups consisted o f two treatment groups (n = 36 and n=34). 

The first treatment group (19 males and 17 females) received the productive failure 

modeled ill-structured problems without any support while they problem solved. The 

second treatment group (19 males and 15 females) received the productive failure 

modeled ill-structured tasks with instructional support during the problems through 

impromptu mini lessons conducted by the teacher. The control group (n = 39), consisting 

of 21 males and 18 females, received well-structured problems and teacher support 

throughout.

The participants were seventh grade students from Singapore. The unit o f study 

and design resembled Kapur’s 2009 study with the exception of allowing the second 

treatment group to receive help during the task from the teacher. Kapur found that 

students in the treatment group who did not receive teacher support constructed more 

representations and methods than the other two groups. Furthermore, Kapur discovered 

that students from the treatment group without supports scored highest on the well- 

structured problems at a significant level (F (2,105) = 5.74,/? = .004, partial t]2= .10),
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even though they scored lowest on a confidence test regarding their performance during 

the unit of study.

In conclusion, Kapur’s (2010) findings suggest there is merit in assigning ill- 

structured problems for student to solve, as well as in delaying instructional support while 

students initially solve the problem. The delay in structure afforded the students the time 

to persist. During their persistence, they created more representations and methods for 

solving the problem.

Study 4: A case for initiation of prior knowledge. Kapur and Bielaczyc’s (2011) 

quasi-experimental pre/posttest design was used to determine if students (n = 302) who 

studied a mathematics lesson through a productive failure designed task or students who 

studied the unit by way o f a lecture-and-practice design would make significant gains in 

initiating their prior knowledge and utilizing more critical thinking skills. The seventh 

grade participants attended three different schools in Singapore: one school with average 

ability students and two schools with low ability students. The treatment group worked in 

groups during the entire cycle, which differed from the methodology used in Kapur’s 

previous studies. The control group design remained the same.

Kapur and Beilaczyc (2011) found that the treatment group constructed 

significantly more methods and representations for the problems on the posttest. Findings 

also showed a significant multivariate effect of prior knowledge (as shown by the number 

of representations and models) on the posttest. On the complex item question on the 

posttest, the findings showed that all treatment groups, regardless o f either average or low 

ability, with the exception of one group from one o f the low ability schools, outperformed
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the control group in this item. Kapur concluded that this suggests the productive failure 

model is responsive to students who may lack some prerequisite skills because o f their 

low mathematics ability level.

Using a contrasting-case analysis, Kapur and Beilaczyc (2011) further analyzed 

the group’s diversity o f representations and methods. They selected two groups: one with 

high diversity and one with low diversity. They found that the low diversity group’s 

discussions focused on a guess-and-check method, whereas the high diversity group’s 

discussions focused on concepts.

In conclusion, Kapur and Beilaczyc’s (2011) mixed methods study determined 

that students who studied a unit o f mathematics through a productive failure design 

outperformed their counterparts on a posttest of well-structured problems. In addition, 

they constructed more representations and methods than the control group. These 

findings suggest that affording students with ill-structured problems and delayed 

instructional supports results in greater gains and initiation o f prior knowledge than 

presenting well-structured problems with continual teacher support.

Study 5: A case for multiple representations. The purpose o f Kapur’s (2012) pre

post quasi-experimental design was to provide further evidence of the efficacy of using a 

productive failure model to present mathematical concepts to students through ill- 

structured problems and delayed instructional supports. One hundred thirty-three Chinese 

males enrolled in ninth grade at an all-boys school in Singapore participated. The 

students were studying the concept of variance.
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The design paralleled Kapur’s 2011 study with the exception that the control 

group was given time to work collaboratively. Kapur used three types o f posttest items as 

dependent variables and carried out a MANCOVA using the condition (treatment group 

vs. control group) as factor of between-subjects and determined prior knowledge as a 

covariate. After controlling for prior knowledge (F(3,128) = 2.29,/? = .082), the 

MANCOVA showed a multivariate effect of the condition (treatment vs. control) for 

posttest scores to be statistically significant (F (3,128) = 37.42,/? < .001, partial rj2= .47). 

Both Kapur’s qualitative analysis o f the students’ representations and methods and the 

quantitative findings suggest that increased ability to generate more representations and 

methods resulted in greater gains in targeted concepts, even when students fail to solve 

problems.

Findings of Five Studies: Concluding Thoughts

Although initially the productive failure groups did not seem to perform as well as 

the groups who learned from traditional problems and methods, in all five studies, Kapur 

found that the productive failure students gained hidden abilities not evident until after 

the task. Despite the appearance of initial failure, students were able to make significant 

learning gains, shown on their posttests, compared to the groups who did not experience 

failure during the learning cycle. Kapur believed that when students struggle and persist 

during problem solving, students gain hidden abilities that assist in their learning. The 

moments of perceived failure actually resulted in greater student understanding o f the 

targeted concepts through their own created representations and methods. The moments 

of failure facilitated their persistency to find an answer, fostered critical thinking, and
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prompted use of their prior knowledge. Therefore, Kapur concluded that failure is 

productive.

Benefits o f the Productive Failure Model

One benefit of the productive failure design is the real-world scenarios given 

students, usually within cooperative group settings. Houston (2008) stated that schools 

have expanded their purpose to encompass world culture and global communications. 

Boyle-Baise and McIntyre (2008) determined that schools should include valid 

assessments that determine how well students are able to use information when presented 

in the form of a real-world problem. Kapur’s (2009) findings on seventh-grade 

mathematics students indicated that the productive failure design provided students with 

a means to create their own thinking by constructing their own methods for solving the 

problem.

When afforded opportunities to solve complex problems without assistance, 

students persisted to find the answer through multiple representations (Kapur, 2010). As 

long as students persisted, they made multiple attempts to solve the problem by using 

numerous representations and methods. Cotic and Zuljan (2009) also encouraged students 

to solve problems with possible multiple solutions because it helps to convince students 

that mathematics is not an exact science in which every problem has one known answer. 

Kapur (2009) found that as students attempted to solve the complex problems, they 

produced a multitude of representations that included graphical representations, 

illustrations and diagrams, proportional connections, and algebraic methods.
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Individualization of PFM to meet student needs is possible. According to Kapur

(2009), the problems should be complex, but also make considerations for the grade level 

of the students. Further, Kapur stated that when designing for problem complexity, it 

should be viewed as a component that lies between the problem and the student’s 

viewpoint. Darling-Hammond (2008) stated that teachers should make allowances for a 

students’ understanding of the subject matter and consider their viewpoints when 

interpreting the curriculum and creating lessons so that students make connections 

between new learning and their prior learning.

As students persist through a complex problem, they must rely on their prior 

knowledge. The students have to determine exactly what the problem is and draw upon 

their own experiences in order to solve it (Cotic & Zuljan, 2009). Darling-Hammond 

(2008) stated that students conceptualize new learning according to their prior knowledge 

and context of the problem. Kapur’s (2009) findings showed that low-coherence texts 

(texts that would be used in complex problem solving) may create a need within the 

learner to engage in a process o f compensation in which they push the limits o f their prior 

knowledge to make up for their lack of knowledge o f the targeted mathematical concepts. 

Kapur (2009) concluded that this process prepared those students to outperform their 

counterparts on subsequent high-coherent problems.

After students reach the point of failure and receive subsequent instruction, they 

understand the reason the teacher’s choice o f a particular method for solving the problem. 

Kapur (2009) stated that when teachers use the instructional methods afforded by a 

transmission model, they present new concepts to students in a well-organized, structured
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manner. Although this method is efficient, students may not have the capacity to 

determine why the new presented concepts are assembled in the manner that they are; 

therefore, direct instruction through a transmission model may not be effective (Kapur, 

2010). On the other hand, students who first experience failure learn not only what may 

work, but also what does not work. Students who experience productive failure 

understand concepts and increase decision-making skills (Kapur, 2010).

The productive failure design has a generative transfer of efficacy for students 

(Kapur, 2010). Kapur’s (2009) findings showed that students who experienced productive 

failure utilized their gains in decision making to perform better on well-structured 

problems, and they learn new concepts independently. Darling-Hammond (2008) also 

emphasized a need for generative transfer, stating that the teacher should determine the 

foundational concepts and create carefully organized curriculum and instruction so 

students can link those concepts together. The productive failure design can provide 

teachers with a foundation in which to link students’ failed attempts at solving a problem 

to better knowledge assembly for future problems. Cotic and Zuljan (2009) stated that 

traditional methods of teaching, like the transmission model, are appropriate when 

complemented with other models, such as a problem-based constructivist model, so that 

the teacher can determine students’ prior knowledge and make the necessary connections 

between and among new concepts.

The PFM may be counterintuitive for most teachers because it is designed to 

present a complex problem without any scaffolding in order for students to struggle and 

ultimately to fail at finding a correct solution. As Kapur (2009) stated, the key is to
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understand that the focus of problem solving should be on the sustainment of student 

persistency and not on the actual solution to the problem. The need for teacher support is 

unnecessary when the focus in on persistency. Additionally, students are empowered to 

attempt the problems independent of teacher help.

The PFM exemplifies the constructivist learning philosophy. Powell and Kalina 

(2010) stated that in order to promote cognitive constructivism, students need time to 

think deeply about the concepts they are learning, so that they attain a full understanding. 

Without the affordance of time to think deeply, students may only have the capacity to 

memorize the concepts without understanding their true meaning. Productive failure tasks 

promote students to think critically about a real-life problem in order to make gains in 

understanding the full depth of the concepts needed to solve the problem.

Resistance to the Productive Failure Model

When using context-rich text to facilitate learning mathematical concepts, 

teachers need to consider that not all students in a classroom are reading at the same 

reading level nor possess the same comprehension skills. According to Grossman et al. 

(2008), on average, Latino or African American high school students perform at the 

approximate reading and mathematics level of eighth grade Caucasian students. Vacca, 

Vacca, and Mraz (2011) recommend that educators be sensitive to the language needs of 

every student. Teachers can help students who may struggle with highly contextualized 

materials by defining important vocabulary, paraphrasing the context, and checking for 

understanding (Vacca et al., 2011). These methods also benefit students with learning
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disabilities in mathematics who struggle when solving word problems because they find 

it difficult to determine the pertinent information (Bottge et al., 2010).

Although research exists to support the productive failure model, research also 

supports the avoidance of productive failure when problem solving. Chinnappan and 

Chandler (2010), for example, studied ways to use worked examples to avoid overloading 

a student’s cognitive abilities. Cognitive load assumes mathematical problem solving is 

an outside knowledge not naturally learned by students (Retnowati, Ayres, & Sweller, 

2010, p. 350). Therefore, students need the provision of supports such as worked 

examples in order for them to gain knowledge.

Another alternative to adopting an entirely new problem-solving model for 

learning mathematics is for teachers to provide worked examples when students are 

working through word problems. Chinnappan and Chandler (2010) stated that when 

students use a worked example, it provides them with a guide that shows each step to 

solving a similar problem. Chinnappan and Chandler (2010) found that when students 

were able to use worked examples, the students were able to solve the problem more 

efficiently and were able to create representations o f greater sophistication.

To emphasize the importance o f cognitive load theory, Retnowati et al. (2010) 

summarized five principles of human cognition architecture: a) the information store 

principle; b) the borrowing and reorganizing principle; c) the randomness as genesis 

principle; d) the narrow limits of change principle; and e) the environmental organizing 

and linking principle. These principles explain how, although there is room in the long
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term memory for new information, attaining new knowledge is usually due to someone 

providing the new information (Retnowati et al., 2010).

A student experiences a cognitive load when new knowledge (extraneous 

cognitive load) is provided, because the student’s long-term memory will then test the 

new information against prior knowledge and experiences contained in working memory 

(Chinnappan & Chandler, 2010; Retnowati et al., 2010). Retnowati et al. (2010) describe 

this process o f testing new material as the working memory using permutations: “For 

example, if  working memory must deal with 10 elements, there are 3,628,800 

permutations rendering problem-solving essentially impossible...accordingly, working 

memory must be severely limited when dealing with novel information” (p. 351). 

Therefore, by using worked examples, the cognitive load decreases so that the new 

information can be more easily tested and transferred from the working memory to long

term memory (Chinnappan & Chandler, 2010; Retnowati et al., 2010).

Chinnappan and Chandler (2010) and Retnowati et al. (2010) stressed the 

importance of students utilizing worked examples because such examples diminish the 

overall cognitive load, allowing students to focus on the germane load o f the problem.

The germane load is the interactivity between effort and cognitive load that makes 

cognitive contributions to a person’s schema development. Although both the PFM for 

problem solving and the worked example approach to problem solving stress the 

importance of schema, cognitive load theory relates productive failure to cognitive 

overload that should be avoided. Chinnappan and Chandler (2010) recommended that
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teachers ensure that students engage in learning activities that are germane to them, for it 

leads to schema development as long as these activities do not overload them.

According to Retnowati et al. (2010), the use of examples allows students to focus 

on the appropriate steps for solving problems while not causing too much strain on their 

cognitive load, which in turn facilitates the use o f their working memory to initiate their 

schema with ease. Retnowati et al. (2010) studied 108 seventh grade mathematics 

students in Indonesia using four experimental groups. Their 2X2 factorial design 

investigated students problem solving either working in a group setting or independently, 

and students utilizing worked examples under the same two conditions. The results did 

not show a significant difference between the students who learned mathematics by 

problem solving than those who used worked examples, but the researchers noted that the 

combined means for the students who utilized worked examples (3.25) was higher than 

the combined means of the students who problem solved (2.93). In their study, Retnowati 

et al. (2010) stated that, similar to other studies, worked examples proved to be an 

exceptional way for students to learn rather than problem solving because learning new 

concepts through problem solving places an exorbitant amount of stress on a student’s 

cognitive load, which is counterproductive to learning (Retnowati et al., 2010).

Both the worked example model for problem solving and the productive failure 

model are effective methods for developing students’ transfer skills. Retnowati et al.

(2010) argued that their results showed that utilizing worked examples greatly improved 

students’ reasoning skills, evident in their ability to transfer learning to another task, 

compared to students who problem solved in both group and individual settings.
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Chinnappan and Chandler (2010) stated that normally students profit from examples 

when learning mathematical procedures and concepts.

In order to achieve productive failure, Kapur (2009) recommended the 

withholding of structures such as worked examples until students have the opportunity to 

reach a standstill in which they cannot generate ideas for moving forward in the problem. 

Teachers may prefer traditional problem solving that includes supports such as worked 

examples instead of the PFM because teachers may perceive delaying structure as an 

inefficient method for problem solving. In a secondary mathematics classroom that is 

standards driven, teachers must be extremely cognizant o f the time spent on each unit of 

study. Kapur noted that the most prevalent practice for teachers who worked in a high- 

stakes testing environment in Singapore was a lecture-and-practice design, a major 

approach within a transmission model o f teaching.

Teachers may also resist using the PFM for problem solving because old habits 

can be hard to break. Nemser-Feimen (2008) stated teacher investment in efficient 

approaches of teaching might prevent them from trying new innovative methods, 

especially approaches that place them in unfamiliar situations. Dewey (1904/2008b) 

explained that teachers might resist using approaches that utilize thought-provoking 

activities over drill and practice activities because teachers favor approaches that are 

similar to the way they received instruction.

Llinares and Roig (2008) also acknowledged the resistance of teachers to 

implement a model such as productive failure. Llinares and Roig (2008) utilized a 

grounded theory approach to analyze 511 high school students’ open-ended problem-
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solving tests to determine how secondary school students construct and utilize 

mathematical models as a thinking tool while problem solving. Their findings showed 

that the students’ initial goal predisposed the processes used during student construction. 

Only one-fifth of the students’ answers showed relevant gains in solving the problems. 

Llinares and Roig (2008) posited that the students’ difficulty stemmed from the fact that 

they normally did not have opportunities to solve open problems. Llinares and Roig 

(2008) contended that their teachers might have stifled students’ inquiry because the 

problem-solving tasks they receive in class fit within the context o f student learning using 

only particular mathematical skills and concepts. Therefore, instead o f the problem

solving tasks cultivating an inquiry frame of mind, the tasks become a modeling exercise 

of applying a known skill to the problem.

Inevitably, teachers will teach the way they learned unless prepared appropriately. 

Often mandated reforms, such as providing higher-level content in secondary 

mathematics courses, lack the accompaniment of staff-development that adequately 

provides teachers with the necessary understanding for implementation. Fullan (2008) 

stated the implementation of a new high-level curriculum in secondary mathematics is 

weak when teachers do not have a deeper understanding in order to make teaching 

adjustments that accommodate for the reform. It is difficult for teachers to implement 

new teaching methods, such as productive failure, if  they do not receive adequate support 

in their teacher education courses or through staff development.

In conclusion, the research showed that teachers resist using problem-solving 

models like the productive failure model because they a) feel uncomfortable assigning
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problems with multiple pathways for solving, b) do not have a deep understanding of this 

type of instruction, or c) believe this approach places excessive cognitive strain on 

students because of its lack of initial supports. Research on cognitive load theory and a 

worked example to oppose using models such as the productive failure model revealed 

these considerations merit attention. The next section provides a comparison to increase 

understanding of the productive failure model and a worked example model.

A Comparison of PFM and Worked Examples Model

When juxtaposing Kapur’s (2009) study comparing the PFM to the lecture-and- 

practice design to Retnowati et al.’s (2010) study comparing the effects o f worked 

example and problem-solving approach, the PFM fostered more representations for 

solving the problem, whereas the worked example approach seemed to guide students to 

solve the problem in the same way as the given example. Llinares and Roig (2008), who 

studied the answers to open-ended questions from high school students not provided any 

teacher supports, concluded that learning occurs when students use their resources and 

models during a new learning situation in a productive maimer and for a particular 

purpose. Kapur (2009) argued that provision of initial supports such as worked examples 

did not increase student capacity for discerning the rationale for use o f the model rather 

than another model.

Furthermore, in Kapur’s (2009) study, a teacher-led consolidation lesson given to 

PFM students before the posttest facilitated student discussion of the new mathematical 

concepts. Therefore, the students received the correct answers and could discuss why 

each method may or may not work for solving the problem. In the study conducted by
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Retnowati et al. (2010), the students engaging in unsupported problem solving, instead of 

the worked examples, did not receive a consolidation lecture before the posttest, which 

may explain why Retnowati’s problem solving groups did not show significant gains.

In order to make informed decisions, teachers need to determine the desired goal 

when giving students problems to solve. Nemser-Feimen (2008) asserted that teachers 

should possess a plethora of skills and strategies and the discernment to know what 

approach is best and when. Unfortunately, because of high-stakes testing, teachers rely 

heavily on efficient models, such as lecture and practice, in order to address all o f the 

mathematics standards.

Although students can solve problems more readily when provided supports for 

solving mathematical problems, there is value in teachers choosing to delay support to 

afford students the opportunity to develop their own understandings o f a given problem. 

Even though the initial student trials may not result in the correct answer, students may 

be able to assemble their knowledge at a higher, more critical, level. Nemser-Feimen 

(2008) stated that a Deweyan perspective depicts teachers as those who interpret and 

initiate motivation and cognition for all students by continually assessing their prior 

knowledge and seeking new ways to create engagement.

Research provides empirical evidence to substantiate the efficacy of both the PFM 

and the worked example method for solving mathematical problems. Therefore, both 

models are beneficial to teachers as ways to help students learn mathematical concepts. 

Teachers may need to utilize both of these models in order to help students learn 

mathematics standards and critical thinking.
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Concluding Thoughts Regarding PFM

The productive model for problem solving affords students the opportunity to 

initially struggle during problem solving in order to make greater gains later. The intent 

o f the process o f puzzlement to the point of bewilderment is to initiate the students’ prior 

knowledge, facilitate more student-created methods and representations, and encourage 

an inquiry habit o f mind. This process o f puzzlement fosters critical and reflective 

thinking that helps students to have a better understanding of the reasons behind the 

mathematical methods used to solve problems. Although there are opposing approaches, 

such as worked examples, to learn new mathematical concepts, these more efficient 

models may not produce the opportunities for critical thinking that the PFM provides 

through struggle and persistence (Kapur, 2010). Hansen et al. (2008) contended:

They [Emerson, Du Bois, and Addams] do not regard education as additive but as 

transformative, which in their view is not a happy, sweet, progressive process of 

accumulating facts, knowledge, or insight.. .  rather, the process is an 

uncomfortable, alternatively distressing, and joyous experience of loss—and 

through that, perhaps, of gain. (p. 454)

This model aligned with the theoretical framework of this study and the components o f 

problem solving model for learning mathematics. Kapur (2010) called for future research 

to explore the characteristics o f the learner and the group interactions while they problem 

solved. A review of the literature did not reveal the existence of a qualitative case study 

designed to gain an in-depth understanding how students construct knowledge during a 

productive failure modeled task.
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A Model of the Review o f the Literature 

To determine how ninth grade mathematics students construct knowledge during 

a productive failure task, I began with a review o f the literature on constructivism. I 

furthered my inquiry on constructivism by researching the constructivist views o f 

Vygotsky, Freire, and Piaget. The literature review revealed a common theme: students in 

mathematics classes need to engage in their learning through continuous inquiry and 

challenging problems. This led to a review of the literature on the components of problem 

solving that aligned with constructivist theory. Lastly, I reviewed the literature on a 

specific problem-solving model, productive failure, found to align closely with my 

findings on constructivism and problem solving. Figure 4 shows how the three major 

components of the literature closely align. The three columns represent the three major 

components of the review: constructivism, problem-solving model for teaching, and the 

productive failure model. Under each column heading, the boxes represent the main 

sections for each of the three major components and a main reference. In addition, the 

depiction of the secondary questions for my study provides a visual representation o f the 

main sections used to begin answering those questions.
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How do ninth-grade mathematics students construct knowledge during a PFM task?

Constructivism HProblem -Solving
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Hansen (2008)
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Kapur & Bielaczyc (2011)
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Figure 4. Synthesis o f the Review of the Literature
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Summary

This chapter provided a comprehensive review of literature related to secondary 

mathematics, constructivist theory, and problem solving. The literature review on 

constructivism, the transmission model, a problem-solving model, and the productive 

failure model (PFM) for problem solving addressed the appropriate theoretical and 

practical pedagogical methods for mathematical instruction. The constructivism 

component contained sections on constructivist theory and constructivism in the 

mathematics classroom. These components provided a theoretical framework and an 

understanding of ways to apply constructivist theory in a mathematics classroom. 

Inclusion of the transmission model for teaching provided the reader with an opposing 

view for teaching and learning. The problem-solving component consisted of a 

comprehensive review on the necessary elements o f authentic problem-solving tasks and 

presented reasons why those elements are important. This section also linked the 

applications back to the constructivist theory. The last component, the PFM, was 

included as a problem-solving model that supported both the theory and practice found in 

each of the previous components of the literature review. The productive failure model, 

based on constructivist theory, is an appropriate means to provide authentic problem 

solving for mathematics instruction.

Chapter 3 presents the methodology of the study including the setting, 

participants, research rationale and design, instrumentation, methods for data collection, 

and data analysis. Chapters 4 and 5 present the findings o f the study and an analysis o f 

the results respectively.



CHAPTER 3 

RESEARCH DESIGN AND METHODOLOGY 

This chapter addresses the components necessary for answering the research 

questions for this qualitative case study. The chapter begins with an overview of the 

problem, purposes, and research questions. Following this is a discussion of participants, 

setting, sample strategy, research design and rationale, data collection and 

instrumentation, data analysis, role o f the researcher, dependability and creditability, and 

ethical safeguards.

Problem and Purposes Overview 

The problem of this case study is that mathematics teachers resist constructivist 

teaching strategies because they feel pressured to utilize teaching approaches that focus 

on preparing students for high-stakes tests (Brooks & Brooks, 2001). The focus in 

education on high-stakes testing naturally creates an urge to teach to the test (Brooks & 

Brooks, 2001). Although constructivist teaching promotes teaching practices that call for 

students to gain a deeper understanding of die concepts rather than teaching practices that 

teach to standardized testing, Brooks and Brooks (2001) determined that students 

educated by teachers choosing a constructivist instruction model do as well on high- 

stakes test as students educated by teachers choosing a transmission instruction model. 

Therefore, if  constructivist teaching promotes a deeper understanding of mathematics

94
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concepts while not lowering their scores on standardized tests, these practices serve as a 

viable method for teachers to consider for teaching.

The purpose of this case study is to understand how ninth grade mathematics 

students construct their own knowledge when solving problems using a productive failure 

design. The productive failure design used in this study is a modified version of the 

productive failure model (PFM) used in Kapur’s (2012) study. Kapur’s research was a 

quasi-experimental study that compared a productive failure design to a direct instruction 

design to order to determine whether there was value in students solving problems that 

target novel mathematical concepts (Kapur, 2012). Kapur found that the students in the 

productive failure group outperformed the students in the direct instruction group at a 

significant level when he compared their conceptual understanding and transfer o f new 

conceptual knowledge.

Although Kapur’s (2012) quantitative research showed gains in learning through a 

pre-posttest design, he described the learning through productive failure as “facilitating a 

spontaneous transfer of problem-solving skills” (p. 654). Yin (2009) stated that case 

studies can provide evidence as to how or why a quantitative experiment worked. By 

studying students while they problem solve using the PFM, this case study builds upon 

Kapur’s previous quasi-experimental studies on productive failure (2008,2010,2011, 

2012) because it provides evidence o f how students constructed knowledge that Kapur 

showed mainly through quantitative methods.

The productive failure design aligns with a constructivist approach to teaching 

and learning. Brooks and Brooks (2001) listed 12 descriptors as a framework for teachers
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to use as a guide to utilizing constructivist theory in practice. One of those descriptors is 

“constructivist teachers inquire about students’ understandings of concepts before sharing 

their own understandings o f those concepts” (p. 153). The productive failure design 

affords students the opportunity to study new mathematical concepts without initial 

assistance from the teacher in order for students to make learning gains even when their 

initial methods and representations are incorrect (Kapur, 2012).

Research Questions

The central question that guided this study was: How do ninth grade mathematics 

students construct their own knowledge while problem solving using the productive 

failure model? This central question generated the following subquestions:

1. What role does student talk have in making learning gains during the problem

solving task for ninth grade mathematics students?

2. What role does student choice have in making learning gains during a

productive failure modeled task?

3. How do ninth grade mathematics students utilize prior knowledge to make

gains in solving the problem-solving task?

4. How do the ninth grade mathematics students persist during the problem

solving task?

A qualitative study is appropriate because these questions do not provide a means 

to make an argument for causal relationships or predictions, but rather provide a means to 

explain how students construct knowledge by using thorough descriptions and accurate 

accounts of their experience (Moustakas, 1994). The research questions were formulated
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in order to answer not “what” knowledge is constructed, but rather “how” knowledge is 

constructed. The question “how” is answered appropriately through a case study.

Research Design and Rationale 

The case study design enabled me to describe how knowledge is constructed 

during a productive failure problem-solving task. I chose to align this case study with 

Yin’s (2009) research design and methods because it provides a step-by-step approach 

that is both practical and theoretically supported. Yin’s (2009) design provides a logical 

progression that links the empirical data to the study’s research questions to its findings 

and conclusions. Yin provides detailed explanations on how to determine whether a case 

study is an appropriate method for the research; how to define the case and design the 

study; how to prepare, collect, and analyze evidence; and how to report the evidence. As 

discussed later in this chapter, I used Stake’s (2010) and Merriam’s (1998) case study 

methods to supplement Yin’s (2009) design.

According to Yin (2009), a case study is an in-depth investigation of a 

contemporary event within its real-world context. Unlike a quantitative experiment that 

intentionally separates the event from its context in order to attend to its defined 

variables, this qualitative study provides a means to seek a depth of understanding that is 

circumscribed in its real-world contexts because they are particularly important to my 

study (Yin, 2009). As suggested by Yin, to counterbalance the richness o f the event and 

thoroughness of using a real-world context that is a requisite for a case study 

investigation, I triangulated multiple sources o f data.
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Kapur and Bielaczyc (2011) indicated the need for further research studies to 

analyze students’ learning as they interact during a productive failure task. One 

application for a case study is to explain the presumed causal relationship during a real- 

world context that is too complex for an experimental strategy (Yin, 2009). This case 

study provides a means to explain how students construct knowledge through the 

learner’s use of talk, persistence and choice during the task, and use o f prior knowledge 

while the students work together on a productive failure task.

Ethical Safeguards

Mercer University’s Institutional Review Board (IRB) reviewed my study in order 

to protect the participants. The IRB approval form is located in Appendix A. Next, I 

obtained approval from the school system for the high school in which I conducted the 

research. After I gained permission, each participant’s parent and participant signed a 

permission form to participate in the study. These forms are located in Appendices B and 

C respectively. In this study, no reporting of the actual names of the participants 

occurred; instead, pseudonyms replaced students’ actual names. At no point in the study 

were students placed in danger or exposed to any harm. This research did not affect the 

grade of any student involved in the study. The students in the case study received the 

same treatment as the other students in the room except for participating in interview 

sessions. Storing of code lists and raw data on separate thumb drives helped maintain 

participant privacy.
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Participants, Setting, and Sample Strategy 

Yin (2009) stated that if  a case study uses a small group as the unit o f analysis, it 

is necessary to define the real-world context by distinguishing the persons that are 

included in the group from those who are outside the group. In this study, the context was 

a rural high school in Georgia that utilizes a semester system. The typical mathematics 

student who neither struggles in mathematics nor aspires to take an advanced 

mathematics course their senior year usually enrolls in the semester course of coordinate 

algebra. The students who take the semester course typically take one course of 

mathematics each year. Although most students who take semester courses for 

mathematics do not take the Advanced Placement course, it is possible to take the course. 

Students are allowed to take two courses within one year, called “doubling up,” so that 

the Advanced Placement course is attainable. Therefore, the high school mathematics 

classes do have a mixture of different grade levels o f students.

I teach three 90-minute ninth grade mathematics classes at this high school. As a 

fulltime teacher, I find it is extremely difficult to have the time and access to interact with 

students other than my own. I chose my own classroom to conduct this research study 

because I could have access to record a group o f students while they problem solved. I 

also had access to their test scores and their work.

The case for this qualitative research is a group of four ninth grade students 

enrolled in a coordinate algebra course. I chose a configuration of a group o f four 

students with two females and two males to provide multiple embedded cases to ensure 

many perspectives and data sources, which aligned with Zinicola’s (2009) case study of
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group learning. The case study who worked together on a productive failure task closely 

aligns with Yin’s (2009) representative single-case embedded design. The case is the 

group and the embedded units of analysis are the four students who participate within the 

group. The case is representative because my research questions sought to understand 

how the average ninth grade student constructs knowledge during a productive failure 

modeled task (Yin, 2009).

I sought to answer my research questions by selecting a group o f students who 

were a representative case of ninth grade mathematics students. Since I chose the case 

study group from a group of students in my first block Coordinate Algebra class, the case 

study group represented a subgroup of a convenience sample. I chose a representative 

sample because I wanted the results of my study to reflect the typical ninth grade math 

student (Merriam, 1998; Yin, 2009).

During the semester that I collected data, I taught one semester course o f 

coordinate algebra and two accelerated courses o f coordinate algebra. As suggested by 

Yin (2009), I chose the representative group of participants by using a screening process 

in order to select a cohesive group of average participants. According to a research study 

conducted by Saleh et al. (2005), homogeneous groups made greater gains in their 

learning linked to their collaboration when compared to heterogeneous groups; whereas 

heterogeneous groups engaged in more collaborative reasoning. Therefore, I chose a 

heterogeneous grouping method according to gender and race, but selected a homogenous 

grouping by their ability. I chose to select my case study group from my first block 

course of semester students because they represented the typical mathematic students
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more than the other two courses. I began the selection process by sending home the 

required permission forms with every student in the class.

Out of the 32 students in my first block class, 25 students returned the permission 

forms to allow me to include them in the study. Out o f the 25 students who gave 

permission to include them in my study, two of the students had already taken the course 

the previous year, but did not pass. Since these students were repeating the course as 

tenth graders, I did not choose them for my study. Another student told me that she was 

about to go on homebound services because she was scheduled to have surgery; 

therefore, she was not selected as part of my case study. Lastly, I had a student who was 

chronically absent, so I did not consider the student to be a good candidate for the study.

With 21 students left in my selection process, I further narrowed the list of 

potential participants by reviewing their criterion-referenced competency test (CRCT) 

test scores from the previous year. The CRCT is a state mandated test administered to 

students in grades three through eight to measure the extent o f student mastery of content 

standards in the areas of social studies, science, mathematics, reading, and 

English/language arts (Georgia Department o f Education, 2013). The Georgia 

Department o f Education calculated the mean scale score for an eighth grade mathematic 

student for 2013 was 827.04. In addition, the state identifies three performance levels 

using a range of scores. Out of the 121,320 eighth-graders tested in Georgia, 23.35 % did 

not meet, 50.67% met, and 25.98% exceeded expectations in mathematics.

As stated earlier, the mathematics classes are leveled. Therefore, it was not 

surprising that all of my first block semester course students had scores that met or
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exceeded the standard. Furthermore, none o f the students were identified to have any 

learning disabilities. I eliminated students who exceeded expectations on the CRCT from 

being in the case study group because they did not represent the average mathematics 

student. Eliminating the students who exceeded eliminated the only student in the class 

that was determined as “gifted” and six more students who had scores that ranged from 

850 to 898. Two other students did not have CRCT scores available, resulting in their 

removal from the selection. This left 13 potential student participants, whose scores 

ranged from 819 to 842, for the case study group.

In order to further the screening process and narrow my list to four participants, I 

numbered 13 index cards to represent each o f the 13 students. Then I wrote the following 

information for each student on the cards: CRCT scores, ethnicity, gender, former 

mathematics grades, and current mathematics grade. I determined there were eight 

females and five males. I decided to choose two male and two female students. I used the 

information on the cards to determine the most typical students in the group in order to 

determine which two boys and two girls. I narrowed it to four students by eliminating 

students for being atypical using all of the information. For example, I eliminated the 

student if  his or her average in the class was much higher or lower than the rest.

After I chose the students, I initially kept their names anonymous by numbering 

them, Student 1, Student 2, Student 3, and Student 4 .1 did not give them pseudonyms 

until I wrote vignettes of the group in narrative form for the findings in Chapter 4. My 

transcripts refer to the students by name or number (1-4).
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Student 1, referred to as Sara, is a Hispanic female student who scored an 819 on 

her CRCT. Her previous mathematics grades from middle school ranged from an A to a 

C. Her current average in the coordinate algebra class at the time of the selection process 

was an 82.

Student 2, referred to as Isaac, is an African American male student who scored 

an 833 on his CRCT. His previous mathematics scores from middle school were all B’s. 

His current average in the coordinate algebra course was an 82.

Student 3, referred to as Katie, is a Caucasian student who scored an 827 on her 

CRCT. Her previous mathematics grades from middle school were A’s and B’s. Her 

current average was an 82.

Student 4, referred to as Trey, is a Caucasian male. He scored an 833 on his 

CRCT in eighth grade. His previous mathematics grades were A’s and B’s. His current 

average in the coordinate algebra class at the time of selection was an 82.

In conclusion, I chose the setting o f this study out o f convenience because it is my 

place of employment. I chose to study a representative case study group in order to 

determine how a typical group o f ninth grade students would construct knowledge during 

a productive failure modeled task. I used a screening process to determine the participants 

for this study that began with choosing one o f the three courses I taught. After I 

determined the class, I sent home the required permission forms with every student in the 

class. From the students who signed the form giving me permission to include them in the 

study, I chose the group according to their CRCT scores, ethnicity, gender, former 

mathematics grades, and current mathematics grade.
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Data Collection and Instrumentation 

I collected multiple sources of data in order to determine how students construct 

knowledge during a productive failure task. My data collection methods align with 

Zinicola’s (2009) case study that investigated group learning. Students took a pretest, 

utilized learning logs to record their work, answered questionnaires, and completed a 

final assessment. Videotaping of the students occurred while they worked on the task in 

groups, during a student confessional, and during the last interview. In addition, I 

recorded my observations in a researcher log that paralleled the student learning logs that 

the students used to record their data. Additional data included the poster created by the 

group for the presentation. I collected these multiple sources of data through three cycles. 

During each cycle, the students worked through a productive failure modeled task. 

Although the entire class participated in the productive failure modeled task, analysis of 

data addressed only the four participating students.

Instrumentation

To determine what the students knew about the concept before they worked in 

groups, the students completed a teacher created pretest consisting o f 10 open-ended 

questions. Some examples of the questions from the pretest for Cycle 1 (located in 

Appendix F) were “What do you know about graphing linear functions?” and “Can you 

give an example of a problem that could be solved by graphing a line?” The first question 

assessed what the students knew about the new concept before the task. The second 

question helped determine what prior knowledge the students possessed coming into the 

task.
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Students used learning logs while they worked on a productive failure modeled 

task to show their thinking during the task and to help the students make connections of 

new mathematical concepts (Albert, 2000; Popp, 1997; Stephens & Winterbottom, 2010; 

Zack & Graves, 2001). When students use learning logs, they are able to continually 

make inquiries and analyze their work comprehensively (Popp, 1997). Lastly, teachers 

can access students’ learning logs to determine if students are making connections of new 

concepts (Popp, 1997). The intent o f using learning logs in this study was to gain a better 

understanding of how students construct knowledge. In Robotti’s (2012) study on 

students’ verbal thought during problem solving o f a geometry problem, she required the 

pairs to turn in only one paper per pair in an effort to encourage more thinking aloud. 

Since my case study was an embedded design, it was important for me to collect written 

artifacts on each of them in order to understand how their individual work contributed to 

the group. For example, learning logs were a means to determine the extent students used 

their prior knowledge by examining their pretests and ways they utilized skills in solving 

the new task. Learning logs allowed an accounting and comparison of the amount of 

written work evident at the end of each day, as well as comparison of the work of each 

student and the information conveyed in the interviews. Finally, learning logs provided 

data to assist in achieving the purpose of this study: gain a deeper understanding of how 

the students construct knowledge during a productive failure task.

The learning log consisted of a binder organized into five tabbed and labeled 

sections. Each section contained the necessary components for the task. The pages on 

which the students worked their problems were referred to as “work pages.” Each
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numbered work page, presentation note-taking page, and teacher guided note page 

contained a place for the students to write their names and the date. Table 1 displays the 

organization of the learning log.

Table 1

Learning Log Organization

Notebook Tab Pre- Task Work 
Test Pages

Day 1 

Day 2 & 3 

Day 4 

Day 5 

Day 6

Presentation Teacher- Questionnaire Assessment 
Note-Taking Guided 

Pages Pages

As suggested by Zinicola (2009), the students recorded their learning journey on the 

questionnaires, which allowed them to reflect privately on their progress. Stephens and 

Winterbottom (2010) stated that a limitation of their learning log was that it was too 

structured, and it did not facilitate extended writing. Therefore, all of the pages in the 

learning log of this case study contained the minimal amount of structure possible to 

facilitate extended writing, utilizing open-ended questions rather than Likert scale type 

questions. Each questionnaire page contained a space for the name and the date and 

served to collect snapshots of where each student thought he or she was in the learning 

process, prompted by open-ended questions like “what did you learn today?” or “what is 

most puzzling about this task?” Appendix G displays a copy o f the questionnaire 

administered in Cycle 1. The Assessment tab included the final assessment. This final 

assessment was the same as the teacher created pretest.
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Videotaping facilitated a rigorous analysis o f the data that captured the group’s 

patterns of interaction (Shreyar et al., 2010; Zack & Graves, 2001; Zinicola, 2009). 

Videotaping of students occurred during three stages: while the group worked on the 

productive failure modeled problem-solving task, when the group presented their findings 

to the class, and during the last interview. Also after both days of working on the task, the 

students recorded themselves in a teacher workroom area using the main camera and 

tripod to give a student confessional telling how they felt about the task thus far. Their 

taped confessionals provided another layer of explanation in determining how students 

construct knowledge during the task.

The main camera used to video tape the case study group was located in the front 

of the room on a tripod in close proximity to the group working. Although gathering o f 

data involved only the case, I videotaped all of the students who gave signed assent and 

consent on the student and parent IRB approved permission forms during group work and 

the poster presentation. While the class worked on the task, I periodically recorded other 

groups that had given their assent and consent for two purposes: to have a comparison 

group if  needed, and to ensure videotaping the students in my case study group brought 

no discomfort. The students were more apt to act normally if  one group was not 

distinguished as the only group having their group work and presentation videotaped.

I issued each student in the case study group a small, handheld camera to use 

during each cycle o f data collection. The students recorded their talking during the task 

using their handheld cameras. They also used the cameras to zoom in on their work in the 

learning logs and explain what they were working on.
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The videotaping allowed review of the footage and recorded in greater detail what 

occurred during the group work, presentation, and interview than events recorded in my 

observational notes while I taught. A transcription of each cycle revealed five recordings 

o f student discourse during group work, one by the main camera and four from the 

student cameras. Using multiple tapings o f the same occurrence facilitated synthesis o f 

the recording into one highly accurate transcription.

The researcher log, used for observations, mirrored the student learning logs. I 

recorded my observations on the pages that aligned with the pages the students used. For 

example, if I observed the group sitting and thinking without talking or writing anything 

down for five full minutes, I noted this observation on the page that they were working 

on in my researcher log. The dating, numbering, and labeling of the researcher log 

mirrored the student learning logs.

Finally, I interviewed students in attempt to gather information regarding their 

perceptions of the task. Following Dahl’s (2004) qualitative research study that analyzed 

cognitive learning processes through interviews o f high school students, I created 

unstructured, open-ended questions to lead students through a discussion o f their thinking 

while they were working problems. Appendix H displays a copy of these questions.

In conclusion, I collected multiple sources o f data during a productive failure task 

in order to determine how students construct knowledge. I collected data in written form 

through their student learning logs and presentation poster. I recorded the group’s talk 

using five different video cameras while they worked on the task, after Days 1 and 2, 

during their student confessionals, and as they presented their findings to the class.
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Lastly, I recorded my field notes during each cycle in a researcher log that paralleled the 

student learning logs.

Data Collection during a Productive Failure Cycle

Kapur’s (2012) productive failure design for problem solving was used in order to 

determine how students construct knowledge during a productive failure task. Table 2 

depicts the modified version o f Kapur’s (2012) productive failure model used for each 

problem-solving cycle in this case study. Table 2 represents the day-by-day plan of the 

activities conducted during a productive failure cycle, the duration of each activity, and 

the qualitative data collected for each day of the cycle. Each o f the three cycles lasted six 

days.
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Table 2

Productive Failure Model Cycle: Data Collection and Methods

DAY ACTIVITY DURATION QUALITATIVE DATA COLLECTION
Day 1 Pretest: open- ended 

questions
25 minutes pretest recorded in learning log

' DaysV 
\ 2

and 3

Problem-Solving Task 
Cycle 1: Systems of 
Equations

Cycle 2: Variance

Cycle 3: Centers of 
Triangles

45 minutes 1. Student work is recorded each day in the 
learning log.
2. Students are videotaped while they work in a 
group on the task.
3. At the end of the task each day, each student 
records in the learning log a questionnaire page 
(Student Questionnaire 1 and
Student Questionnaire 2).
4. At the end of the task each day, students record 
what they thought about the task on video, a 
"student confessional"
5. Researcher Log—records general observations 
that were noticed during the task before the video
tape is viewed.

Day 4 Poster Presentation: 
students make a poster 
and present their findings 
to the class

90 minutes 1. Students are videotaped during their 
presentation.
2. Teacher collects the poster used during the 
presentation.
3. Researcher Log—records general observations 
after the consolidation lesson before the video
taping is viewed.

Day 5 Consolidation Lesson: 
teacher models ways to 
solve the task; uses their 
presentations to make 
connections

45 minutes 1. Students are asked to take notes in the learning 
log. Students can ask questions/make comments.
2. Researcher Log—records general observations 
after the lesson occurred.

Day 6 Assessment (re-administer 
pretest)

45 minutes 1. Students take the post assessment which 
identical to the pretest.
3. Students are interviewed as a group.
4. Researcher Log—records general observations 
after the group interview.

An Overview of the Three Cycles

Prior to administering each cycle, I created an instructional plan. Each of the three 

instructional plans had the following components: purpose; overview of a productive 

failure model; the day-by-day lesson plan using a version of Table 2; the essential
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questions; the instructional technology; needed materials; accommodations for special 

needs; instructional objectives; curriculum aims, goals, and objectives; the Common Core 

standards; evaluation techniques; the validity and dependability; and the task. Appendix 

D displays the instructional plan for Cycle 1. The instructional plan served as a curricular 

and instructional framework for the cycle. Three mathematics teachers reviewed the plan 

to ensure its accuracy. I provided the teachers with a rubric to score the plan using a scale 

from 1, not effective to 4, highly effective. The rubric, displayed in Appendix E, 

consisted of seven questions regarding the effectiveness of the plan. I asked the teachers 

to answer the questions by scoring and using a few sentences to justify their choices 

within the boxes of the rubric.

To delineate the data collection method used during each productive failure cycle,

1 present a summary of the mathematical concepts that I targeted during each cycle and a 

brief explanation on how the task created puzzlement. For each cycle, the students 

received a new task that targeted new concepts. Cycle 1 targets algebra standards, Cycle

2 targets statistic standards, and Cycle 3 targets geometry standards. Chapter 4 provides 

detailed explanations of each task.

Cycle 1: Reasoning with equations and inequalities. I administered the first cycle 

towards the beginning of the semester. The unit o f study was an algebra unit on solving 

linear systems of equations. The task was created to provide a context for learning 

systems of linear equations and inequalities. The students had some prior knowledge in 

understanding linear equations and inequalities, for they had solved linear equations in 

one variable and systems of linear equations in two variables that result in one solution.
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The students had also worked with linear inequalities in one variable, compound 

inequalities in one variable, and graphed a linear inequality in two variables. The task 

required students to use a system of linear inequalities in two variables that had a set o f 

parallel lines as constraints. Since the solution to the task was to determine how the 

number of combinations o f orders that met the maximum and minimum requirements, the 

students also had to think about constraining their answers to only positive whole 

numbers combinations. Therefore, even though the students had some prior knowledge of 

the mathematics concepts, the task created puzzlement because they had to consider a 

system of linear inequalities in two variables with added constraints.

Cycle 2: Interpreting one variable data. The administration o f the second cycle 

occurred approximately four weeks after the first cycle. In Cycle 2, the students solved a 

task used in Kapur’s (2012) productive failure study. The task required students to use 

the striking scores of three professional soccer players to determine which player had 

more consistent scores.

The students had some prior knowledge o f analyzing one variable data by using 

the measures of central tendency and graphs such as a dot plot, a box plot, and a 

histogram. The task created puzzlement because the students had never analyzed one 

variable data to determine its consistency and had not worked with the formula for 

variance or standard deviation.

Cycle 3: Centers of triangles. The third cycle provided a means for students to 

learn about two types of centers of triangles, the incenter and the circumcenter. The 

students’ had a basic knowledge of triangles and could use formulas such as the distance
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formula and slope formula. The task created puzzlement because the students had to 

determine why two different centers o f a triangle were placed in their location when the 

students had no prior knowledge of centers o f triangles. Just as in Robotti’s (2012) study 

of analyzing verbal thought during a geometry task, I encouraged students to obtain their 

own understandings and perceptions by giving them a map, but not providing the drawing 

of the triangle among the three cities. The students had to make their own drawing of the 

triangle, purposefully created as an obtuse triangle so that the circumcenter was located 

on the exterior of the triangle. This created additional puzzlement because the students 

would find it difficult to understand how a “center” of a triangle could lie on the outside 

of the triangle.

Data Collection during Each Cycle: A Day-by-Day Explanation

On Day 1, instead of a pretest as Kapur (2012) used in his quantitative research, I 

began with a few open-ended questions. The preliminary open-ended questions provided 

evidence of students’ preexisting knowledge of new mathematical concepts. On Days 2 

and 3, the group of four students worked on the problem-solving task for 45 minutes each 

class period. I asked students to solve the task and record their observations in their 

learning log designed to remind and motivate the group to participate in recording their 

findings and thoughts (Popp, 1997). The group was videotaped for the entire duration of 

the 45-minute task for both cycles. I recorded my observations during both cycles in a 

researcher log that was identical to the students’ learning logs.

During Days 2 and 3 ,1 did not provide students with supports by answering 

questions or providing additional information (Kapur, 2012). If the students asked for
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help, I replied, “Right now, I want you to ask your group members to see what you can 

come up with on your own.” They could use the following tools: pencils, graphing paper, 

tracing paper, rulers, protractors, compasses, and calculators. The students recorded their 

work in the learning log each day. At the end o f Days 2 and 3, the students answered 

questionnaires. At the end of each day, I collected the learning logs and stored them in a 

secure location in the classroom.

On Day 4, the students participated in poster presentations that were student-led 

and lasted 90 minutes. Each group was given a poster-size piece of paper and asked to 

work together to display their findings on the poster paper. The groups presented what 

they felt were inroads to solving the problem task and participated in a follow-up 

discussion with the class. The researcher facilitated the discussion by thanking the groups 

when they finished presenting and assisting the groups in a question and answer session 

with the class. The videotaped presentations allowed each group five-to-ten minutes to 

present, followed by a few extra minutes for the question and answer session. Students 

without personal and parental consent for videotaping participated in the presentation as a 

part of class, but not in the videotaping. Students recorded notes during the presentation 

in their learning logs, and I recorded my observations in the researcher log.

On Day 5 ,1 presented a lesson by modeling, or showing, the correct answers to 

the task. To affirm or redirect their findings, I incorporated suggestions given by the 

students on Day 4 during group presentations. The students participated by recording 

their notes in the learning logs. They could raise their hands and ask questions or give 

their comments during the teacher-directed lesson. This whole-class discussion models
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the Shreyar et al. (2010) study, which researched thinking aloud in a whole-class 

discussion. After the lesson I recorded general observations in the researcher log.

On Day 6 ,1 administered an assessment that was identical to the pretest. The 

students had 45 minutes to complete the problems. Also on Day 6 ,1 asked the students 

from the case study to return to my classroom during my planning period for an 

interview, located in Appendix H, regarding their experiences.

The data collection and instrumentation for this study hinges upon the videotapes 

of the group while they worked on each task. The multiple qualitative sources generated 

data to triangulate and increase trustworthiness. These sources include pretests, Student 

Questionnaires (1 and 2), Learning Logs, Researcher Log, group poster, final assessment, 

interview responses, and videotaped recordings.

Data Analysis

In order to manage the vast amounts of qualitative data collected in this case 

study, coding was needed. Coding is a common practice for sorting and classifying data 

in a qualitative study. The codes assist the researcher in storing and interpreting the data 

(Merriam, 1998). Merriam provides a process for interpreting the data through coding. 

Therefore, I took Merriam’s (1998) recommendation and coded data according to the 

major themes that were important to my study. I coded the major themes by using 

constant comparative analysis according to my research questions, review o f literature, 

and clusters of emerging themes.
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Making Sense o f the Data: The Process o f Constant Comparative Analysis

The analytic technique to code the data in this case study is the constant 

comparative model (Merriam, 1998), which is a commonly used data analysis method for 

qualitative studies. Utilization of this method required continual comparisons of units of 

data to discover connections. A unit o f data is a segment o f data that has potential 

meaning (Merriam, 1998). Merriam (1998) explained that the initial process for the 

constant comparison analysis is to construct categories. Therefore, in an effort to answer 

this study’s research questions, I sorted the units o f data into categories by a given 

commonality.

Merriam (1998) suggested that the names of the categories come from the 

participants, the researcher, or the review of the literature. Typically, though, the 

researcher develops and names the categories by reflecting on what the data shows 

(Merriam, 1998). The category can also be named by using a word or term the 

participants continually use to name an experience or understanding. The third process 

for naming a category is to classify themes according to predetermined list o f themes. 

Merriam warned against using names that come from outside the data because this 

practice could stifle the birth of new categories by focusing on data selection instead of 

generating new categories. I followed Merriam’s suggestions when naming my 

categories. I named most o f the categories by reflecting on what the data showed. A few 

of the codes came from a word or term used by the participant. For example, a 

subcategory of the problem-solving approach, I named “stuck” because the participants 

continually used this word during the task.
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Before I analyzed this initial piece of data, I copied and pasted each line o f text 

into a table. An example of this table is located in Appendix I. The first piece of data that 

I analyzed was the transcriptions during the group’s discussions and poster presentations 

for Cycle 1. The table consisted of 6 columns and 318 rows. Each row was used to 

dissect the fall transcription into smaller pieces I called lines. I usually separated lines 

when a new student talked. For example, if Student 1 asked a question, I pasted it as one 

line of data, and when another student answered the question, I pasted it on the 

consecutive row or line. If a student’s talking was rather lengthy, I separated it into 

multiple lines.

The first column was used to number the line by the cycle number. The second 

column denoted the page number that the line was located on within the fall-tabled 

transcription. The third column denoted the line number and was unique for every piece 

of data within the transcription. The fourth column denoted the day of the task that the 

line occurred. For example, I used letters like “gd” to mean “group discussion” which 

told me that the talking for that line occurred during either on Days 2 or 3 o f the cycle. 

Therefore, an example of a fall line number would be 1.1.5, which meant that the coded 

data could be found in the Cycle 1 transcription on page 1, line 5 (these numbers were the 

first three column of the tabled transcription). The fifth column was used for the actual 

line of data. The sixth column, initially left blank, was for recording purposes while I 

coded the data.

After organizing the data into a tabled master copy as described above, I 

constructed my categories. I began by reading through the first piece o f qualitative data,
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which was the transcription from group discussions during Cycle 1. While I read, I 

annotated my thoughts, notes, and questions o f possible relevance to my study in the last 

column. After working through the entire piece o f data, I reviewed margin notes and 

attempted to cluster them by some commonality. After the first initial coding of the data,

I determined two major categories that emerged from the data: group roles and problem

solving approaches.

After coding the transcriptions from Cycle 1 for two emerging categories, I made 

two copies of the tabled transcription, one for each category. Then, I cut each set of data 

by line, which I referred to as “strips” o f data. Each line had the two preliminary 

categories typed in on the last column. I sorted each line by either the first or the second 

category, then highlighted the name of the category per pile and put them into plastic 

sealable baggies.

The category of group roles contained an initial 22 different subcategories of 

roles. I created a panel of educators who were also current students in the Curriculum and 

Instruction doctoral program at Mercer University to read a typed list of the group roles 

and the strips o f data sorted by each of the 20 roles in baggies. Before the panel began, I 

explained my initial definitions for each o f the roles. The panel of eight o f my peers read 

each line of data and wrote feedback on the strips. The feedback provided other 

perspectives and helped me further my thinking on this category.

I repeated this initial coding process for Cycle 2 with the list o f categories from 

each previous reading in mind. For the second cycle, I used a different panel consisting of 

four peers from another group o f Curriculum and Instruction students in the same
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doctoral program. During the discussion with the second panel, I determined a need to 

code the data for a third category: group processes. For the category group processes, I 

used chunks of data. These subcategories consisted of sets of two to ten lines o f text cut 

as one group process.

Coding of the third cycle data differed from the other cycles because the student 

cameras ran out o f memory and would not record. Furthermore, remote placement of the 

main camera from the group resulted in an inability to hear enough detail to create a true 

transcription. Therefore, I consider the transcription from the Cycle 3 as more of a set of 

field notes on what I observed on the video than a transcription of their talking.

After an initial coding of Cycles 1 and 2 ,1 revisited Cyclel. For each of the three 

categories, I reorganized and sorted the strips until I narrowed each category to the 

smallest possible number sub-categories. By continually comparing the data, I was able 

to ensure that each subcategory did not overlap with another subcategory within or 

between the other two categories. After narrowing each of the three main categories to a 

comprehensive, but mutually exclusive, list, I constructed three separate outlines for each 

of the three main categories: group processes, group roles, and problem-solving 

approaches (Merriam, 1989). Appendix J displays these categorical outlines.

After I organized the data into three categories and outlined the data with a 

definite set o f subcategories, I used an Excel spreadsheet to record the strips o f data for 

the group roles and the problem-solving approaches. For each of these categories, I used 

a separate Excel file and used two different tabs for each subcategory. The first tab listed 

every line of data for that particular subcategory. I listed the same information listed on
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the strip, such as its identifying number, that was on each strip from its initial place in the 

tabled master copy, the student who used the code, and either a brief description o f the 

line of data or the actual quoted line. The second tab for each sub-code was used to define 

the sub-code and any tertiary codes within the sub-code. I separated my notes and 

definitions in a separate tab in order to use the first tab to sort the list by line, student, or 

tertiary code. The Excel spreadsheet was important when analyzing my data. By easily 

sorting the data within the spreadsheet, I was able to determine, for example, how often 

each student used a certain role and what types o f ways he or she may have used that 

particular role.

Since the group processes were in bigger chunks of data, the data were more 

manageable than the other two categories. I analyzed this category using a reflection 

notebook in which most o f the notes are handwritten. For this category, I took extensive 

notes and made interactive diagrams for each group process to determine how the 

students participated with in the group process by using a third set o f codes within the 

sub-codes.

The initial outline o f categories assisted me in discovering patterns in the data 

(Merriam, 1989). The categories served as themes that focused on answering my research 

questions. After I created the initial outlines, I returned to the data from Cycle 2, repeated 

the constant comparison analysis, and edited the outlines as needed. I added this data to 

the either Excel spreadsheet or reflective notebook accordingly.

I adhered to the five guidelines suggested by Merriam (1998) for naming the 

categories during all phases of category construction. First, the categories focused on
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answering my research questions. Secondly, the categories were all encompassing. I 

assigned all units of data pertinent to the study to a category. In addition, the categories 

were specific enough to define the listed units o f data. The name of each category 

captured the essence of the theme. I also constructed parallel categories so that all codes 

within the same level performed the same way or served the same purpose. Finally, each 

code only contained one concept, so each code only appeared once within the whole 

system of categories.

Analyzing Group Talk: Further Analysis through a Word Count

Another analysis that I conducted was to analyze how much each person talked 

within the group. Like Zinicola (2009), who found the average number of verbalizations 

of each group member per session, I determined the amount o f talking each student did 

during the first two cycles. To determine how much each person talked, I highlighted 

each quoted line of text by student using a Word document. On the bottom of the screen,

I used the number of words that the program calculated the highlighted text to contain. I 

created another column within the original tabled transcribed text and recorded those 

numbers. After I counted each line o f quoted text, I added the total number of words and 

added the number of words spoken per student. I also added the number of lines each 

person spoke and compared it to the total number of quoted lines within the transcription. 

This helped me understand how much each embedded case talked during the task. 

Constructing an Interactive Model: A Rich Description of the Data

To further my analysis o f the data, I relied on Bazeley (2013) to create an 

interactive model to show the relationship between the three categories that I analyzed in
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my study. I based the model on the data and not on background theory (Bazeley, 2013). 

To begin construction of an interactive model, I took the strips from each o f the three 

categories and aligned them down every available surface in sequential order in three 

rows, one for each category.

Then I renumbered the strips of data beginning with the group process strips since 

they derived from bigger chunks of data. I numbered the other two categories of data 

according to the numbers from the group processes. For example, the number 1 

corresponded to the first group process and the group roles and problem-solving 

approaches that occurred during the same lines o f text. Appendix K displays photographs 

of this coding process.

After all of the lines were numbered, I created 3x5 interactive cards and numbered 

them using the same numbering system. For each card, I recorded the group processes, 

roles, and approaches that occurred simultaneously. The interactive cards represented a 

timeline of the group’s social processes and mathematical approaches (Bazeley, 2013). 

This process was used to determine how the group interacted and what roles and 

approaches they utilized during the different interactional phases. From the interactive 

cards, I was able to determine patterns in the data. I also was able to construct a model 

that showed how the three group processes created specific pathways for problem solving 

and which roles and problem-solving approaches students used during each process. 

Appendix L provides an example of the 3x5 interactive cards.



123

Storing the Data: Organization through a Case Study Database

Storing the qualitative data involved utilizing a case study database, as suggested 

by Yin (2009). Each piece of data warranted an identifying document ID in order to trace 

data back to its original source. The database included a file compiled o f the video- 

tapings and transcriptions. I organized the student learning logs, teacher logs, and student 

posters from the poster presentation and placed them in a rolling cabinet with a lock. All 

transcriptions were coded and recorded in a spreadsheet with a given document ID and a 

description of the artifact. The Excel spreadsheet allowed easy identification of 

connections between each data point and its origin.

Role of the Researcher 

The research questions of a study determine what the researcher deems the most 

important factors to investigate (Merriam, 1998). This study is significant to me because I 

teach at a time when the transmission model is the accepted model for teaching 

mathematics, but I feel the model is lacking in providing students with a deeper 

understanding of the mathematical concepts. Although the transmission model is highly 

efficient and predictable in preparing students for the high-stakes test they receive at the 

end of the course, it only provides educators with a linear learning model built solely on a 

behaviorist reality o f knowing (Aoki, 1988). The PFM is different because it places the 

value of learning on a deeper understanding o f mathematics that a transmission model, as 

previously explained, does not inherently provide. This deeper understanding is rooted in 

student talk among the group of problem solvers in which knowledge takes on more form
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than just facts and theories, but rather has situational meaning within its community of 

learners (Aoki, 1988).

As a secondary mathematics educator, I favor utilizing constructivist methods in a 

mathematics classroom. Constructivist practices are important because the focus is on 

understanding mathematics instead o f memorizing facts. Although I possess a bias 

towards constructivist theory, I was open to my research findings.

I used this productive failure modeled task with the intention of allowing my 

students to experience initial failure at a task just beyond their conceptual reach. I 

believed this problem-solving set-up would afford my students opportunities to construct 

their own understandings o f the concepts before I, the teacher, revealed the solutions. 

Since I researched my own students, I already knew their personalities and abilities. 

Therefore, I was aware that my biases could affect how I analyzed my data for, although 

my intentions were to accurately record the data, it is possible that I could have 

interpreted the data with a priori assumptions regarding the students’ personalities or 

mathematical knowledge.

Although Kapur’s (2008, 2010, 2011, 2012) research on the PFM showed 

cognitive gains, I did not have predetermined beliefs that the case study group would 

attain the same cognitive gains or construct knowledge as his findings showed with his 

participants. I intended to report my findings even if  the group had not constructed 

knowledge during a productive failure task.
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Dependability and Credibility

Yin (2009) stated that the researcher should continually apply four tests in order 

to conduct a quality case study. The four tests are construct validity, internal validity, 

external validity, and reliability. Yin (2009) suggested using each test at different phases 

of the research.

Construct validity is used to name the appropriate measures for the concepts being 

investigated (Yin, 2009). Construct validity should be applied during the composition of 

the study and during the data collection phase (Yin, 2009). In order to increase construct 

validity, I followed an instructional plan reviewed by fellow mathematics educators, used 

multiple sources of data, and established a chain o f evidence.

The instructional plan used in this case study provided a step-by-step lesson plan 

for each cycle of the study. To ensure the soundness of my instructional plan, a panel of 

my fellow teachers used a rubric to assess the plan and all associated instrumentation.

Best practices previously reviewed in the literature in Chapter 2 served as the basis for 

the instructional plan.

Use of multiple sources o f data allowed triangulation to strengthen the construct 

validity of this study (Yin, 2009). By triangulating the data, I can support my analysis and 

findings of the data from different sources. I analyzed data from each cycle using the 

following qualitative data: a) video tapings (students working in groups, presenting their 

tasks, and answering interview questions); b) researcher log (containing multiple days of 

notes and observations); c) each student’s learning log (containing pretests, assessment, 

work during the tasks, and two questionnaires); and d) the group presentation poster.
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Entering coded data in a spreadsheet established a chain of evidence to enhance 

the construct validity of this case study. This Excel spreadsheet served as the database for 

this case study. The case study database included a unique document ID that allowed 

easy tracking of data back to the original source.

Utilization of strategies suggested by Merriam (1998) strengthened the internal 

validity of this case study. I used member checks and sought peer checks. I also disclosed 

my personal biases to increase the internal validity of this study. In addition, I solicited 

feedback from three of my colleagues to ensure the appropriateness o f the study’s 

instructional plan by using a scoring rubric. I used the feedback on the scoring rubric to 

edit my instructional plan as needed.

To increase external validity and transference, I provided detailed descriptions of 

the data so that readers can distinguish how their situation aligns with the situations in the 

research (Merriam, 1998). Secondly, I chose typical ninth grade students to be the case 

group. I also used multiple phases that included different types of mathematical concepts. 

Cycle 1 covered an algebraic concept, Cycle 2 covered a statistical concept, and Cycle 3 

covered a geometric concept.

In order to facilitate replication and similar findings by another researcher, I 

developed a case study protocol and a case study database (Yin, 2009). Yin (2009) stated 

that a guideline for conducting case studies is to utilize a set o f procedures so that 

someone else could repeat these procedures and come to the same conclusions. Table 2 

depicts the daily procedures of the lesson plans. In addition, I provide a step-by-step 

accounting of each day’s agenda of tasks and data collection.
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According to Yin (2009), the case study protocol is an important component to 

strengthening the reliability of qualitative research, and it should guide the researcher in 

the collection of the data from the case. This study’s protocol includes the following 

sections: an overview of the case study project, field procedures, case study questions, 

and case study report guide (Yin, 2009). I used a reflection journal to keep a record o f 

each component of the study protocol. Another component needed to increase reliability 

is a case study database. I created a case study database to organize the data according to 

the major subjects as it specified in the protocol.

In conclusion, as suggested by Yin (2009), I applied tests for construct validity, 

internal validity, external validity, and reliability throughout this case study in order to 

strengthen the trustworthiness of the findings. The application of construct validity 

occurred before the study began and during data collection. Triangulating the data, 

establishing member checks, acquiring peer feedback, and disclosing researcher bias 

strengthened internal validity. Consideration of external validity transpired during the 

design phase of this case study. Finally, I applied reliability at the beginning when 

creating the protocol and at the end during the data collection phase.

Summary

This chapter provided the study’s research design and rationale, data collection 

methods, and data analysis methods. Yin’s (2009) case study design guided the data 

collection and data analysis methods. Merriam’s (1998) methodology supplemented the 

design because Yin (2009) did not provide an adequate explanation to strengthen the
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external validity of my case study. Triangulation of multiple sources o f data sought to 

determine how ninth grade students construct knowledge during a productive failure task. 

Stake’s (2010) definition for coding data provided an adequate explanation o f how to 

code the qualitative data. Finally, Merriam’s (1998) constant comparison model guided 

data analysis. In Chapter 4 ,1 present the results o f the study. In Chapter 5 ,1 discuss the 

findings and implications of the results.



CHAPTER 4 

RESEARCH FINDINGS 

In this chapter, I present the research findings by focusing on the group processes 

initiated to make gains in solving the tasks, the active roles the students participated in 

during the tasks, and the problem-solving approaches the students utilized to find 

possible solutions to the tasks. I derived the data from transcriptions of video tapings o f 

the four students in my case study while they worked in a group on each of the three 

problem-solving tasks. My observation field notes and the student learning logs that 

contained students’ written work during the task, questionnaires, a pre-assessment, and a 

post-assessment also generated data. Data were analyzed at a high level using pertinent 

codes for the transcriptions obtained from the video tapings o f the group; whereas 

transcriptions of the student interviews and confessionals, student learning logs, and field 

notes were analyzed in reference to support o f group discourse. Codes for the group 

processes determined how the group worked together to solve the task; codes for the 

student roles determined the social contributions of each group member; and codes for 

the problem-solving approaches determined how the group members addressed ways to 

solve the task.

The central question that guided this study was: How do ninth grade mathematics

students construct their own knowledge while problem solving using the productive

failure model? This central question generated the following subquestions:

129
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1. What role does student talk have in making learning gains during the problem

solving task for ninth grade mathematics students?

2. What role does student choice have in making learning gains during a

productive failure modeled task?

3. How do ninth grade mathematics students utilize prior knowledge to make

gains in solving the problem-solving task?

4. How do the ninth grade mathematics students persist during the problem

solving task?

I implemented the productive failure problem-solving model for three problem

solving tasks to determine how a group of four ninth grade students in a mathematics 

classroom constructed knowledge while working together on the tasks. The productive 

failure model was intentionally used to promote intellectual conflict through student 

puzzlement and student error making. The secondary questions focus on the role o f 

student talk, the role of student choice, persistency during problem solving, and the role 

of prior knowledge for constructing knowledge.

An Overview: A Cycle o f a PFM Task

During each six-day cycle, the students completed a pretest, solved a task as a 

group without receiving help from the teacher, presented a poster of their findings to the 

class, received a consolidation lesson from the teacher, and took a posttest. Since the 

tasks were complex in nature, the students had to rely on their collective knowledge in 

order to create different methods to solve the task. Each task was written so that the 

context of the problem situation afforded the students with instances o f confusion.
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During a productive failure modeled task, confusion and error making are par for 

the course and viewed as positive and necessary components for learning new concepts. 

Although the students were not successful in finding a complete solution to any o f the 

three tasks during their group work, the critical analysis work that they accomplished 

gave them time to understand new mathematical concepts at a deeper level.

Each productive failure problem-solving cycle lasted six days. I collected data for 

three cycles. During each cycle, the students worked on a different task. The focus of my 

findings was analyzing the data obtained from Days 2, 3, and 4 during each of the three 

cycles. During those days, the students worked in groups.

Social Environment of the Group

The case study group consisted of four ninth grade students enrolled in a 

coordinate algebra course. The case study group o f two females and two males worked 

together to solve each of the three tasks in a classroom with 28 other students, who also 

worked on the task in groups of four. In order to capture how the students constructed 

knowledge during a productive failure designed task, I considered the case as a 

representative single-case embedded design (Yin, 2009). Each student, assigned the 

pseudonyms of Sara, Katie, Isaac, and Trey, embodied an embedded unit o f analysis.

The group worked on each of the problem-solving tasks for 45 minutes for two 

days in a mathematics classroom during their regularly scheduled math class. On the third 

day of group work, the group worked together for 45 minutes to create a poster to present 

their findings to the class. The group then presented their poster along with the rest o f the 

groups in the class during the remaining 45 minutes of class.
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The use of video cameras during each cycle o f data collection constituted the only 

difference between the implementation o f the productive failure modeled task and the 

normal routine of the mathematics class. Typically, daily arrangement o f the desks 

benefitted group work (except for administration o f formal assessments), so the students 

were accustomed to working in groups. Eight groups of four students sat in desks facing 

one another. This scenario of 32 students working in groups of four prohibited quiet in 

the classroom; however, requiring the groups to work in close proximity to one another 

reduced the noise level. Furthermore, since the groups were used to working in this 

setting, the noise level did not create an issue.

Selection of the four students in the case study group prohibited the opportunity 

for them to choose their group members, but it was evident during their talking that they 

liked one another. During the first task, the students began a side conversation about their 

plans for Friday night that I coded as “off task behavior.” Although the side 

conversations were rare, this conversation showed that they were interested in each 

other’s plans. The students were pleasant with one another and spoke with respect using 

words such as “please” when making a request. Francisco (2013) explained that this 

phenomenon occurs during group collaboration where the group forms an “etiquette and 

a group mind” (p. 420). When one o f the students wanted to see another student’s paper, 

he or she asked permission. During the many days of video tapings, I found only one 

instance of a student making a negative remark to another student. I also found that the 

students rarely interrupted another student while he or she was talking. The vignette
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below, taken from a group discussion during the first task, is the single occurrence o f a 

negative remark towards another student (all student names are pseudonyms):

“That’s the price?” Katie asked.

Isaac nodded yes.

“So, that’s 12, and we are right because it can be less than or equal to 12,” Katie 

responded to Isaac’s affirming nod.

Isaac then disagreed with Katie’s answer and said, “No, it can be less than or 

equal to [12].”

Katie responded, “Yes.”

Isaac (who tried to help Katie see that he believed there were more than 12 

solutions) said “No, not all of them. I haven’t even got to 1000 yet. I haven’t even got up 

to.. .you can keep going down.”

Katie responded, “It’s 1200”

Sara chimed in and said, “We are just confusing ourselves now.”

Trey, who now began to doubt that the answer was 12, said, “This is too hard.” 

Isaac gave his outlook and said, “I mean it it’s not really hard, I think. I think it is 

time-consuming.”

Sara defended her and Katie’s answer of 12, “I think this is the answer. I think 

that the compound inequality we came up with yesterday would be right.”

Trey said, “I am not smart. It’s [the answer 12] not right.”

Sara said, “How would you know? You said you aren’t smart, so how do you 

know?”
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Trey then said, “I am smart.”

This vignette highlights a moment when the group was frustrated because three of 

the group members thought that the answer to the task was 12, but one group member 

thought that there were more than 12 combinations. When viewing the video tapings for a 

second listen, I found that Sara and Trey were both smiling at each other when Sara 

asked how Trey knew that 12 was not the correct answer when he had just stated he was 

not smart. As I viewed the transcript and video, I labeled the negative comment that Sara 

made as flirting, using my 15 years of experience as a high school mathematics teacher 

and the context of their facial expressions and tone as basis. This vignette also showed 

that even when the students disagreed with Isaac’s belief that there were more than 12 

combinations, the group was able to disagree with him without making negative personal 

comments towards Isaac. Lastly, this vignette highlighted how the group trusted one 

another. Isaac knew that his idea was different from the group’s belief, but he felt 

supported and secure enough to express his different opinion. Furthermore, Trey trusted 

the group enough to speak aloud of the task difficulty without fear, trusting the group to 

not belittle or criticize him.

The Students in the Case Study Group

Each of the four students in the case study group contributed to the group. Since 

each student in the group was an embedded case, I analyzed the first two cycles for the 

quantity o f discourse contributed by each student contributed while working in the group. 

Since the third cycle data were analyzed only through notes made o f the videotaping,
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Cycle 3 could not be analyzed in the same way as the previous cycles. Tables 3 and 4 

depict the findings regarding student discourse.

Table 3

Discourse Quantity o f  Each Group Member: Cycle 1

Student 
Pseudonym v

Number
of Words'»•

P erceritlgeof Words Used' 
During Group Work

Number o f  
Lines o f Text

Percentage o f Lines 
Spoken During^ -  
Group Work

Sara 1449 57% 97 44%
Isaac 282 11% 30 14%
Katie 563 22% 65 29%
Trey 260 10% 28 13%
Total 2554 100% 220 100%

Table 4

Discourse Quantity o f  Each Group Member: Cycle 2

Student t , 
Pseudonym v

Number 
of Worfe

Percentage o f  Words Used 
D unngG roupW drkrJ \ '

Number of 
Lines o f Text.

Percentage o f Lines 
:Sp^ehD uring” .;/'' . 
Group Work'f l ■

Sara 1648 53% 145 42%
Isaac 328 11% 42 12%
Katie 720 23% 105 30%
Trey 437 14% 55 16%
Total 3133 100% 347 100%

Student 1: Sara

As revealed in Tables 3 and 4, Sara was the loquacious member o f the group. I 

coined Sara as the poster child for “think-alouds,” a teaching strategy used to help 

teachers know what their students are thinking, for she excelled at thinking aloud. Sara’s 

group knew much about what Sara thought throughout all three tasks. Whenever a line o f 

data were coded for Sara, she averaged 15 words per line in Cycle 1 and 11 words per
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line in Cycle 2. Out of the seven times students presented a verbal summary o f their 

work, Sara contributed four of them, which ranged from 39 to 98 words. Here is an 

example of an instance when Sara thought aloud to the group to summarize their 

collective work when she reported their initial solution to the first task, which they 

believed to be 12:

It’s going to be 600 is less than or equal to 30x plus 20x is less than or equal to 

one thousand two hundred and it’s an inequality so you subtract 600 from both 

sides and those are both canceled out and you get 3 Ox plus 20x is less than or 

equal to 600 . .  . 50x . . .  after that you add the like term s. . .  you would add 30x 

plus 20x and you would get 50x is less than or greater to 600 and then you would 

divide by 50 and you would get x is less than or equal to 12.

Sara also contributed to the group by keeping the group on task. She used assertive 

language and instructed the group to “get to work” when she felt a group member needed 

redirecting.

Student 2: Isaac

As shown in Tables 3 and 4, Isaac only contributed 11% of the talking while the 

group worked together on the tasks. Although Isaac did not speak nearly as much as Sara, 

he did contribute to the group by steadily working on his own ideas while listening to 

what the rest o f the group worked on as well. Isaac appeared to be the quiet thinker who 

spoke rarely, but said much when he did speak.

Isaac took risks for he was willing to try different methods even if  he was not sure 

of their success. Instead of explaining his work aloud to the group, he often showed his
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written work to other members of the group. His lack of detail in his verbal explanations 

was evident throughout the tasks. For example, in Cycle 2 Isaac said to the group, “I am 

just trying stuff now,” or “so I am just checking on other stuff right now, everybody’s 

symmetrical.” Another instance occurred in Cycle 2 when Isaac said, “I will try to do 

one, but I don’t know how to . . .  well, I guess I could do it,” a statement which revealed 

his willingness to take risks.

During Cycle 1, Isaac worked independently on a different method from the 

group and made a substantial contribution that fostered the type of confusion required by 

the task. During Cycle 2, Isaac contributed to the group by making over 30% o f the 

graphical representations that the group used when they presented their findings to the 

class. These representations led to conceptual conversations on the use o f different types 

of statistical graphs, such as the box plot. During Cycle 3, Isaac did work more with the 

group, but still showed evidence of being the quiet thinker. For example, Isaac stared at 

his paper, seemingly in deep thought, while the group engaged in a conversation 

regarding the task.

Student 3: Katie

Katie contributed to the group by asking questions that prompted the group to 

keep working. As shown in Tables 3 and 4, Katie talked nearly one-fourth o f the time 

during the tasks. She asked approximately 40% of the questions during the first two 

cycles. Her questions helped the group work cohesively to report their results, although 

most were coded for requiring a one-word response or factual information since her
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questions started with “what.” For example, Katie asked questions like “What did you do 

after that?” and "Are you putting them from least to greatest?"

Katie also contributed to the group by asking questions that led students to a 

better understanding o f previously studied mathematical concepts. Thirty-percent of the 

questions that required an explanation, coded as the “how” questions, came from Katie. 

For example, her question, “How do you find the range?” led the group to discuss the 

process for calculating the range. Since the students had to use their prior knowledge in 

order to persist through the task, it was important for the group to ask each other for 

assistance when they could not recall a previously learned processes, such as finding the 

range to analyze one variable data.

Student 4: Trey

As shown in Tables 3 and 4, Trey only contributed between 10% and 14% of the 

discourse during the first two tasks respectively. Although he did not talk as much as Sara 

or Katie, he still contributed to the group. For example, during the first two cycles, Trey 

was involved in the decision making o f the group when it came time to evaluate their 

plan for solving. He took a stand for the group and made statements such as “That is why 

substitution and elimination won’t work, everything cancels out” and "We found the 

mean, median, mode, and range...but we just can't find a formula.”

Trey also contributed to the group by asking questions or making statements that 

generated ideas for the group to continue solving the task. Trey contributed 18% of the 

statements coded as generating new ideas during Cycle 2. He made statements such as
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“How do we want to do them?” and “Maybe we could compare the two,” which helped 

the group generate ideas on how they should analyze and present their findings.

The Students in the Group: Concluding Thoughts

As shown in Tables 3 and 4, the females in the group did most o f the talking. 

Together the females in the group spoke more than 75% of the words used in Cycles 1 

and 2. Sara’s and Katie’s words supported the group by providing members detailed 

explanations of their thinking and understandings of the task.

The males shared much of their work by showing their written work to others in 

the group. When Trey and Isaac explained their work aloud, it was brief. Although the 

group members varied greatly in the amount of talking they used during the task, all 

group members contributed to the group.

The Productive Failure Model: Three Cycles 

This section provides detailed explanations and the actual tasks in order to explain 

how group processes helped the students learn new mathematical concepts. The Common 

Core Georgia Performance Standards (CCGPS) for mathematics (Georgia Department of 

Education, 2012) associated with the learning tasks are listed for each o f the three cycles. 

Each task provided context for the group, activated student prior knowledge, provided a 

means for multiple representations, cultivated critical analysis, and provided a means to 

make connections in mathematical concepts.

Cycle 1: Reasoning with Equations and Inequalities

For Cycle 1 ,1 created an instructional plan to provide a curricular and 

instructional framework for the task. Figure 5 shows the Common Core Standards
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(GaDoe, 2012) considered when creating the productive failure task for Cycle 1. As 

shown in Figure 6, the Cycle 1 task was created to provide context for learning systems 

of linear equations and inequalities.

Standard for Mathematical Practice
r  >Key Standard_____________

Make sense 
of the 

problems 
and 

persevere 
in solving 

them.

Construct 
viable 

arguments 
and critique 

the 
reasoning 
of others.

MCC9-12.A.CED.3 
Represent 

constraints by 
equations/inequali 
ties & by systems 

of equations 
and/or inequalities, 

and interpret 
solutions as 

viable/nonviable 
options in context.

Performance  Standards
MCC9-12.A.REI.5 Prove that, given a 

system of two equations in tw o variables, 
replacing one equation by the sum of tha t 

equation and a multiple of th e  other 
produces a system with the  sam e 

solutions.
MCC9-12.A.REI.6 Solve systems of linear 
equations exactly and approximately (e.g. 
with graphs), focusing on pairs of linear 

equations in tw o  variables.
MCC9-12.A.REI.12 Graph the solutions to  

a linear inequality in two variables as a 
half-plane and graph the  solution set to  a 

system of linear inequalities in two 
variables as the  intersection of the  

corresponding half-planes.

Figure 5. Cycle 1: A Visual Showing Common Core Standards Task Alignment

Prior to the task, the students studied graphing and solving linear inequalities in one 

variable, graphing compound inequalities in one variable, and graphing linear inequalities 

in two variables. The group also graphed linear equations and solved systems o f linear 

equations in two variables, but they had not solved parallel systems that have no solution. 

The context of the task required the group to think about what constituted a valid solution
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for a system of linear inequalities. As shown in Figure 6, the task, intended to promote 

student engagement by appealing to their interest in video games, required students to act 

as managers of a store that sells video games.

,_____________________ m
A  You were just hired as the store manager of “The Game Place.”  The Game Place sells 

used video games. As the store manager, you are responsible for purchasing games from 
other used video game distributors. You will need to know some basic math skills to solve 
problems involving the budget and purchasing. For example, two new types of games are 
available to offer in our store. The first type of game costs $30 dollars and the second one 
is $20. You want to stock at least $600 worth of games to be competitive with the 
surrounding stores, but your store’s purchasing budget cannot exceed $1200 worth of 
games.
Question: How many possible combinations of orders can be made that will satisfy the 
minimum and maximum requirements?

Figure 6. Cycle 1: The Game Place Task. Adapted from “Secondary Math I: In Sync,” 

Jordan School District, Utah, n.d., p. 21. Copyright by Jordan School District, Utah.

Since the solutions could only be the ordered pairs that were made o f whole numbers for 

both the x and y coordinates, this created additional puzzlement for the group. The 

theoretical answer to this problem would be “infinitely many solutions,” but the context 

of the problem encouraged the group to think about additional parameters. This task 

created puzzlement because the students needed to think about a system o f linear 

inequalities in two variables. When graphed, the linear equations created parallel lines. 

The solutions to the task could be found within the intersection of two linear inequalities. 

The students decided early into their working that the answer was twelve. I intervened 

only once while the group worked on the task by adding an extension to the task for all of 

the groups: Find some way of listing the possible solutions.
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Cycle 2: Interpreting One Variable Data

For Cycle 2 ,1 wrote an instructional plan to align my instructional objectives to 

the productive failure modeled task. Figure 7 shows the Common Core standards for 

cycle 2 (GaDoe, 2012).

Standards for Mathematical Practice

Make sense 
of the 

problems 
and 

persevere 
in solving 

them.

Construct 
viable 

arguments 
and 

critique the 
reasoning 
of others.

Key Standard

Summarize, 
represent, and 
interpret data 

on a single 
count or 

measurement 
variable

MCC9-12.S.ID.1 Represent data with plots 
on the  real number line (dot plots, 

histograms, and box plots).
MCC9-12.S.ID.2 Use statistics appropriate 

to  the  shape of the data distribution to  
compare center (median, mean) and 
spread (interquartile range, standard 

deviation) of two or m ore different data 
sets.

MCC9-12.S.ID.3 Interpret differences in 
shape, center, and spread in the context of 

th e  data sets, accounting for possible 
effects of extrem e data points (outliers).

Figure 7. Cycle 2: A Visual Showing Common Core Standards Task Alignment

As shown in Figure 7, the Cycle 2 task was created to provide context for learning how 

to analyze one variable data for consistency. Prior to the task, the students studied how to

calculate the measures of central tendency and range; how to make graphical
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representations such as a dot plot, a line plot, a stem-and-leaf plot, a box plot, and a 

histogram; and how to determine the spread of the data by using terms such as 

symmetrical or skewed. As shown in Figure 8, the task, intended to promote student 

engagement by appealing to student interest in clubs and/or sports, required students to 

help the managers o f the Supreme Soccer Club.

'  Mr. Fergusson, Mr. Merino, and Mr. Eriksson are the managers of the
Supreme Soccer Club. They are on the lookout for a new striker, and after a long 
search, they short-listed three potential players: Mike Arwen, Dave Backhand, and 
Ivan Right. All strikers asked for the same salary, so the managers agreed that they 
should base their decisions on the players’ performance in the Premier League for the 
last 20 years. Table 4 (depicted in Appendix ??) shows the number of goals that each 
striker has scored between 1993 and 2012.

The managers agreed that the player they hire should be a consistent 
performer. They decided that they should approach this decision mathematically, and 
would want a formula for calculating the consistency of performance for each player. 
This formula should apply to all players and help provide a fair comparison. The 
managers decided to get your help.

Please come up with a formula for consistency and show which player is the 
most consistent striker. Show all working and conclusions on the paper provided.

Figure 8. Cycle 2: The Supreme Soccer Club Task. Adapted from “Productive Failure in 

Learning the Concept of Variance,” by M. Kapur, 2012, Instructional Science, 40(4), pp. 

667-668.

The Cycle 2 task created puzzlement as the students attempted to think how to apply their 

previous knowledge in determining the consistency of one variable data. The task 

required students to examine a table, displayed in Appendix M, and determine which 

player was most consistent and find a formula for consistency. The context o f the task 

required the group to determine valid methods for finding the consistency of the players 

in the task. I did not need to intervene during the task, nor did I add any extensions to this
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task. The students did not receive any assistance from the teacher or from students 

assigned to other groups.

Cycle 3: Centers of Triangles

For Cycle 3 ,1 created an instructional guide as a framework for my instruction. 

Figure 9 shows the Common Core Standards considered when creating the productive 

failure task for Cycle 3 (GaDoe, 2012).

Standard for Mathematical Practice

Make sense ■
o fth e  I

problems I
and B

persevere B
in solving B^HBBHBJ

them. B
I  MCC9-
■  12.G.C.3

■ ■  Construct
Construct BB the inscribed

viable I ■  and
arguments I B circumscribe

and critique I B d circles of a
the  I f l  triangle

reasoning 1 B
of others. ■ B

Key Standard
Performance  Standards

MCC9-12.G.C0.12 Make formal 
geometric constructions with a variety of 

tools and m ethods (compass and 
straightedge, string, reflective devices, 

and paper folding).

MCC9-12.G.CO.10 Prove theorem s 
about triangles.

Figure 9. Cycle 3: A Visual Showing Common Core Standards Task Alignment
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As shown in Figure 9, the Cycle 3 task was created to provide context for learning two of 

the four centers of triangles. Prior to the task, the students studied the distance formula, 

the midpoint formula, writing and graphing linear equations, finding the slope of line 

using a graph or using the slope formula, and measuring segments. The students also 

possessed basic knowledge of circles, triangles, and measuring angles. As shown in 

Figure 10, the task, intended to help promote student engagement by appealing to student 

interest in college campuses and providing real-life application of mathematics, required 

students to act as store engineers who worked for the University of West

f  The University of West Georgia wishes to build a new campus in Georgia.
B  They have asked the top two developers in Atlanta, AIG Real Estate and Carter, to 

find a central location between the following three cities: Douglasville, Stockbridge, 
and Tyrone. Both AIG Global and Carter noticed that the three cities formed a 
triangle and used this information to find a center for the triangle, but found two 
different centers.

The AIG Global development company is going to pitch to UWG that the 
campus be placed in Union City, U (-3,-4) and called their central location, the 
incenter.

The Carter development company is going to pitch to UWG that the 
campus be placed further north east at East Point (I, 1.5), and called the central 
location, the circumcenter.

You are an engineer who works for UWG who usually designs buildings 
for the main campus. Today, the owners have asked you to try to figure out why 
AIG and Carter chose two different centers. Use your knowledge and skills to 
determine why each company chose its location. You must write out your reasoning 
for each company in explicit details for the Board of Trustees at UWG giving 
specifics such as measurements. Can you help UWG figure this out?

Figure 10. Cycle 3: The UWG Campus Task

The Cycle 3 task created puzzlement because the students needed to determine why each 

of the two centers o f the triangle was placed in its location on a map. The map, displayed

Georgia.
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in Appendix N, was purposefully embedded onto a piece o f graph paper to encourage 

students to use their prior knowledge to solve the problem. Since the circumcenter o f an 

obtuse triangle is located outside the triangle, this created additional puzzlement during 

the task. While the group worked on the task, I did not intervene. The students relied 

solely on their group members to help them solve this problem.

Concluding Thoughts Regarding the Three Cycles of PFM

For each cycle of the productive failure model, I used an instructional plan that 

provided a framework for instruction. The targeted concepts for each cycle included a 

number of Common Core State Standards mandated as part o f the ninth grade coordinate 

algebra curriculum. The tasks were created to elicit puzzlement since the concepts needed 

to solve each task lay just beyond the scope o f the group’s prior knowledge.

Wording of the three tasks required group members to consider themselves as a 

person within the problem situation. In Cycle 1, students assumed the role o f store 

manager; in Cycle 2 students served as advisors to the managers of a soccer club; and in 

Cycle 3, students acted as engineers who worked for a local college. The group worked 

through the tasks as if they were people in the task. For example, in Cycle 1, Sara said to 

another group member, “It says you want to stock at least 600, but you can’t exceed 1200 

dollars.” Sara’s use of the word “you” showed her internalization o f the problem of the 

task for she considered her group member as one o f the store managers.

Five Group Processes during a PFM Task 

Thought development is a social process (Vygotsky, 1934/1962). As the group 

interacted, they formed concepts as a group. Vygotsky (1934/1962) explained this
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process as concept formation in which the group collaborates to create ideas for solving a 

complex problem. This section provides an explanation of the group’s use o f five group 

processes during the task for learning mathematical concepts. When the group worked on 

a task, the data showed five different types of interaction that I coded as group processes: 

making a plan, working the plan, understanding concepts, reporting results, and 

evaluating the plan. During these phases, the students worked through each component of 

the productive failure model, which serve as part of the headings for the five group 

processes. The context of the problem allowed for the students to activate their prior 

knowledge, find multiple representations to the problem, cultivate critical analysis, and 

make connections between failed attempts and successful endeavors.

Group Process 1: Making a Plan

I coded the data as “making a plan” each time I observed a student voice a new 

idea for solving the task. Each task began with a student in the group pitching an initial 

plan for solving. During the task, students constructed new ideas for solving the task. The 

group abandoned one idea when another idea seemed more feasible or when their initial 

idea did not work successfully.

Making a plan: Activating prior knowledge. The students’ prior knowledge of 

previously learned mathematical concepts served as the basis for the group’s new ideas. 

Table 5 depicts the new ideas for Cycle 1 that stemmed from concepts that the students 

had at least some experience with before the task. The context of the problem allowed for 

students to draw upon their prior knowledge to think of ways to meet the demands of the 

task.
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Table 5

Cycle 1: The New Ideas during Making a Plan

Ideas Prior Experience w ith Mathematical Concept(s)
Sara: "If you set it up like a com pound 
inequality...somehow...okay it'd be 600 
divided by 50."

Compound inequalities in one variable

Isaac: "Use combinations." Guess-and-check m ethod
Sara: "W hat if we were supposed to  
actually pair them  like x and y .Jike  13 
14 ...like a point?"

Graphing linear equations

Trey: "Let's try taking ou t the  inequality 
sign and put in an equal sign."

Writing linear equations and inequalities

Sara: "1 think we need to  change it into 
slope intercept form."

Writing linear equations in slope-in tercept form

Activating prior knowledge: New ideas using questions and statements. The 

students sometimes pitched their new ideas to the group in the form of a question. An 

example of this occurred during Cycle 2 when Sara asked, “Oh, what if  we did them [the 

dot plots] like separately?” Her new idea was to analyze each soccer player separately to 

determine which player was more consistent. Sara’s new idea, formed as a question, 

resulted in forward momentum in the group’s problem-solving process of the task.

This new idea of making separate graphs for each player initiated the conversation of 

whether it was best to continue graphing the players together on one large graph or to 

graph them separately. Isaac’s reply “It would probably still be symmetrical” revealed his 

opinion that he did not see the point o f separating them. As he stated his reasoning, Isaac 

pointed to the line plot containing the goals for all o f  the strikers combined he had 

previously drawn. He then said, “I mean, I can do it if you need me to . . .  if  you want me 

to . . .  alright I will do it.” Finally, Sara made a statement that served as a compromise: “I 

think so . . .  and then. . .  I don’t think you should do them together. . .  and then you can’t
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find the consistency. . .  I guess we can try both o f those ways.” Although the students 

possessed some prior knowledge about data distribution, the task impelled them to create 

a new way to think about the players’ symmetrical distribution in terms of consistency.

Typically, students’ ideas presented to the group took the form of statements. For 

example, during Cycle 1, as shown in Table 5, Trey thought o f the idea to change from 

using an inequality to determine how many combinations to using a linear equation:

“let’s try taking out the inequality sign and put in an equal sign.” The context of the 

problem allowed for students to build upon their prior knowledge using both linear 

inequalities and linear equations. The voicing of Trey’s new idea caused Katie to think 

about systems of equations.

The data revealed that the voicing o f a new idea or plan prompted the other 

students in the group to contribute an idea extension or, if  no idea yet existed, the idea 

extensions served as fuel for the idea. For example, Katie responded to Trey’s idea by 

saying, “Yeah, we could use substitution or elimination.” Once Katie recalled the 

processes for solving a system of equations using elimination or substitution, the group 

began a new course of action for solving the task. This led them to have an in-depth 

discussion about how to write and solve the system, as well as how the solution would 

work in the task.

I was unable to determine why some of the student’s new ideas generated as 

questions while others formed as statements. Possibly the phrasing of a new idea 

indicated the need to solicit approval or student insecurity regarding the correctness of 

the idea. Perhaps the student did not want his or her peers to perceive a new idea as a
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criticism of the previous ideas generated by the other members. For example, when Sara 

asked if maybe they should separate the graphs by players, she possibly worded her 

suggestion as a question in order to avoid offending Isaac, who had already taken the 

time to make a line plot for the players combined. Although the data did not fully show 

the reason why a student chose to form a new idea in the form of question, as opposed to 

a statement, it is important to understand that new ideas of both type prompted students to 

activate their prior knowledge.

Activating prior knowledge: Heard vs. unheard. Some of the new ideas voiced 

during the making a plan phase of problem solving went unheard by the group. I coded 

the reception of a student-voiced idea or plan by the group as “heard” or “not heard.” The 

coding of “heard” indicated at least one other member of the group acknowledged the 

idea or plan. The coding of “not heard” indicated the group did consider or act on the 

plan, or that the group member with the idea or plan proceeded to work on the new plan 

independently from the rest of the group.

During Cycles 1 and 2, Isaac made plans not heard by the group. He appeared to 

think about the first task differently than the rest o f the group members. While the 

students worked on the task, Isaac showed his paper to others in the group numerous 

times and attempted to explain his idea, but he failed to convince the group to accept his 

idea. Sara asked Isaac and Trey, “You guys got an idea?” Isaac replied, “I have one. I 

don’t know if it’s right.” The lines o f transcription that followed this statement showed 

the other students never acknowledged Isaac’s statement. The group continued their
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thinking process regarding what type o f solutions they could have. It was clear that 

Isaac’s method initially went unheard by the rest o f the group.

I labeled Isaac’s method “guess and check.” Figure 11 displays Isaac’s work from 

his student log.
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Figure 11. Cycle 1: Isaac’s Work from His Student Log

At the top, Isaac’s work is identical to the work of the other group members 

which indicates that, even though he worked on his own plan independently, he also 

listened the to the group. Although his work showed the expression 3 Ox + 20x in one 

variable, Isaac worked through his method that he called “combinations” using two 

variables. His system of “guess and check” showed more than twelve combinations, an
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idea that conflicted the group’s thinking. It is possible that the group did not accept 

Isaac’s idea because they could not activate their prior knowledge o f Isaac’s method or 

they were unfamiliar with the method.

Although Isaac worked independently on his plan, he did attempt to voice his 

concerns about the answer being twelve when the students evaluated their plan. During 

the task, the students did show some interest in his work, but never worked on his plan as 

a group. His plan created confusion for the group because it essentially served as a 

counterexample to their solution. In the end, when the group presented their findings and 

they realized that there were more than twelve solutions, they took credit for his work as 

if it were the group’s work. During the poster session, Sara responding to questioning 

regarding the accuracy of the group’s chosen method by saying, “Well, no, it didn’t work 

because it says that it is less than 12, and there is more than 12” as she pointed to Isaac’s 

work on the poster.

During Cycle 3, Sara’s idea to use a compass and draw a circle around the triangle 

went unheard by the group. Sara began sketching a circle on her paper and asked, “How 

about a radius or diameter?” Trey responded, “It’s a triangle, not a circle.” Sara seemed 

to feel embarrassed for thinking about working with a circle for she replied, “I don’t 

know, I am ju s t . . . . ” Sara abandoned her idea by scribbling through the circle she had 

drawn and began working with the group on using the distance formula.

Sara’s new plan was actually an exceptional idea because a circumcenter is the 

center of a circle that is circumscribed around the triangle in which the distance from the 

circumcenter to the vertices of the triangle are the radii of the circle. Her idea would have
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helped the group to see why the distance from the circumcenter to the vertices of the 

triangle were equal. Unfortunately, her idea went unheard by the group. The idea to draw 

a circle around the triangle did not make sense to the group because they did not have 

previous experience with inscribed triangles. Since their prior knowledge could not 

support this idea, no activation occurred, resulting in the abandonment o f Sara’s idea.

Making a plan: Concluding thoughts. The group process of “making a plan” acted 

to set the students into action. A student in the group formed an idea either in the form of 

a question or statement. The ideas stemmed from the group’s prior knowledge of 

mathematical concepts. The group did not accept every presented idea. Reception of an 

idea from a group member motivated the students to begin working on the plan as a 

group.

Group Process 2: Working the Plan

After students made a new plan, they began carrying it out. During the working 

the plan stage, I noted instances of students worked independently, in pairs, in triads, and 

as a whole group. The students used tools such calculators and rulers. When the students 

worked the plan, they constantly wrote down their work. I also noted that during their 

discourse, the students freely shared information with one another.

Multiple representations: Results from working the plan. The students formed 

multiple representations for the task as they worked their plans. During Cycle 1, their 

representations were all algebraic in nature. While attempting to solve the first task in 

Cycle 1, the group worked the plan by forming a compound inequality, a system of 

equations, and a systematic guess-and-check method. During Cycle 2, the group worked
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the plan by constructing dot plots, histograms, box plots, measures o f central tendency, 

and analyzing data distribution. During Cycle 3, the group worked the plan by measuring 

with a ruler and applying the distance formula, the midpoint formula, and the slope 

formula.

Some of the representations came from one student working independently.

During Cycle 1, for example, Isaac worked a plan by using a guess-and-check method. 

Although his plan was not acceptable enough for the group to share in the working o f his 

plan, his representation helped to create an opposing idea of the solution for the task in 

Cycle 1. The resulting confusion helped the group to rethink their work and their solution 

of 12.

Setting the stage for critical analysis: Sharing information with the group. The 

data showed that when students worked together on a plan, they freely shared their 

thinking. I initially coded this sharing as “sharing information,” but upon reflection, it 

seemed to be more about their thinking. The method in which the students shared their 

thinking was very important while they worked their plan. Their talking about their 

thinking became a commodity for the group. The thinking was shared in such a way that 

it was tangible for all group members and forwarded everyone’s thinking in the same 

direction. I wrote in my field notes that “it was like they are sharing one brain—a 

communal thinking.” An example of the students working the plan as one brain occurred 

during Cycle 2. After agreeing to construct graphs for the task, the students decided to 

divide the workload by assigning each group member a task character’s statistics to 

create a corresponding graph. Initially they decided to work separately on their assigned
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person, but they ended up working collaboratively throughout the working of the plan. 

The following vignette exemplifies the group’s communal working o f a plan:

Sara used her camera and panned over her paper to show each o f the three strikers 

and the information she had written down for each. She said, “It is so small.”

Katie asked, “Then it would be a percentage . . .  we should. . .  did anyone do a 

histogram for Right?”

Isaac looked up and said, “One o f you three has it.”

Katie asked Isaac, “Did you do a histogram for Right?”

Trey pointed to Sara and said, “She started it, but she didn’t finish it.”

Sara responded, “Yeah, because I am Ivan Right. I need to finish my histogram 

. . .  it’s so neat and mine is going to be so messy . . .  94 . . .  oh, what am I doing? It was 

18 so.”

Isaac asked, “Have we made a box-and-whisker plot yet?”

Katie responded, “No.”

Isaac said, “I will try to do one but I don’t know how to . . .  well, I guess I could 

do i t . . . ”

It is important to note in the vignette that Isaac asked have “we” made a box plot. 

The group used the word “we” many times while they were working together. This 

showed how the group thought o f their work as a joint commodity. If  one person had an 

idea or understood a concept, then another person in the group could freely name the 

work or understanding as their own. Furthermore, use o f the word “we” showed how 

even though the group members decided to work separately, their need to share
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information facilitated a more communal work environment. The last statement in this 

vignette made by Isaac (used in an earlier vignette to show how Isaac took risks) 

displayed how he worked within the group.

The working the plan phase of solving set the stage for students to engage in 

deeper analysis of the problem. It was during this work period that students discovered 

that they needed help with their work. Since the mindset o f the group was to learn 

communally, a student did not hesitate to admit that they needed assistance. For example, 

later in the same conversation as the vignette above, Katie said, “I will do a box-and- 

whisker plot for Dave.” Then, a few lines o f text later, she stated to the group, “I need 

help with the box-and-whisker plot.”

Group Process 3: Understanding Concepts

When a group member voiced confusion about a math concept or when a member 

of the group discovered that a group member was confused during the task, I coded those 

instances as “understanding concepts.” When a group member was unsure about a 

mathematical concept, he or she would ask the group for help. The group was very 

willing to help others in the group when they voiced confusion. In addition, there were 

instances where a student in the group realized that another student was not progressing 

with the group because he or she was confused. By helping others in the group, the group 

maintained their communal learning status.

Cultivating critical analysis: Discussion of concepts. When the group worked 

together to help a member understand a concept, the discussions led to a critical analysis 

of mathematical concepts. During the understanding concepts phase, the students defined
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variables, discussed solution types, explained their methods for solving, and reasoned 

through their steps for solving. The vignette below shows how Sara and Katie cultivated 

critical analysis by discussing the set-up o f their equations during Cycle 1. Earlier, Trey 

made a new plan to take out the inequality symbol and use an equal sign. This prompted 

Katie to think about using the elimination or the substitution method to solve the task.

The students not only changed their inequality symbol to an equal sign, they also changed 

from using one variable to two variables, one for each type of game. When Sara realized 

that that the group was now using an “x” and a “y” in the equation, she needed help 

understanding.

Sara asked, “No, but there is two x’s . . .  so how would you do that?”

Katie replied, “Nooo, so wouldn’t it be 30x plus 20y and 20x plus 30y equals like 

they equal different?”

Sara asked, “So what did you say?”

Katie said, “Like 600 equals 3 Ox plus 20y and then the second equation would be 

1200 equals 20x plus 30y.”

The vignette shows that even though Katie was a little unsure, she tried to explain 

to Sara how she set up her system of equations in order to solve the task. The students’ 

efforts to help others understand their concepts helped to keep the group on the same path 

of problem solving. This process also cultivated critical analysis because the students 

discussed the mathematical concepts at a deeper level.

In addition, while this process assisted the student who expressed confusion 

regarding a concept, it also provided an opportunity for the student who explained the
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concept to engage in critical analysis o f his or her reasoning for using a method or 

variable. In the case of the vignette above, Katie was able to say that they “equal 

different,” but did not explain her reasoning further. Although the process of 

understanding concepts presented the opportunity for critical analysis, the students were 

not always able to analyze to the level needed for either student to realize why, for 

example, the equation needed to be in two variables, which it ultimately did.

Group Process 4: Reporting Results

When the students worked the plan, they took time to report their results to one 

another. In the reporting results phase, I wrote in my field notes that the students were 

“telling what was done.” During this phase, the students compared their work, explained 

their work, and explained their answers. The vignette below shows how students used 

reporting results to share and clarify their work:

Sara asked, “What’s the mean, median, mode, and range for Dave?”

Katie replied, “Dave? Ummm . . . ”

Trey said, “The median is 14 and the mode is 14 and the range is 10.”

Katie responded, “Okay”

Sara asked, “10?”

Trey replied, “Yes”

Katie said, “The range is all 10 on them.”

Multiple representations: Sharing results. During Cycle 2, the students continually 

tried new plans for solving the task and reported their results to one another. The students 

reported results in order to preserve their communal knowledge during the task. Once
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someone reported a result, the group freely recorded the results in their individual 

learning logs and claimed the results as their own. This provided each group member 

with multiple representations to consider for solving the task.

Group Process 5: Evaluating the Plan

I coded instances when the group presented a potential answer to the task and 

referred to the task to determine whether the solution met the demands of the problem. 

During this phase, the group critically analyzed their solutions by checking their answers 

against the task. Once the group checked their answer against the task, the group had to 

decide whether the answer worked, did not work, or needed further testing. During this 

phase of the task, the group members would admit feelings o f confusion and being stuck.

Making connections: Solutions in context. One way the group critically analyzed 

their solutions within the context o f the task was by determining what their answer meant 

in terms of the problem situation. For example, in Cycle 1, Katie asked, “So would that 

be the maximum?” Katie was trying to determine how their initial answer “x is less than 

or equal to 12” fit into the context o f the problem. The task asked for the number of 

possible combinations. Since the group’s answer was a range of numbers, Katie 

determined that 12 would be the answer because it was the highest number in the range.

There were instances when the group evaluated the plan and decided that they 

were perplexed. For example, in Cycle 2, the group evaluated their plan to find 

consistency using their histograms. Figure 12 shows Katie’s sketch o f a histogram for 

Mike Arwin.



Figure 12. Cycle 2: Katie’s Work from Her Student Learning Log

As they evaluated their plan for consistency, the group decided that they were 

uncertain how to proceed, a condition I coded as “stuck.” The group did not know how to 

create a formula for consistency, which led to feelings of frustration and confusion 

revealed in the following vignette:

Katie asked, “Any ideas?”

Trey replied, “My brain is dead . . .  get the camera off me.”

Sara said, “I am so frustrated; I don’t know what to do.”

Katie asked, “So are we done?”

Sara responded, “I think we are done. I think we found the most consistent striker, 

but I don’t think we can come up with a formula.”

Trey asked, “So we can’t come up with a formula?”
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Sara pointed to the histograms and said, “So I think we should go with this.”

When the students became confounded, or “stuck,” they made connections 

between their successful endeavors and their failed attempts. Although the group was 

unable to create a formula for consistency, they successfully endeavored to analyze each 

striker’s consistency using the histograms. The students made the connection that the 

histogram alone would not be enough to assist them in devising a formula.

Making connections: Decision making. When the group evaluated a plan, the 

group engaged in decision-making that helped them to make decisions about their 

solutions. When the group was unsure if  their solution was correct, the group devised 

ways to test their solution. For example, in Cycle 1 they decided to check their solution of 

12 by trying a number greater than 12 in the problem. Katie said, “So if  we keep going 

and we try the thirteenth one, and it goes over, then we will know we were right.”

Evaluating the plan: Concluding thoughts. The group cultivated a deeper analysis 

of their solutions when they evaluated their plan against the context o f the task. During 

this phase, the students made connections between failed attempts and successful 

endeavors. Their decision-making helped them determine whether the plan needed 

further analysis before determining whether the answer was correct.

Group Processes: Concluding Thoughts

The productive failure model presented in Chapter 1 contained the following 

components: context, activation o f prior knowledge, multiple representations, cultivation 

of critical analysis, and connections between failed attempts and successful endeavors.

The group processes (making a plan, working the plan, reporting results, and evaluating
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the plan) showed how the group utilized these components o f the model when trying to 

solve tasks. When the group made a plan, they activated their prior knowledge. When the 

group worked a plan and reported results, they created multiple representations for 

solving the task. The group cultivated critical analysis o f their work when they sought to 

understand a concept and when they evaluated their work. Furthermore, when the 

students evaluated their work, they made connections between failed attempts and 

successful endeavors.

Whether the students in the group worked on the task individually, in pairs, in 

triads, or as a whole group, they freely shared their ideas, understandings, written work, 

and explanations for solving with one another. Through their discourse, the students 

fostered a communal learning environment where their individual knowledge was a 

valuable commodity for the entire group.

The Roles for Communicating Verbal Thought 

Vygotsky (1934/1962) defined verbal thought as the intersection of thought and 

speech and explained verbal thought as a Venn diagram of thought and speech where 

verbal thought is the overlapping section of the Venn diagram. Unspoken thoughts are 

not part o f verbal thought, nor are thoughtless speeches. An example of thoughtless 

speech is a person reciting a poem without any thought o f its meaning. Vygotsky referred 

to thought that is not spoken as inner speech. When a person is thinking to oneself, he or 

she is communicating through verbal thought.

Shreyar, Zolkower, and Perez. (2010) stated that every time we employ language, 

we perform a social role. I observed social roles in the group processes, and during each



163

cycle, I coded the data for the roles that the group members played. I identified eight 

major roles: explainer, quiet thinker, recorder, responder, questioner, listener, 

hypothesizer, and instructor. Using my theoretical framework, I analyzed each coded role 

to determine which role best communicated verbal thought. After coding the roles, I 

further analyzed each of the eight roles to determine whether the role used verbal 

thought. Since the focus of my study was to determine how students constructed 

knowledge during a productive failure modeled task, it was important to identify the roles 

that showed verbal thought.

The roles that did not show verbal thought were quiet thinker, recorder, listener, 

and instructor. When the group members played the roles o f quiet thinker, recorder, and 

listener, they used inner speech, thought without speech. When the group members 

played the role o f instructor they gave directions (such as asking for someone to hand 

them a calculator) that did not require much thought about the task, which I determined 

as speech without thought. Although these roles did not show verbal thought, I believed 

they were necessary for student to express verbal thought in a subsequent role.

The roles that best illustrated verbal thought were responder, explainer, 

questioner, and hypothesizer. To determine how the group used student talk in making 

learning gains during the problem-solving task, I focused on these roles that utilized 

student talk to show verbal thought. Table 6 shows the breakdown of the number o f lines 

coded for each role that best illustrated verbal thought during Cycles 1 and 2.
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Table 6

Roles Coded for Instances o f  Verbal Thought: Cycles I and 2

_ Role Sara . Isaac Katie *  vTrey Groups 
Total7 v

Responder 5% 2% 6% 2% 15%

Explainer 20% 6% 11% 7% 44%

Questioner 11% 4% 12% 4% 31%

Hypothesizer 4% <1% 1% <1% 6%

Role 1: The Responder

The students in the group played the role o f  responder when they gave another 

student a quick response. Most o f the responses took the form of either a number or an 

affirmative word. For example, the students responded with the word “yeah” 28 times 

during the first two cycles. As show in Table 6, all students played the role of responder. 

Katie played this role more often than the other group members did; she said affirming 

words like “yes” or “yeah” quite often during their talking. Many times a student 

responded to another group member with just a number; for example, during Cycle 1, the 

group responded with the number “12” three times during the task. Although the role of 

responder did not provide a great amount of verbal thought to analyze, it provided insight 

when compared to the role o f the explainer.

Role 2: The Explainer

When comparing the role of the responder to the role o f the explainer, Table 6 

shows that the students were more than twice as likely to explain their thinking rather
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than just respond with a one word or number answer. All o f the students in the group 

continually participated in the task by playing the role of the explainer. Coding for 

students in the group as playing the explainer role occurred when they were heard 

explaining some component of the task aloud. The students took on this role when they 

explained their methods for solving, their set-up o f the problem, their steps for solving, 

their solutions, and their summaries o f work. They also took on the explainer role to 

explain their interpretation of what the task was asking for and to explain when they were 

confused.

The explainer role afforded the group access to knowledge through the 

explanations that they heard while someone was playing that role. For example, when 

Isaac and Trey worked on the task from Cycle 3, they discovered that they were both 

using the formula differently. Both of the boys explained their process for finding the 

distance to each other. They derived the same answer and learned that the order o f the 

coordinates did not matter when subtracted within the formula.

The explainer role also helped the students to discover errors in their work. For 

instance, in Cycle 3, Trey first began explaining how he found the distance formula to the 

group and realized something was wrong with his initial thinking. He realized that he 

forgot to take the square root to find distance.

When the explainer indicated confusion, the other students immediately asked 

questions that required a one-word or a one-number answer, re-explained their methods 

and solutions, or checked with another group member who was working on a plan 

independently. The vignette below shows how Sara explained her confusion to Trey
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during the first task. He re-explained his methods to Sara. This provided the catalyst for a 

deeper conversation among the group members about their answer o f 12.

Sara said, “Maybe you could . . .  no you can’t . . .  I don’t know.. . ”

Trey replied, “I tried elimination, it will not work . . .  it cancels out to zero.”

Isaac said, “I mean that’s productive failure in use.”

The camera pans out on Isaac. He is looking at his paper, and he is writing, then 

erasing, then writing again.

Katie asked Isaac, “How many combinations do you have now?”

Isaac responded, “I got 12.”

Katie asked, “Did it go over 1200?”

Isaac said, “We are trying to figure out how many combinations.”

Sara said, “Okay there could be 12 combinations, or there could be more than 12 

combinations. What number can we go up to?”

Katie said, “That’s what I was saying ‘cause there should be 12.”

As shown in the vignette, when a student explained his or her confusion, the 

students talked more about their solutions and their methods for solving. This first task 

was confusing for them because the students had never thought about systems of 

equations with no solutions or systems o f linear inequalities, and this task dealt with both 

of these concepts. When their prior knowledge on systems o f equations did not align with 

what they found, as shown when Trey said he had tried methods for solving a system and 

the variables both canceled out, the students explained their confusion. The deeper 

discussion led them to analyze Isaac’s work. Later in their conversation, Isaac explained
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that although he only had twelve combinations, he was not finished finding them, and he 

thought there were a lot more. Sara ultimately decided that her answer might not be 

correct after all.

Throughout the task, everyone in the group took on the explainer role. The group 

benefited from the explanations because it helped them to further their own thinking and 

to correct errors in their thinking. If students did not understand an explanation, they 

asked questions.

Role 3: The Questioner

As shown in Table 6, nearly one-third of the lines spoken during the task were 

questions. Coding of data for the questioner role occurred when the data showed a 

student asking a question to solicit knowledge from the group. Although there were 

instances when a student played the role of questioner and no group member responded, 

most questions received a reply within a few lines of text.

Of the 172 questions asked by students when they were playing questioner during 

Cycles 1 and 2,115 of the questions were phrased that could be answered by a student 

with a response of a word or a number. Since there were only 87 instances in which 

students responded with a short response, the data showed that, even when the students 

asked simple questions, they received answers from an explainer as opposed to a 

responder. For example, Katie asked, “So would you get 600 equals 30x plus 20?”—a 

question that could be answered with a response o f yes or no. However, Sara responded, 

“I think that’s what you would do and then you would get 30x plus 20x is equals 1200 . .
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. wouldn’t that be good? I think that is what you would g e t . . .  six hundred less than or 

equal to 30x plus 20.”

The students also asked questions that solicited knowledge from the group that 

required an explainer to answer, rather than a responder. When the questioner asked a 

“how” question, he or she was usually asking for an explanation regarding a 

mathematical process. For example, Isaac played the role o f questioner when he asked, 

“How do you find the median?”

When the questioner asked a “why” question, he or she was usually asking an 

explainer to defend an answer or mathematical process. For example, Trey asked Sara 

during Cycle 1, “So why don’t you just multiply by 1 and -1?” because Sara, using the 

method of elimination, was using different numbers when solving. Most likely Trey was 

soliciting knowledge from Sara in order to understand her thinking process because he 

was thinking that 1 and -1 would be easier to use.

The questioner role was important because it facilitated student responses and 

student explanations. The responses and explanations became a commodity for the group. 

Explanations of confusion did not keep the group from working on the task. Instead, the 

students capitalized on the explanations o f confusion by involving members o f the group 

who were working independently, re-explaining their methods and solutions, or asking 

questions about their solutions.

Role 4: The Hypothesizer

The hypothesizer role encompassed only 6% of the instances for verbal thought 

during Cycles 1 and 2, yet this role was important for communicating verbal thought.
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Coding of data as applicable to the hypothesizer role occurred when a student generated 

new thinking by making a hypothesis. When students played this role, it helped the group 

move forward in the task. For example, when Katie thought she could use elimination or 

substitution to solve a set of compound equations to solve the task in Cycle 1, she soon 

found out that both the x and y variables canceled out. This led her to make the following 

hypothesis: “I don’t think you can solve this with elimination or substitution.”

The hypothesizers showed evidence of how they synthesized previous knowledge 

to form new concepts. Prior to the task, the students had not worked with systems that 

had no solution. For instance, Katie had written her system of linear equations correctly, 

but, because they were a system of parallel lines, the system had no solution. The 

solutions to the task were not the intersection of the two equations; instead, they were the 

intersection of the linear inequalities written similarly as Kate’s equations. When Katie 

made her hypothesis, she was able to broaden her understanding of solutions for systems 

of equations to include systems with no solution.

Concluding Thoughts Regarding the Roles

The four roles that showed how the group communicated verbal thought were the 

responder, the explainer, the questioner, and the hypothesizer. The data revealed that the 

group was either posing a question or explaining some aspect of solving the task nearly 

75% of the time. The data also revealed that the group members spoke aloud using the 

explainer role more than the responder role, which showed that the group used more than 

a few words to respond to the group when talking aloud. A group member played the 

hypothesizer role when he or she showed new thinking about the task. The new thinking
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forwarded the thinking of the group members during the task by stimulating synthesis of 

previous knowledge and new concepts.

The Approaches for Problem-Posing 

Freire (2012) described a problem-posing education to be one that allows students 

the freedom to choose their own methods for solving mathematics, affords students to 

solve challenging problems that initiates reflection, and appreciates student voice even 

when the student’s ideas are wrong. In this study, the data showed that the students were 

learning through a problem-posing model o f education when they worked in a group on a 

productive failure task.

I analyzed the data for the problem-solving approaches that the students used 

during the tasks. I coded ten problem-solving approaches during a productive failure 

modeled task: generate ideas, write ideas, choose tools, read for understanding, define 

variables, guess-and-check, create a graph, admit being stuck, use algebraic approach, 

and use statistical analysis. Categorization o f these 10 components depended on how they 

fit within the problem-posing model for education by using the following headings: the 

freedom of the learners, reflective thinking, and student voice.

Freedom of the Learner

The two approaches of generate ideas and choose tools showed the freedom of the 

learner during the task. Generating new ideas for solving the task allowed the group 

members the freedom to choose any method that they thought would help them find an 

answer to the task. In addition, students were free to choose from a plethora of tools.
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Approach 1: Generate ideas. I coded a problem-solving approach as “generate 

ideas” when a student in the group actively tried to generate a new idea for solving the 

problem, either by asking the group for ideas or by posing a new idea. The students used 

this approach 88 times during the first two cycles. During Cycles 1 and 2, Sara 

contributed half of those instances. All group members used this approach to some 

degree. Table 7 presents examples o f this approach.

Table 7

Examples o f the Problem-Solving Approach: Generate Ideas

Cycle Student Statement/Question

1 Sara Oh my God, what are you guys doing?

l Isaac The tw o variables don’t  have to  be the same and there  a lot of combinations.

2 Katie And then we'd ...should we find the  mean, median, mode of all of these?

2 Trey Maybe we could compare the  tw o (meaning the  histograms)

This approach showed how the students claimed their freedom as learners to generate 

new ideas. Although the students had the freedom to work independently within group, 

the students normally worked together to collectively generate ideas for the group. As 

show in Table 7, the students frequently used the word “we” when using this approach, 

indicating they considered the ideas of one person as the group’s idea. Even Isaac, who 

worked independently on his method that he called “combinations,” attempted to explain 

his idea to the group to generate new ideas for the group. As shown in Table 7, Isaac 

explained that the two variables could be different, which would generate more than 12 

combinations.
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Approach 2: Choose tools. The students in the group were able to choose from a 

variety of tools for solving the task. The main tool used by all of the students during the 

task was their calculator. During all three cycles, all the students held a calculator in their 

hand. Another main tool used during Cycles 2 and 3 was the ruler, which the students 

used as both a straightedge and a measuring device. It appeared students chose tools 

familiar to them.

Students had access to graphing paper, tracing paper, and compasses. Use of the 

graphing paper to graph the linear equations in two variables that they created during 

Cycle 1 might have helped the student see that the lines were parallel. At times, the 

students’ choices, such as what tools they chose not to use, prohibited them from moving 

forward in the task when given the opportunity to construct their own knowledge during a 

problem-solving model. For some reason, the students did not see the potential that a 

visual representation drawn on graph paper offered them in finding the solution for the 

task in Cycle 1.

Another available tool that the students chose not to use was the compass. The 

compass could have helped them see how the incenter o f a triangle is the center o f an 

inscribed circle, and the circumcenter of triangle is the center of a circumscribed circle. 

Since the students did not choose to use the compass, they missed an opportunity to 

forward their thinking to determine the placement o f these two centers o f triangles.

The students continually used their pencils, paper, calculators, rulers, and the task 

sheet as tools during all three cycles. Although allowing the group the freedom to choose
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their own tools may have kept them from discovering ways to solve the problem, the 

students continued to find approaches to facilitate reflective thinking.

Freedom of the learner: Concluding thoughts. Students in the group could work 

together or alone during the productive failure model task. The group chose to work 

together more often than working independently. When a student in the group chose to 

work independently, the student still shared work with the group. The group utilized their 

freedom by generating their own ideas and choosing the tools that they deemed 

appropriate. The approaches that highlighted the freedom o f the learner represent 103 

lines of coded text for Cycles 1 and 2 combined, which is approximately 17% of the 

coded lines of transcribed group work text.

Reflective Thinking

The students also chose four problem-solving approaches that initiated reflective 

thinking. The group wrote their ideas down to reflect upon as needed. The group also 

read the task and the work of others as a way of reflecting on the task. Another way the 

students reflected during the task was by defining the variables of the task. Lastly, the 

students sometimes reflected by admitting that they were stuck during the task.

Approach 3: Write ideas. I coded the approach “write ideas” when I noted the 

students on the videotape writing down their ideas during the task. The students 

continually wrote down their ideas during the task. These instances of noting “write 

ideas” were the extent of my analysis on this approach. I found the students revisited the 

ideas for further reflection. During Cycle 2, Sara said, “Oh well, just write range, too and 

see if  we need it, alright.” The approach to write down the range was used so that the
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group could revisit the player’s range if  it the group later decided it was important for 

solving the task.

Also during Cycle 2 ,1 noted when Isaac wrote the word “symmetrical” on his 

paper under his dot plot that included all o f the players. Later, during the task, Isaac 

showed his paper to the other members o f the group. His writing of the word 

“symmetrical” under the dot plot started a discussion about data distribution for dot plots.

Approach 4: Read for understanding. I coded the group the approach “read” (short 

for “read for understanding”) when the students read back over the task, read their own 

work, or read each other’s work. When a student in the group re-read the task, he or she 

reflected upon what the task was asking. For example, during Cycle 1, Sara said,

“Because it says how many combinations can be made that will satisfy the minimum and 

maximum requirements.” By reading the exact word of the task, Sara reflected on the 

task to reach a greater understanding o f what the task required. Another example came 

from my field notes: “After she [Sara] has a possible solution, she goes back and thinks 

and reads the problem situation again.”

The students reflected when reading their work to the others as well. During 

Cycle 3, Trey reflected on his own work by reading how he used the distance formula 

aloud to the group. As he read his work, he discovered his mistake.

The students also found it helpful to read each other’s work. Isaac used this 

method quite often to show his work to others. He often slid his work over from his desk 

to another student’s desk and asked the student to read it. When the students read his
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work from Cycle 1, for example, it facilitated reflection on whether or not there were 12 

solutions to the problem.

Approach 5: Admit being stuck. Another approach that three of the students used 

to reflect during the task was admitting that they were stuck. I coded the approach 

“stuck” when the group admitted that they were not sure of how to continue with the task. 

This proved to be a method for solving, because when a person is solving it is just as 

important to know what does not work, as it is to know what does work, especially in a 

productive failure modeled task.

I coded 32 instances, which is 5% of the lines o f data for Cycles 1 and 2, o f the 

students voicing that they were stuck during the task. Isaac never used this method during 

any of the cycles. During the first two cycles, he worked independently using his own 

methods and never reported being stuck. The following statements are examples of how 

the other students in the group voiced that they were stuck:

Sara said, “I think this is right ‘cause I don’t know what else to do.”

Sara said, “That’s a good question. I don’t know the answer to that.”

Sara said, “I don’t get this. I am so confused.”

Katie said, “I don’t know how to make a formula.”

Katie said, “We didn’t come up with a formula because we couldn’t figure it out.” 

Trey said, “I don’t know, it can’t be two.”

Trey: “I am done forever.”

For the students in the group to understand that they were stuck required some 

level of personal reflection. The students had to reflect on their work and determine when
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the solution was not working. In the examples shown above, Katie said that they could 

not find a formula for consistency. When the group reflected on their prior knowledge for 

finding a formula for consistency, they made only small gains towards this process. Their 

lack of prior knowledge of analyzing statistical data hindered them in finding a plausible 

formula for consistency.

Approach 6: Define variables. The fourth approach that the group used to initiate 

reflective thinking was coded “define variables.” When students in the group defined 

variables, they made considerations between the task and their solutions. I coded this 

reflective process when they defined the parameters of the task as it related to their 

proposed solutions.

I coded 56 instances, which is approximately 10% o f the coded lines of data for 

Cycles 1 and 2, of the students defining variables during the task. The following 

statements are examples of how the students considered the parameters of the task when 

solving the tasks:

Sara said, “So could it be like 11.2 combinations?”

Sara said, “Well, it doesn’t go up and down as much. Like this one goes from 50 

to 10 and Arwin went from 14 to 13.”

Isaac said, “For mine, consistent cause it goes up and down.”

Isaac said, “What does symmetrical mean?”

Katie said, “How do you get a fraction one?”

Katie said, “So wouldn’t it be all real?”
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Trey said, “That’s what we are trying to find, if it goes up or down, so it’s not 

consistent at all.”

Trey said, “It’s like the biggest number and the lowest number.”

These statements reveal how the group reflected on synthesizing their solutions 

with the task when using the define variables approach. When Isaac asked for the 

meaning of symmetrical, he had already correctly found that each o f the player’s data 

were symmetrical. Furthermore, when Isaac revisited the task to determine how this 

information would help him find a formula for consistency, he discovered that he did not 

fully understand what symmetry meant. He then used the approach of define variables to 

determine what it meant to have symmetrical data.

Reflective thinking: Concluding thoughts. Students in the group utilized reflective 

thinking when they wrote their findings on paper, read the task, read their work, read 

another student’s work, admitted they were stuck, and defined the variables in the task. 

Combined, these approaches represent 195 lines o f coded text for Cycles 1 and 2, which 

is 34% of the coded lines o f transcribed group work text. The approaches that led to 

critical reflection facilitated a more in-depth thinking of the concepts that developed 

while solving the task.

Student Voice

The students used their voice during each cycle o f the productive failure modeled 

task to discuss the mathematical concepts needed in order find solutions to the task. The 

methods that they used were algebraic, guess-and-check, graphing, and statistical. The 

data showed correct use of some o f their methods and incorrect use o f others. Data
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revealed that the students’ incorrect methods provided the group with opportunities for 

in-depth conversation about their mathematical understandings. If the group lacked the 

prior knowledge to notice an error at the time it occurred, the resulting misunderstandings 

continued until Day 5 of the task. As the researcher and as their teacher, I took note o f 

their errors. Discussion of some of their errors occurs in each of the approach sections. 

The students used four main methods during the three cycles of problem solving during 

the productive failure modeled tasks: use of algebra, guess-and-check, graphing, and 

statistical. The discussion of findings on the use o f these approaches and the resulting 

learning gains follows a vignette of the consolidation lesson.

Student voice during the consolidation lesson. On Day 5 of each cycle, students 

engaged in a consolidation lesson. The consolidation lessons were culminating lessons in 

which the teacher taught the solutions to the tasks. The following vignette provides 

evidence of student voice that occurred even during the teacher-led consolidation lessons.

The groups worked for two days on the task and presented their findings to the 

class. After each group presented their findings, the groups entertained questions from 

their audience consisting of the students from the other groups. Most o f the questions that 

the students asked were “why” questions or “how” questions. The students were 

forthcoming when they did not know the answer. For example, during the poster session 

for Cycle 2, Sara said, “What I thought was that consistency meant was the one that 

stayed most consistent, so I though okay, well . . .  I don’t know.” When she was asked 

the question from another group, Sara asked, “How do you know that the up and downs 

show consistency?”
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When I presented the consolidation, I addressed the findings the students 

presented on the previous day. As I explained possible ways to solve the task, I 

purposefully wove in their ideas, methods, solutions, and errors and encouraged the 

students to freely ask questions and make comments. The best way to describe the 

consolidation is that it mimicked the data from when the students were working as a 

group. The entire class of students and the teacher became the group.

The students’ posters still hung on the wall behind me. After struggling with the 

task for four days, the group was eager to leam how to solve the task. The posters served 

as the base knowledge for teaching the concepts. I explained the task with the target 

standards in mind. The students received handouts with the solution and detailed 

explanations. The students were excited when some of their ideas appeared on the 

handout. For example, during the consolidation lesson for Cycle 2, Isaac exclaimed, 

“There are my box-and-whisker plots right there!” Although he was unsure how they 

could show consistency, he had a hunch that they could help him find which player was 

most consistent. It was not until the consolidation lesson that Isaac was able to see how 

his box-and-whisker plots showed which player was most consistent.

Approach 7: Algebraic. I coded the approach “algebraic” when the students used 

some algebraic means to solve the task. The group used many properties o f algebra when 

they worked to solve the tasks. The student used properties o f  equality for addition, 

subtraction, multiplication, and division. The students also used the commutative and 

associative properties for addition in order to combine like terms and the distributive 

property when they used the elimination method for solving a system of linear equations.
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To solve for x, the students used the additive inverse property and the inverse property 

for multiplication as the group continually stated, “cancel out” a term. I also coded the 

group as using an algebraic approach when they referred to using an equation or an 

inequality.

During Cycle 3, the students used the midpoint formula, the distance formula, and 

the slope formula when they tried to figure out the placements of the incenter and 

circumcenter. The students used these algebraic methods, but only after the group 

grappled with remembering the formulas and the order of operations and successfully 

obtained a correct answer. The constant comparing of their work helped the group to find 

their errors as they used these formulas.

By using the distance formula, the group learned how the circumcenter was 

equidistant from the three cities. The group was not able to utilize this information to 

determine how the circumcenter was constructed. After Day 2 of Cycle 3, Trey wrote in 

his learning log, “I realized that East Point was the best location because it is the same 

distance for all the citys. . .  we are all three confused because now the circumcenter is 

somehow the middle of the triangle.” Trey’s reflection showed how the group made gains 

in using the distance formula, but still felt confused about why a center o f a triangle could 

be placed on the outside of the triangle.

During Cycle 1, the group relied heavily on their prior knowledge o f algebra to 

create both equations and inequalities to solve the task. The students began solving the 

task by writing a compound inequality. Figure 13 shows Trey’s work from his learning 

log. The work shows the steps that Trey used to solve the task using an algebraic
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approach. I found the same algebraic approach used in some form in every group 

member’s learning log. After solving for x, the group found 12 to be a possible answer.
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Figure 13. Trey’s Work for Cycle 1

The error with their inequality began when the group expressed the problem 

scenario in one variable. Since the task was to find the number of possible combinations 

of orders that would satisfy the minimum and maximum requirements when ordering two 

different priced games, the inequality needed a different variable for each game. The 

group voiced confusion about their inequality as they worked through the task. Sara said, 

“But maybe they don’t have to be the same number. It could be like 14, 30 dollar games 

and 10, 20 dollar games, ‘cause I don’t think they have to be the same number.”

As shown in Trey’s work in Figure 13, another error the group made when 

solving for x in their compound inequality was subtracting 600 from the minimum and
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maximum values after the group initially set up their inequality. After the group 

incorrectly subtracted by 600, the group’s next step should have resembled 0 < 30x + 20x 

< 600, but the group understood the zero value to mean that the minimum value was 

eliminated and should not be a consideration; therefore, they derived the answer, 3 Ox + 

20x < 600.

The answer they should have derived from their initial compound inequality 

written incorrectly by using one variable was 12 < x < 24. The final inequality the group 

derived was x < 12. Luckily, their incorrect method of subtracting 1200 by 600 gave 

them 600. Since 600 was the original minimum value, when the group divided by 50, 

they arrived at an answer that contained the minimum value as a maximum value. This 

incorrect answer served as a starting point for the group. During the consolidation lesson,

I was able to use the graphic representation that another group used to show the case 

study group how the compound inequality in one variable represented the solutions when 

x = y. The error of subtracting the minimum and maximum values of their compound 

inequality by 600 was not resolved for the group until the consolidation lesson. The 

group made the connections of this error when the students conferred with Isaac, who 

used the “guess and check” method for solving.

The students correctly set up a system of equations in two variables that worked 

within the parameters of the task. The confusion arose when the students solved the 

system by using the elimination method. Since the linear equations, when graphed, are 

parallel lines, both the x and the y variables “cancel out.” The students had not previously 

solved systems that were parallel. Since the solution to a system of equations is its
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point(s) of intersection, the students did not know what to do when no solution could be 

found. I observed other groups graphing this set o f linear equations. The graphical 

representation helped the other groups make further gains towards a solution. After trying 

to solve the task by using a system o f parallel lines, the group concluded that the task 

could not be solved using this method. During the consolidation lesson, I showed the case 

study group how their system provided a framework for finding the solutions.

In conclusion, the group chose to solve a productive failure modeled task using an 

algebraic approach during Cycles 1 and 3. During Cycle 3, this approach helped them 

make gains towards understanding an attribute o f the circumcenter o f triangle. The group 

was able to use the distance formula to determine that the three cities in the task were 

equidistant from the given circumcenter. During Cycle 1, the group used both equations 

and inequalities to making learning gains in the task. They correctly used a system of 

linear equations and determined that sometimes a unique solution cannot be derived when 

solving the system using the elimination method.

Approach 8: Guess-and-Check. Isaac was the only student in the group who used 

the guess-and-check method during Cycle 1. Figure 11 displays Isaac’s guess-and-check 

work. He began the method he called “trying combinations” with a compound inequality 

in one variable that the other students used to support their belief of 12 solutions to the 

problem. From there, Isaac used a method to test this solution using the substitution 

property o f equality. Although the inequality utilized only one variable (30x + 20x <

600), he began testing his work by using different numbers for the $30 dollar games and 

the $20 dollar games.
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Although Isaac could not verbalize or write how to define the two variables for 

the problem scenario, he was able to show this understanding when he tested out the 

solution of 12. Isaac was correct in his belief that there were more than 12 solutions.

Some of Isaac’s mathematical errors including incorrect use of a compound inequality to 

describe the problem situation in one variable and failure to specifically define his 

equation in two variables when he began his guess-and-check method.

Analysis of Isaac’s pretest and posttest revealed one of his learning gains during 

the task in Cycle 1. On the pre-test, Isaac did not answer the question: “Can you make up 

a problem that could be solved by using a system o f linear equations?” On Isaac’s 

posttest, Isaac was able to answer this question correctly; he wrote 3x + 2y = 12 and 4x + 

2y = 4.

Although Isaac was the only student who used this method, the group benefited 

from his work. His method served as a counterexample to their thinking that the answer 

was 12. The counterexample motivated the students to attempt to justify their answer and 

try other methods to determine how there could be more than 12 solutions. Ultimately, 

the group presented their findings that included Isaac’s work to show that there must be 

more than 12 solutions. Although the group was not sure how there were more solutions, 

Isaac’s work proved to them that there was more to the problem than they could conceive 

during their group work.

Approach 9: Graphing. I coded the approach “graphing” when students made any 

type of graph. The students did not use graphical representations during Cycle 1, and they 

only referenced using a graph once during the task. The group heavily relied on graphical



185

representations during Cycles 2 and 3. During Cycle 3, a graph accompanied the task, 

and the group spent the entire time using the graph to determine why the companies in 

the task chose the two different centers.

During Cycle 2, the group constructed different graphical representations and 

their discourse focused on this approach. The group talked about this approach as they 

constructed histograms, stem-and-leaf plots, dot plots, and box-and-whisker plots. O f the 

347 lines of quoted text during Cycle 2, 9% o f those lines contained a reference to a 

histogram, 5% of the group referenced a box-and-whisker plot, and 2% of the group 

made references to either a dot plot or a stem-and-leaf plot.

The group divided the work during Cycle 2 so that each student in the group 

worked on a different graph. Trey said, “We can each do different ones to make it go 

faster.” Although the students worked on different graphs for one o f the three players, the 

students continued to discuss their graphs with each other for the entire time that they 

worked on the task. Their written work from their learning logs reflects this division o f 

the labor, and the student learning logs each contain a few o f the graphs that the group 

presented during the poster session. During this session, the group used their learning 

logs to record on the group poster their contribution to the task.

Although the group constructed different graphical representations to show each 

player’s consistency, the group decided that the only graph that could show consistency 

was the histogram. Katie said, “I think if  we all do a histogram, then we can compare 

them for consistent.” Using the visual representation that the histogram provided, the 

students analyzed how each player fluctuated from year to year.
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While using the graphing approach, the group members helped each other when 

one group member could not remember some of the steps for constructing a graph, such 

as the box-and-whisker plot. The students used the graphs correctly, and there were no 

errors to note. The main problem for the students was that although the students had the 

knowledge to construct these graphs, they appeared unsure what each graph showed. In 

addition, students misinterpreted consistency for they thought the player who showed the 

most consistency was the player that fluctuated in a pattern. This misinterpretation led 

them to choose Mike as the most consistent player. The following discourse shows the 

puzzlement of the students when they tried to determine the best way to use their newly 

constructed graphs:

Katie said, “I don’t see how the box-and-whisker plot helps though.”

Sara said, “I don’t see how it helps us either.”

Katie said, “Ummmm”

Trey said, “Constant changes over time?”

Sara said, “So wouldn’t it be consistency then? So that would be the best one to 

find consistency then.”

This discourse shows how the group struggled to find a problem-solving approach 

for finding a way to analyze each player for his consistency. The students determined the 

histograms showed consistency the best. The group’s lack o f prior knowledge on 

analyzing graphical representations o f one variable statistics kept them from utilizing 

their box-and-whisker plots, for example, to help find consistency.
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Approach 10: Statistical. I coded for “statistical” when the group talked about 

using statistical data or when they used vocabulary for data distribution. Although the 

graphs that they made, such as a histogram, could also be considered statistical, I decided 

to code the use of graphical representations of statistics as graphs and not statistical. Only 

data in Cycle 2 received the code “statistical.” The data showed that the group used these 

terms correctly and helped each other when a group member needed help. For example, 

when Katie needed help calculating the upper and lower quartiles, she asked the group, 

“How do you find the lower and upper quartiles?” Trey responded, “By dividing them 

into two groups.” Table 8 displays the statistical terms that the group used to help them 

describe each player’s scores.

Table 8

Examples o f the Problem-Solving Approach: Use o f  Statistics Terms in Cycle 2

Statistical Terms 96of lines

Upper and lower extrem es 1%

Upper and lower quartiles 2%

Mean 4%

Median 3%

Mode 3%

M easures o f Central Tendency <1%

Range 3%

Outlier <1%

Symmetrical/Symmetrical Distribution" <1%

Skewed/Skewed Right <1%
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As Table 8 depicts, the students spent most of their time talking about the mean, 

the median, and the mode. The group correctly used the statistical terms, but they 

struggled to make new connections. For example, the group could find the mean of each 

player, but they failed to make a connection between finding the mean and using it to 

analyze the consistency of a soccer player. It never occurred to the group to use the mean 

to find consistency.

Student voice: Concluding thoughts. The group used their voice during their 

group discussions, during the poster sessions, and the consolidation to facilitate learning 

mathematical concepts. The group used algebraic approaches, guess-and-check, graphing, 

and statistical analysis to solve the tasks. Some of their methods they used correctly; 

others they used incorrectly. Discovery of some of their errors occurred while the group 

worked together; a group member corrected these. Other mistakes made by the group 

were not discussed until the consolidation lesson. The group’s prior knowledge was a 

determining factor in whether the group was able to self-correct an error or needed 

assistance during the consolidation lesson from the teacher.

Concluding Thoughts Regarding Problem-Posing Approaches

A problem-posing education affords students the ability to make choices in their 

learning. The case study group worked together on three productive failure modeled 

tasks. Allowing the students to choose the method they thought would work best to solve 

each task provided the group choices in their learning. The students chose to solve the 

tasks by generating new ideas, writing their ideas, using different tools, reading for
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understanding, defining variables, using a guess-and-check method, using graphs, 

admitting when they were stuck, using algebraic methods, and using statistical analysis.

By allowing the group to choose their own methods, the group expressed their 

freedom of choice by continually choosing new methods to solve and by using many 

different types of tools. The group-chosen approaches of writing their ideas, taking time 

to read the task and the work of other group members, and admitting when they were 

stuck during the task that promoted reflective thinking. Lastly, the group used their 

voices to discuss different methods during every component o f the cycle. Even when the 

teacher presented a consolidation lesson, the students contributed their voices by asking 

questions and providing their own explanations.

During all three cycles, errors occurred naturally when the group was not able to 

make a link between prior knowledge and a new concept. When an error occurred and 

none of the group members could link prior knowledge with the new concept, then the 

error remained unaddressed until the consolidation lesson. For example, the students 

made an error in Cycle 1 when they solved a compound inequality in one variable, but 

none of the students noticed the error in their thinking.

Detection of other errors by a member of the group resulted in elimination of the 

error during the group discussions. For example, Trey used the distance formula and 

forgot to take the square root as his final step. Isaac and Katie helped him find his error.

A Model o f Persisting Naturally Through Disequilibrium 

Based on my knowledge of Piaget’s model of knowing, I expected the students to 

persist during a productive failure modeled task (Piaget & Inhelder, 1968/1978) to attain
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equilibrium. Since the design o f a productive failure task intentionally created 

puzzlement for the group, the members experienced a state o f disequilibrium. Piaget’s 

model o f knowing, called reflective abstraction, through assimilation and accommodation 

provided a framework for understanding how the students would persist during the 

productive failure model.

Piaget (1978) defined assimilation as a continual cognitive process that exists to 

organize new information using a preexisting set o f patterns within the mind. For 

example, in this study, when a group member saw the list o f numbers for each player in 

Cycle 2, the student began assimilating this list of numbers as statistical data to be 

analyzed using the mean, the median, and the mode. This initiation of prior knowledge 

was part of the assimilation process. Conversely, accommodation is a cognitive process 

that occurs when the preexisting set of patterns within the mind cannot organize new 

information, resulting in the creation o f a new organizational pattern (Piaget, 1978). 

Assimilation serves as the basis for accommodation because accommodation occurs 

when an attempt at assimilation fails. For example, the students in this study had to 

accommodate their knowledge for a circumcenter of a triangle, for, although called a 

center of the triangle, it lay on the outside of the triangle. The students had to reorganize 

and expand their concept of what constituted a center of a triangle to include centers 

found on the exterior of the triangle.

Errors in their thinking, such as the placement for a center o f a triangle, caused 

the group to experience disequilibrium. Disequilibrium occurs when a student determines
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that his or her thinking does not align with the mathematical structure (Piaget, 1980). 

These moments of disequilibrium created the cycle of reflective abstraction.

The data showed that the group naturally persisted during the task to attain 

equilibrium by actively seeking to assimilate and accommodate their prior knowledge of 

mathematical concepts to construct new mathematical knowledge. This case study 

provided a means to describe how students attain equilibrium through assimilation and 

accommodation when they are working on a productive failure modeled task.

The group assimilated during the task when they were able to fit new knowledge 

into their understandings of prior knowledge. The group accommodated during the task 

when they made in a shift in their thinking because the new concept did not align with 

their understandings and prior knowledge. I found that the case study group naturally 

persisted by utilizing three main components: initiating group processes, participating in 

active roles, and using a variety of mathematical problem-solving approaches.

The interactive model in Figure 14 displays how my research findings on how 

these three components worked together as a model for persistency.
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As shown in Figure 14, the five rectangles depict the five group processes. Some o f the 

student roles and the problem-solving approaches occurred throughout their working in 

groups, while other roles and approaches occurred at distinct times within their group 

processes or occurred prominently within one or two group processes. The problem

solving approaches and roles indicated for each group process featured prominently 

during those processes. An asterisk indicates that a role or approach only occurred within 

one or two distinct group processes. The following heading titles describe the interactive 

model shown in Figure 14: three paths o f making a plan; independent work and its 

intersections with group work; group assimilation with “one brain;” and evaluating the 

plan and the resulting four paths.

Three Paths of Making a Plan: Assimilation is a Key Factor

The persistent model for a productive failure modeled task began with a student 

playing the role of the hypothesizer and devising a plan of action. The hypothesizer made 

a new plan by generating new ideas for solving the task based on his or her prior 

knowledge of mathematical concepts. I analyzed each student’s answered on his or her 

pretest for each cycle in order to have a better understanding of each student’s prior 

knowledge of the targeted concepts. For each task, the hypothesizer’s initial plan closely 

matched a concept that he or she had written as an answer on the pretest. This indicated 

strongly that the prior knowledge the student already possessed before the task served as 

the basis for the hypothesizer’s initial plan.

The hypothesizer’s plan received recognition by the group if  the other group 

members were able to assimilate the basic mathematical concept presented in the plan. If
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the group members were not able to assimilate the concepts presented in the plan because 

it was too far outside the scope of their prior knowledge, the plan went unheard. The 

ability o f the group members to make an initial assimilation was very important in 

ensuring implementation of the plan by the group. For example, when the hypothesizer in 

Cycle 1 posed the idea to set up a compound inequality to solve, the group was receptive 

because they understood how to set up a compound inequality.

Isaac was the only group member who did not provide answers on his Cycle 1 

pretest to show an understanding of the basic idea of an inequality. The other group 

members provided answers on their pretests that exhibited existing prior knowledge o f 

inequalities. Some of these answers included a graph of a linear inequality in one variable 

using a number line, a graph of a linear inequality using two variables on a coordinate 

plane, definitions of the meanings of the different inequality symbols, and depictions of 

linear inequalities in either one or two variables. The results from the Cycle 1 pretest 

suggest that Sara, Katie, and Trey were able to hear and assimilate Sara’s initial plan 

because it fit within their prior knowledge of using inequalities.

Path 1: The hypothesizer is heard and assimilation occurred. As shown earlier in 

Table 7, Sara suggested the initial plan for Cycle 1 and said, “If you set it up like a 

compound inequality.. .somehow.. .okay it’d be 600 divided by 50.” This initial idea o f 

using a compound inequality was well received by Katie and Trey. They did not question 

her suggested method for solving the plan. By the way they responded to her idea, it was 

evident that they had previous experience with compound inequalities. As soon as Katie 

generated the idea, the group started working this plan. Although they made a few errors
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in solving this initial idea and found the compound inequality to render x < 12, the 

students easily engaged in the process o f solving the task by assimilating the idea of 

finding the number of combinations by using a compound inequality.

Another example o f reception and assimilation occurred in Cycle 3 when Katie 

suggested that the group use rulers to measure from the circumcenter to each of the three 

cities. In my field notes, I wrote, “The boys follow suit and begin using the ruler as more 

than a straightedge, but as a ruler.” Prior to Katie’s suggestion, the boys used the ruler 

solely as a straightedge to draw a triangle with the three cities as the vertices of the 

triangle. Trey and Isaac heard her suggestions and were able to assimilate by using the 

ruler to measure the sides of the triangle.

As shown in the model o f persistency in Figure 14, the group began working 

together after listening to the hypothesizer’s idea. The right side of the persistency model 

in Figure 14 illustrates how the students claimed the idea as a group idea and began to 

work together. I called this phenomenon “one brain.”

Path 2: The hypothesizer is not heard and the plan is abandoned. When a 

hypothesizer voiced a new idea to the group and the group was not able to assimilate the 

idea with their prior knowledge, the idea went unheard by the group. It was important for 

the group to be able to identify in some way with the initial idea in order for the group to 

buy into the idea. When the group’s idea did not align with their understanding or their 

prior knowledge, the group did not give the plan a chance.

For example, Sara suggested during Cycle 3 that they use a compass to draw a 

circle around the triangle. Trey spoke for the group and said that would not help them. He
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explained to Sara that the task was about a triangle, not a circle. When a question on the 

Cycle 3 pretest asked, “What does inscribed mean? Can you give an example o f how this 

word is applied in geometry?” Trey wrote, “Idk. (I don’t know) Nope.” Another on the 

pretest asked, “What does circumscribed mean? Can you give an example o f how this 

word is applied in geometry?” Trey answered, “Getting bigger? idk.” This example 

shows how Trey could not assimilate the idea that it was possible to use a circle to help 

the group figure out a center of a triangle because he lacked the prior knowledge of 

working with inscribed and circumscribed triangles.

When the group rejected her idea, Sara quickly abandoned it. She scribbled out 

the sketch she had drawn on her paper o f a triangle inscribed in a circle and did not go to 

the resource table and obtain a compass to try out her idea. Instead, Sara joined the group 

in using the distance formula to find the distance from the incenter to the three cities.

In most instances, when a plan went unheard heard, the hypothesizer would 

abandon the idea and join the group in making another plan. The arrows in the model for 

persistency in Figure 14 illustrate this group behavior by moving from “making a plan” 

to the left to the box labeled “not heard.” From there, it precedes down to “abandon idea” 

on the right to “working the plan” on the right.

Path 3: The hypothesizer is not heard and student worked independently. The data 

also showed instances when a hypothesizer’s plan went unheard, and the group member 

decided to work independently. For example, Isaac worked independently during Cycle 1 

on a method he named “combinations.” The group was not able to assimilate his idea to 

try different solutions by plugging in different values for x and y. One contributing
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factors that may have led the group to not hear his idea of not was that he never officially 

hypothesized his plan to the group through a verbal explanation.

Independent Work and its Intersection with Group Work

When a group member’s plan went unheard initially by the group and the group 

member decided to work independently, eventually the group heard his or her ideas and 

analyzed it when the group evaluated their group plan. During Cycle 1, Isaac explained 

his method by mainly showing each group member his work (see Figure 11) that he 

recorded in his learning log. Isaac showed the group his work when the group evaluated 

their solution of 12. Figure 14 depicts this occurrence by an arrow pointing in either 

direction from the individual’s worked plan “find results” to a group evaluation stage.

The arrows point in either direction because either the student working independently 

shared his or her findings, or the group asked for the findings of the individual.

The unheard hypothesizer: Facilitating accommodation. Isaac’s independent work 

did facilitate an accommodation by the group. The accommodations that it brought about 

for the group was that the number o f $30 games and the $20 dollar games did not have to 

be equal. The idea of using two variables to solve the task was difficult for the group to 

understand because when the group attempted to work a plan in two variables using a 

system of equations, unbeknownst to the group the system was made o f two parallel 

lines. Therefore, when the students solved the system, they were puzzled because their 

system did not have a solution.

Since the group had not worked a system o f parallel lines before, the group had 

difficulty accommodating the idea o f working in two variables because they were
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accustomed to having a system of equations resulting in a unique solution. Isaac’s work 

using a guess-and-check method in two variables provided evidence that the system could 

be solved using two variables. His method acted as a counterexample to the group’s 

method of using an inequality in only one variable.

During the poster session, one o f Isaac’s fellow group members referred to Isaac’s 

work during their group presentation and told the class that even though their inequality 

gave them an answer of 12, Isaac’s combination model showed that there were more than 

12. This showed how the group shifted their thinking in order to accommodate more than 

12 solutions using a system that allowed for two variables rather than one.

As shown above in the interactive model for persistency in Figure 14, when a 

student’s voice went unheard by the group, the student could work his or her plan 

independently. This is illustrated in the model by the arrow moving from “making a plan” 

to the left to “voice is not heard.” From there, it precedes down to “work plan 

independently” to “find results.”

Group Assimilation with “One Brain:” Cyclic Nature o f Working the Plan, Reporting 

Results, and Understanding Concepts

The model o f persistency in Figure 14 depicts how the group utilized the three 

group processes o f work plan, reporting results, and understanding concepts in a circular 

fashion. After the group began working on the plan, they either reported results or needed 

to review concepts. As the group utilized these three group processes, any knowledge 

they possessed that related to solving the task using the agreed upon plan was shared as 

group knowledge.
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The “one brain” effect. The group’s use o f the words “we” and “us” provided a 

means for detection of the “one brain” effect. The group’s discourse and recorded work 

in their individual learning logs indicated they perceived knowledge as possessed by the 

group and not one individual. They referred to their work as “our work” and spoke about 

what the group did in terms of the group. For example, when Katie spoke about the work, 

she said, “We calculated the mean.” The following discourse from Cycles 1 and 2 

demonstrates how the group worked as “one brain” by referring to their work in terms of 

“we,” “us,” and “our:”

Trey said, “Do we write our answer on this?”

Katie said, “Do we show our work on this paper or do we have to put it on this?” 

Isaac said, “So what we doing now?”

Sara said, “We basically got the answer already. We checked it, and it worked.” 

Sara said, “Okay, so for the first one would be Mike Arwin . . .  but remember. . .  

yeah label i t . . .  so . . .  you don’t . . .  so it would b e . . .  mean . . .  so we would have to 

add ‘em . . .  so that would be . .  .”

Trey said, “So do we have to get all these?”

Trey said, “Let’s just try taking out the inequality sign and put in an equal sign” 

Katie said, “So wait, what are we going to put on our poster?”

The discourse in the vignette reveals how the group worked as “one brain” as they 

talked about their learning in terms of the group instead o f each individual. Another way 

that die group worked as “one brain” was by working plans that the group members could 

assimilate with according to their prior knowledge. Since the group chose plans for which
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each member possessed some prior knowledge o f the mathematical concepts needed to 

carry out the plan, the group made collective gains and retained a “one brain” mentality.

Part 1 of the “one brain” effect: Working the plan Synthesized with Student Roles 

and Problem-Solving Approaches. As shown in the model o f persistency in Figure 14, 

after reception of a hypothesizer’s idea, the group began working the plan. The data 

showed that during the group process “work plan,” no instances of coding occurred for 

the problem-solving approach, “stuck.” This was probably because the group chose plans 

that assimilated easily with their prior knowledge; therefore, the group did not have 

trouble during the group process “work plan.”

The three problem-solving approaches used when the group was working the plan 

were write ideas, use tools, use algebraic approach, graphing, guess-and-check, and use 

statistical analysis. Writing ideas and using tools were unique for working the plan. I 

noted the approaches of write ideas and using tools with asterisks on the persistency 

model in Figure 14 because these approaches occurred only during the group process 

working the plan. Since the group’s plan easily assimilated into their prior mathematical 

knowledge, the group had no problems in writing their voiced ideas and using tools, such 

as a calculator, in their work.

During working the plan, the students played many different roles. The only role 

that they did not play during working the plan was the hypothesizer. The reason that the 

group did not play the role of the hypothesizer is that they were too busy working their 

plan.
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The roles adopted most often while the students worked the plan were the 

recorder who wrote the work in the learning logs; the explainer who explained the set-up, 

methods, and steps of an approach; and the questioner who asked mainly questions that 

required a one word answer and a few “how” questions. The “how” questions pertained 

to the set-up of an algebraic approach. During working the plan, the students never 

explained their solutions to the problem or explained confusion.

Another function of the process working the plan was to check a plan after its 

evaluation. As shown on the model of persistency in Figure 14 from the box labeled 

“reporting results,” when the group had an answer to the plan, the group evaluated the 

plan and found a way to check the plan. The box labeled “check,” shown above “evaluate 

plan,” had the group revisit “work plan.” I considered the students working the same plan 

when they checked their solution. According to the data, the group used the same roles 

and approaches when they checked the plan and initially worked the plan. During 

working the plan, the group assimilated the task with their prior knowledge and therefore 

worked without expressing much disequilibrium. From working the plan, the group 

members either reported their results or needed to stop for a moment to ensure every 

group member understood the concepts required to carry out the plan. As illustrated in 

the model o f persistency in Figure 14, arrow from the group process “work plan” point to 

either “reporting results” or “understanding concepts.”

Part 2 o f the “one brain” effect: Reporting results synthesized with student roles 

and problem-solving approaches. If the group did not have any problems with 

understanding concepts to carry out the plan, the group reported the results. When the
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group reported results, the group members took on every role of the explainer except 

explainer of confusion. The group explained their solutions, their set-up, their methods, 

their steps, their summary of work, and their explanation of the task. The group mainly 

explained their solution, methods, and steps.

During reporting results, the group also played the role of responder and 

questioner. Even though the students explained their work in more detail, most o f the 

questions required a one-word or one-number answer. The students rarely responded with 

a one-word or one-number answer. The data showed, for example, during Cycle 1 

working the plan, the group members played the role o f explainer 33 times while only 

playing the role o f responder three times. The group also asked “how” questions during 

reporting results.

The approaches used during reporting results were read work, define variables, 

guess-and-check, use algebraic approach, graph, and use statistical analysis. Since the 

group had chosen to work through a plan that they easily assimilated with their prior 

knowledge, the group members did not use the approach “stuck.” An approach that 

occurred during reporting results was reading each other’s work. When the students 

reported their results, they affirmed their answers with one another. This group process 

served to maintain the group’s collective thoughts and “one brain” mentality.

Part 3 o f the “one brain” effect: Understanding concepts synthesized with student 

roles and problem-solving approaches. Although the group easily assimilated the initial 

plan, when they began to work it out, there were instances in which a group member 

experienced disequilibrium and needed help from the group in order to proceed with their
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work. For example in Cycle 2, the group made a plan to find the measures o f central 

tendency. The group easily assimilated the need to find consistency with their prior 

knowledge of finding the mean, median, and mode. After hearing the plan, they began 

working the plan, then Katie asked the group, “So we order these all from least to greatest 

for the mode?” Although Katie was able to assimilate finding the mode to solve the task, 

she needed help from the group to make sure she understood the concept. Sara responded 

to Katie by saying “Yeah,” and Katie went back to working the plan.

The group utilized the “understanding concepts” group process to ensure the 

group members stayed together on the task. The “understanding concepts” kept the group 

moving along together as “one brain.” The approaches used during “understanding 

concepts” were defining variables, algebraic approach, graphing, and statistical analysis.

During the group process “understanding concepts,” the group showed the first 

instances of confusion. Although the group members played the role o f the explainer to 

express confusion, the group did not use the approach “stuck.” Whenever the explainer 

expressed confusion, another explainer was able to help. The other explainer roles 

utilized during the group process “understanding concepts” were to explain the solution, 

the set-up, the method, and the steps. The students did not utilize the explainer role to 

explain the task or to explain a summary o f their work.

The group also played the role o f questioner during the group process, 

“understanding concepts.” The questioner utilized every type of question that was coded. 

The questioner asked another group member both “why” and “how” questions, along 

with questions to repeat or require a one-number/one-word answer.
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During “understanding concepts,” short responses were rare. The group members 

chose to play the role of explainer when a member asked a question, as opposed to the 

role of responder. Since the group experienced confusion during this group process, it is 

significant that the group took time to explain when another group member needed help 

understanding a concept.

Since the group worked as “one brain,” the entire group shared in the experience 

of the imbalance of disequilibrium when an explainer expressed confusion. Data revealed 

that the group took the time to ensure another member of the group helped the group 

member who explained confusion. Once the group helped the confused member, 

equilibrium was restored not only for the group member, but also for the entire group. 

From the group process “understanding concepts,” the group members either began more 

“work on the plan” or “reported results” in a circular fashion.

The “one brain” effect: Concluding thoughts. During the cycles, working the plan, 

reporting results, and understanding concepts were a process o f assimilation. The group 

mainly assimilated prior knowledge of mathematical concepts with their plan for solving 

the task. When a group member explained confusion, the group members did not become 

stuck. The disequilibrium experienced during the circular pattern among working the 

plan, reporting results, and understanding concepts was short-lived because at least one 

person in the group was able to help the group member who expressed confusion. Easy 

restoration of equilibrium occurred because the group was working the plan that they 

easily assimilated with their prior knowledge. This circular assimilation process ended 

when until the group arrived at a possible solution.
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Evaluating the Plan and the Resulting Four Paths: Experiencing Disequilibrium

As shown in Figure 14, when the group determined an answer to the plan, the 

group decided to evaluate their plan. During the group’s evaluation of the plan, the group 

experienced many instances of confusion. Once the group evaluated their plan, the group 

took one of four paths. The group either decided to further understand a concept, to check 

their solution, to compare work with the independent worker, or to become stuck.

Evaluating the plan: A deeper analysis of the plan. The group process evaluating 

the plan provided a deeper analysis of the plan. Before this group process, the group 

acted as “one brain” and easily assimilated their prior knowledge with their plan for 

solving. When the group decided to evaluate the plan by revisiting the task, they realized 

their assimilation did not adequately hold up to the task.

When the group evaluated a plan, they used the following problem-solving 

approaches: generate ideas, read for understanding, define variables, and stuck. The 

group played all of the roles when they evaluated the plan. During the process of 

evaluating the plan, the group explained multiple instances o f being confused. They also 

spent most of their time explaining their solutions to the group as it related to the task.

The questioner asked more “how” questions during this stage.

During the group process evaluating the plan, the group did not recover from an 

experience of disequilibrium as easily as the group did when they were in the “one brain” 

phase of problem solving. The group had greater difficulties because the solution did not 

quite answer the task or work as they had planned. For example, when the group 

determined that the answer to the Cycle 1 task was x < 12, they evaluated their plan as it
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related to the task. When the group began to evaluate their answer, they discovered that 

the task asked the group to find the number of combinations of games that could be 

bought within a certain price range. The group experienced disequilibrium because the 

solution they found included all real numbers less than or equal to 12, but the solution to 

the task could only be sets of whole numbers.

In order to attain equilibrium, during their group work, as some point along the 

way of trying to solve the task with their initial solution of x < 12, the group chose each 

of the four paths from evaluating the plan. At first the group tried to assimilate the new 

discovery of only accepting whole numbers by making sure they understood the 

concepts. They discussed solution types at length. Sara said, “You can’t have half a 

game, can you?” Then, the group also came up with ways to re-assimilate their answer by 

checking a number over 12, then further worked the plan and reported results. This led 

them back to evaluating the plan. The group determined they were stuck, and they 

eventually compared their work with Isaac, who was working on an independent plan.

After comparing their work with Isaac, the group finally made an accommodation 

and determined the task’s solution needed an equation in two variables instead o f just 

one. This led them to abandon their old plan of using an inequality in one variable to 

using a system of equations in two variables. The group process “evaluating concepts” 

served as the hinge to the group making accommodations during the task, for it served as 

a turning point that transitioned the group from making simple assimilations to making 

accommodations in their learning.



207

When the group reached this stage in the group processes, the group experienced 

greater spans of disequilibrium. The greater sense o f disequilibrium facilitated a greater 

sense of persistence. The persistency led the group to engage in a deeper analysis o f their 

solution. This was accomplished by re-reading the task, comparing work with an 

independent plan, determining whether the plan could be checked, determining if  the 

solution truly answered the task, determining if they were stuck, and figuring out how to 

become unstuck.

Path 1: Further understand the concepts. When the group evaluated the concepts, 

they usually needed to revisit the group process “understanding concept.” For example, 

when the group evaluated their solution of x < 12, Katie decided that maybe the solution 

should be “all real whole numbers? What are whole numbers?” Although Katie believed 

that the solution should only include whole number solutions, she was not sure. She 

needed the group’s help in understanding the concept of determining an appropriate 

number set for the task’s solution. Katie replied, “Like 12,11..  .like not like decimals.”

When the group took the path to understanding concepts from evaluating the plan, 

they attempted to reach equilibration by trying to find someone in the group who could 

manage to assimilate the new discoveries, such as solution types, with their prior 

knowledge. Once the group assimilated the number set of whole numbers, the group 

revisited the process of evaluating the plan and determined a way to check their work.

Path 2: Check the plan by returning to working the plan. When the group 

evaluated the plan, they determined ways to check their solution. As the group checked 

their solution, they returned to their “one brain” area of the persistent model and persisted
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through the task in the same cyclic fashion. Once the group checked their solution, they 

returned to evaluating the plan. This occurred in Cycle 1, when the group evaluated their 

plan of x < 12 and cycled back through understanding concepts to determine that the 

solutions could only be whole number values. The group decided to check their solution 

by substituting a number greater than 12 into their original inequality to determine if the 

answer was true or false. The group determined if  the solution was false, then their 

answer of x < 12 must be correct. As the group checked their solution, they returned to 

the behaviors exhibited in the “one brain” cycle o f the model.

By having a plan for checking the solution, the group was able to experience 

temporary equilibrium because they returned to their plan made through assimilating 

their prior knowledge with the task. Their prior knowledge also facilitated the 

assimilation of the plan for checking. Each group member understood how to substitute a 

number for a variable in an inequality to check to see if it rendered a true or false value.

Path 3: Compare work with independent Work. Data revealed instances during the 

group evaluation of their plan of the group comparing their work with an independent 

plan. Using the same example from Cycle 1, after the group checked their solution by 

substituting a number greater than 12, the group returned to evaluating the plan and 

determined the answer must be 12 instead o f greater than or equal to 12. They proceeded 

to compare work with Isaac, who was independently working a different plan. His plan 

confused them because he determined that there were more than 12 solutions using his 

guess-and-check method. After seeing his work, the group could not assimilate his 

findings with their understanding o f the task and determined that they were stuck.
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Path 4: The Group is Stuck. Continuing with this example, when the group 

determined they were stuck, they experienced their greatest sense o f disequilibrium.

When they held no idea of how to assimilate the plan needing not one, but two variables, 

the group first began to re-report their results, re-explain their solutions, explain the task, 

and generate ideas. Finally, a person in the group played the hypothesizer role and made 

a new plan. Subsequently, the group accommodated for a plan allowing for two variables.

Reverting to an older plan was another noteworthy pathway the group took when 

stuck. In Cycle 1, after working with a system of equations in two variables, they became 

stuck once more because the system was a set of parallel lines. They ultimately decided 

to present their initial belief that 12 solutions must be significant in some way.

Evaluating the plan and the resulting four paths: Concluding thoughts. Through 

the group’s error of creating an inequality in one variable, the group experienced a deep 

sense of disequilibrium during the group process evaluating the plan. The group took 

many pathways in order to reach a state o f equilibrium. They critically analyzed their 

work and the work of other plans during this phase of the model. They maintained 

persistency during this part of the model due to a need to reach equilibration through 

assimilation and ultimately through accommodations such as realizing that a system o f 

equations does not have to result in a unique solution, histograms can show consistency, 

and centers of triangles can be located on the exterior of the triangle.

A Model of Persistency: Concluding Thoughts

The Model of Persistency served as an interactive model that showed how my 

findings on group processes, student roles, and student problem-solving approaches were
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interrelated to one another. Synthesis o f the three components illustrates how the group 

persisted through the task. The group persisted through the task by continually 

assimilating new mathematical concepts with their prior knowledge as “one brain.” When 

the group began evaluating the plan, they analyzed the concepts more deeply and 

experienced a greater sense of disequilibrium. In order to attain equilibrium, the students 

initially attempted to assimilate new concepts with their prior knowledge, but sometimes 

needed to make accommodations in their learning. The group made learning 

accommodations only after the group evaluated the plan.

Summary

This chapter focused mainly on data derived from the case study group 

transcriptions as they worked together on the task and data supportive of the findings o f 

the group’s talk, such as learning log findings and interview responses. My findings 

focused on three major components: the five group processes for learning mathematical 

concepts, the roles for communicating verbal thought, and the approaches for problem- 

posing. Each component highlighted an aspect o f either my conceptual or theoretical 

framework. I analyzed how the three major components work together by creating an 

interactive model utilizing a Piagetian perspective on natural persistence using the 

cognitive processes of assimilation and accommodation. The findings showed how 

students constructed knowledge during a PFM task by activating prior knowledge 

through student talk, using multiple representations and critically analyzing concepts 

through student voice, and making connections between failed and successful attempts by
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assimilation and accommodation. Chapter 5 presents the conclusions o f the findings of 

this case study and addresses teaching implications and future research.



CHAPTER 5 

CONCLUSIONS AND IMPLICATIONS

During this study, I examined how four ninth grade mathematics students worked 

together to solve three cycles of productive failure modeled tasks. I believed that the 

group would struggle with the tasks and would not be able to fully solve the problems 

without teacher support, which Kapur (2012) defined as a form of failure. Although I 

expected the group to experience failure, I also believed that the group would persist 

during the task by activating their prior knowledge, utilizing multiple representations to 

solve the problem, critically analyzing the targeted concepts that they were learning 

during the cycle, and by making connections between failed attempts and successful 

endeavors.

During the three cycles, my findings showed that the groups did persist during 

each cycle but were not able to solve fully the problems without teacher assistance. The 

case study provided a means of analyzing how the group persisted during a task designed 

so they would initially fail.

My questions were intended to determine how students construct knowledge

during a productive failure modeled task. My case was a group of four ninth grade

mathematics students in a typical high school mathematics course. I focused my analysis

on the group’s written work from their learning logs, my field notes, and the

transcriptions of the group talk. The student learning logs were used to support the coded

212
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transcript data. The transcriptions were coded for group processes, group roles, and 

problem-solving approaches. The group processes showed how the case group o f four 

students interacted with each other while solving the tasks. The group roles showed how 

each member contributed to the group approaches showed what methods the group used 

to solve the tasks. My analysis o f the data produced a rich description of how students 

constructed knowledge during a productive failure task.

The central question that guided this study was: How do ninth grade mathematics 

students construct their own knowledge while problem solving using the productive 

failure model? This central question generated the following subquestions:

1. What role does student talk have in making learning gains during the problem

solving task for ninth grade mathematics students?

2. What role does student choice have in making learning gains during a

productive failure modeled task?

3. How do ninth grade mathematics students utilize prior knowledge to make

gains in solving the problem-solving task?

4. How do the ninth grade mathematics students persist during the problem

solving task?

In this chapter, I begin with a discussion on how my case study supports Kapur’s 

research. I discuss a summary o f his work and compare those findings with my case study 

findings. Secondly, I present a further comparison of Kapur’s research and the case study 

by synthesizing the Productive Failure Model from Chapter 1 with a condensed version 

of the persistency model from Chapter 4 and discuss how the persistency model describes
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each component of Kapur’s model. In the next section, I discuss three implications for 

teaching: analyzing group talk, celebrating errors, and allowing student voice. Following 

this section, I discuss the limitations o f my study. Lastly, I discuss six implications for 

future research.

Supporting Kapur’s Research with the Findings o f this Case Study

Kapur (2010) recommended future qualitative studies to explore areas such as 

how the interactional behaviors of the group relate to learning gains during the task.

Since Kapur’s mixed method research was heavily quantitative while the qualitative 

analysis focused on identifying the types of representations and methods the students 

used during the task, this case study provided a rich description that better explained how 

students were able to make connections while working in a group during a productive 

failure modeled task.

The quantitative component for Kapur’s (2010,2012) and Kapur and Bielaczyc’s

(2011) mixed-method studies utilized a pre-post quasi-experimental design. Although 

each of the five studies contained different design elements, all held similar central 

components. For each of the studies, Kapur used a treatment group that worked through 

novel problems using a productive failure designed task (PF). The control groups utilized 

a lecture and practice design (LP), earlier defined in this study as a transmission model 

for teaching.

Students exposed to a transmission model initially experienced a teacher-led 

lecture (LP) of the concepts, and then the teacher led the students through a few worked 

examples. Following that, the students, who functioned as Kapur’s control group, worked
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highly structured, similar examples, solvable using the teacher’s example. These highly 

structured problems consisted of problems containing only pertinent information and 

definitive solutions. The LP group experienced little frustration, and they were able to 

answer the problems given during their prescribed cycle o f learning.

Kapur’s treatment groups (PF) received novel problems that required learners to 

make personal assumptions and contained unnecessary information and multiple 

solutions/solution paths. When students solved these tasks during productive failure 

cycle, they mainly worked in pairs or in groups. Verbal support such as “keep trying” 

constituted the only support provided to students. After the students had a chance to work 

through the problems and ultimately fail, the teacher provided a consolidation lesson and 

explained correct methods for solving the problems. The PF group experienced high 

frustration when unable to answer the problems given during their prescribed cycle of 

learning.

Kapur’s quantitative findings suggested that delaying initial supports, such as 

teachers providing an initial teacher-led lecture and worked examples, can hinder 

students for the short term, but are advantageous for the long term. Each time that Kapur 

initially compared a productive failure (PF) group with a lecture and practice group (LP), 

directly following the cycles, the LP group outperformed the PF group. Although the LP 

group outperformed the PF directly after the unit o f study, the posttests revealed different 

results. As was explained in more detail in Chapter 2 o f my study, for each study Kapur 

found that students from the PF group outperformed the students from the LP group on
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both highly structured problems and novel problems given on the posttest at a significant 

level.

Since my case study was purely qualitative, I did not use a control vs. treatment 

group design. Each cycle of the productive failure problem-solving model o f this case 

study aligned closely with Kapur’s treatment group design. My findings also showed that 

there were instances during the task when the students experienced high levels of 

frustration even to the point of being stuck.

My findings showed that the students used the approach, coded “stuck,” when the 

group determined that they were not sure how to continue further with their plan. This 

problem-solving approach helped students voice to the group their problem by 

determining what was not working. When the students utilized this problem-solving 

approach, they also took on the role of explainer. The explainer role served to explain the 

groups’ solutions, re-report results, and generate new ideas. This differed somewhat from 

Zinicola’s (2009) study, in which no group member used the role o f explainer during 2 of 

the 12 sessions of problem solving. The process o f the group using the approach “stuck” 

until the group was able to make a new plan explains how the PF groups in Kapur’s 

studies may have experienced frustration in the same way.

Kapur’s qualitative work found that students given a productive failure design 

task generated a larger number of diverse representations and methods than students 

taught by a transmission model o f teaching. My findings also showed that the case study 

generated many different plans for solving each task. The process for generating the plan 

included the group making a plan and then working as a group through an initial cycle of
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working the plan, understanding concepts, and reporting results. The group used this 

cycle to work one plan together. The group was observed to think and work communally, 

which I coded as a “one brain” effect, throughout this process. Once the group 

determined a solution, they moved to a second cycle of evaluating the plan, 

understanding concepts, and determining a way to check the plan. After determining a 

way to check the plan, the group returned to their initial cycle until the group evaluated a 

plan, failed to determine a way to check the plan, and realized they were stuck. When the 

group was stuck, they created new plans for solving. Therefore, the case study group 

worked three productive failure modeled tasks and generated diverse representations and 

methods because they worked through three cyclic patterns o f persistent problem solving 

precipitated by a moment o f confusion.

Kapur concluded that affording students opportunities of delayed teacher supports 

better prepared them to answer both novel and structured problems that follow. He also 

asserted that learning new concepts through an initial LP design hindered students. Kapur 

reasoned that showing students how to explicitly work a mathematics problem resulted in 

students’ failure to make connections between their prior knowledge and new concepts or 

to understand why the chosen method for solving was best.

My findings supported Kapur’s conclusion that by allowing students to struggle 

during a task and delaying teacher support, students gained a capacity to understand 

mathematical concepts at a deeper level through persistence. My findings showed that the 

group gained capacity because it was during their moments o f struggle that they 

determined how their prior knowledge fit with new mathematical concepts. Furthermore,
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students could determine why some methods were better than other methods for solving 

problems.

A Model: Synthesis of the Study Framework and Persistency Model 

Figure 15 depicts the connections between this study’s conceptual and theoretical 

frameworks and the interactive persistency model.
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Figure 15. Synthesis Model: Conceptual/Theoretical Framework and Persistency Model

The oval shapes display the components that served as my conceptual framework. There 

are five main components of the productive failure model: solves die task in a group
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setting, activates prior knowledge, initiates multiple representations, critically analyzes 

targeted concepts, and makes connections between failed and successful attempts. I 

provide the findings that support each component of the model from Kapur’s and my case 

study.

Kapur and Bielaczyc (2011) listed these components as necessary design elements 

for a productive failure designed task. For each o f these components, my findings showed 

that the group utilized different group processes, roles, and problem-solving approaches 

in order to persist during a productive failure modeled task.

Component 1: Solves the Task in a Group Setting

Although some of Kapur’s (2009) PF design included students working 

individually on an extension problem, he stated in another study, Kapur (2010), that the 

model worked best in a group setting. My findings showed that the group created a social 

environment of sustained communal learning. When a group member wanted to explore 

one aspect of the problem, the group member would use words like “we” or “us.” When a 

group member needed to understand a concept, the group made sure the member 

understood before moving on to reporting results. Their talk provided the verbal thought 

necessary to show how the students constructed knowledge during the task. In addition, 

my findings agreed with those of Francisco (2013), who found that high school students 

who worked on challenging tasks share their thinking in a collective manner and 

synthesize their ideas to a single idea with a higher level o f reasoning.

The eleventh-grade science students who participated in Kapur’s (2008) study 

worked in groups by using a synchronous technology. Kapur used lag-sequential analysis
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to analyze their sequential communicative patterns. His finding showed that the 

productive failure groups who worked ill-structured problems were twice as likely to 

engage in critique of the problem, evaluation o f the solution, and off-task behavior as the 

groups who worked well-structured problems. He also found that the productive failure 

group made a pattern of complex loops through their evaluation of the problem with their 

analysis and critique of the problem. Kapur (2008) described the PF group discussions as 

“chaotic” (p. 409). Lastly, he found more convergence with the control group, meaning 

that students worked with a shared plan for solving, whereas the productive failure group 

was more divergent in their thinking.

My case study findings agreed with those of Kapur in the way the group engaged 

in complex cyclic patterns of interactions. However, my findings showed that there was a 

method to their group discussions. I found that the group worked through the problem in 

two cyclic patterns until the group determined they were stuck. During the first cyclic 

pattern of working the plan, reporting results, and understanding concepts, the group 

worked as “one brain” and assimilated quite easily. This process resembled what Zinicola 

(2009) termed a “. . .  connected idea [which] begins with an individual’s expression o f an 

idea with others and adds details and interpretations, turn by turn, to create a threaded 

narrative” (p. 132). Once the group had a possible solution, the group moved to the 

second cyclic pattern, where they evaluated the plan and understood concepts. As long as 

the group was able to assimilate their plan with the task, the students remained on one of 

these two loops. When the group could no longer assimilate their plan with the task, the 

students were stuck, which led them through a third loop, shown in Figure 14 in Chapter
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4, but not on the simplified model of Figure 15. Eventually, the students abandoned their 

plan and made a new one, which started the entire process over again.

Kapur’s finding showed that the productive failure groups who worked ill- 

structured problems were twice as likely to engage in critique of the problem, evaluation 

of the solution, and off- task behavior as the groups who worked well-structured 

problems. My findings agree with Kapur (2008) that the students engaged in critique and 

evaluation of the problem; however, I did not find many instances o f off-task behavior. 

The group engaged in in critique and evaluation o f the plan during the group process.

The task was an initiating factor for the group’s engagement in the second cyclic 

phase through evaluating concepts and understanding concepts because the data showed 

that the students explained the task and engaged in decision-making. The decision

making centered on the parameters of the task. During this second cyclic phase, the 

students showed evidence of critical thinking skills when they compared their solutions 

with the task. These findings agreed with the results o f Robotti’s (2012) study because 

she found that, during the task, the students progressed from simple modes of talking to 

discourse of greater complexity. If the students determined a way to check their solution, 

they began cycling through the first three components, which began the process all over 

again. If the groups determined they were “stuck,” they abandoned the plan and made a 

new plan; therefore, the process o f starting over from the beginning ensued. During their 

moments of “stuck,” the group made accommodations in their learning. For example, the 

students made an accommodation that all systems of linear equations have one solution.
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Lastly, my findings differed somewhat from Kapur (2008) in relation to the 

divergence of their work. I found that even when the group decided to “divide and 

conquer” during Cycle 2 by dividing up the types of graphical representations for each 

player, each time they returned to reporting results as a group and clarified their work as 

a group. Isaac, who mainly worked independently in Cycle 1, did create divergence, 

especially in Cycle 1, but he still conferred with the group at certain times during their 

group work. In fact, the group used his findings to accommodate for their understanding 

of using an inequality in two variables. This phenomenon aligns with Francisco’s (2013) 

findings of episodes during group collaboration when one group member separated from 

the group to work independently. His findings showed that the independent work 

eventually affected the group in a complementary and collective way. The fact that the 

participants in Kapur’s (2008) study worked collaboratively using a synchronous 

technology and my case study utilized collaboration in a face-to-face setting may have 

contributed to the difference in group divergence.

Component 2: Activates Prior Knowledge

Kapur (2010) found that when students actively create mathematical 

representations and methods for solving complex problems, they activate their prior 

knowledge. Kapur and Bielaczyc (2011) went a step further and stated that the amount of 

methods and representations that a student can create for a solution is dependent upon his 

or her prior knowledge. Kapur and his colleague found a significant multivariate effect of 

prior knowledge on student posttest scores for two out o f the three schools in their study: 

F(3, 70) = 4.35, p = .007, partial t}2= .16 and F(3, 108) = 5.98, p = .001, partial rj2 = .14.



224

In addition, Kapur and Bielaczyc (2011) found that the amount of methods and 

representations the students in the PF groups used had a multivariate effect on their 

posttest scores: F(3, 178) = 230.48, p < .001, partial r f  = .80 for the well-structured 

problems; F(l, 180) = 222.15, p < .001, partial rj = .55 for the complex problems; and 

F(l, 180) = 6.99, p = .009, partial t]2= .04 for the graphing problems. Kapur (2012) 

argued that new learning occurs when students persist with a task because they must 

actively use their prior knowledge, which results in multiple representations and methods 

for solving. Therefore, the multiple representations and methods act as a measure for the 

activation of prior knowledge

My findings showed a direct relationship between prior knowledge and the way 

the students created a new plan. All of the plans that the students carried out were akin to 

what Kapur called their representations and methods (RSM’s). Each plan pitched to the 

group stemmed from the group member’s prior knowledge. The prior knowledge o f one 

group member was normally not enough to generate new RSMs because the group only 

heard plans they could assimilate with their prior knowledge. This relationship reflects 

the findings of Francisco (2013), who also discovered that a collaborative group 

determined if an idea should be accepted or rejected by whether it made sense to the 

group. When a plan went unheard, the group usually abandoned the plan and the member 

who initially pitched the idea, and no mention of it reoccurred. Therefore, not only did an 

initial plan stem from the prior knowledge o f a group member, the plan lacked 

sustainability if  the member was not able to voice the plan in a way that the group could 

assimilate into their prior knowledge as well. Hence, using the group’s amount of
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representations and methods as a measurement for knowledge activation may not be 

accurate because there are instances when a group member activates prior knowledge and 

the group does not carry out the plan, resulting in no tangible method or representation.

The groups did activate prior knowledge during other group processes other than 

making a plan. When the group understood a concept, they activated prior knowledge.

For example, there was an instance when a group member forgot the distance formula as 

the groups worked the plan. A group member tried to help, and together they activated 

their prior knowledge to remember the needed formula. Sometimes it took the group a 

few minutes o f discussing the formula before they were sure the formula was correct. 

Since the data showed that the group continually activated prior knowledge during the 

plan by using their methods and representations as a measure of knowledge activation, I 

feel that the number would not accurately represent them because the group activated 

much more prior knowledge than what their methods and representations may show. 

Component 3: Initiates Multiple Representations

Kapur and Bielaczyz (2011) quantified the number o f methods and 

representations that each PF group created during a task on average speed. They found 

that the PF groups created more representations than the LP groups. Kapur (2009) found 

that the groups persisted with new representations even when they could not expound on 

those ideas and succeed at solving the problem. Kapur’s (2010) study showed that 

students in a PF group generated more representations and methods than a group who 

also solved complex problems but received help from the teacher when needed: F(1,22)

= 13.15, p  = 001, partial tj2 = .037.
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My findings also showed that the generation of new plans came from becoming 

“stuck” after the group evaluated their plan. The more the group became stuck (which is a 

form of failure), the more the group abandoned a plan and began the process again of 

creating a plan with new representations and methods; therefore, each new group plan 

could be considered a measurement for how often the group became stuck. This is most 

likely why Kapur found that the PF groups were able to create more representations than 

other types of groups. Since the groups that were not PF groups had the assistance of a 

teacher while problem solving, the groups did not experience being stuck. The results 

from my study showed that when the students were stuck, they had evaluated the plan 

and determined that they were confused. Since they could not ask a teacher for help, the 

group resorted to re-reporting their results, re-reading the task, and generating new ideas. 

The group eventually abandoned their plan and created a new plan (which produced a 

new method or representation) and started the process all over again. It is probable that 

the groups who had the assistance of the teacher in Kapur’s study did not experience 

being stuck in the same way that the PF group did. These non-PF groups were able to ask 

the teacher before experiencing the level o f confusion that the PF groups felt. Without the 

conflict of being stuck, they did not feel the same necessity o f generating new plans.

My findings showed that the group created new plans when they were stuck 

because of the disequilibrium they felt when the group could not assimilate new 

discoveries during their evaluation of the plan. Since the group wanted to attain 

equilibrium, they had to use their own resources. The group either tried to assimilate by 

checking their plan or abandoning the plan altogether for a new plan. When the group
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made a new plan, it restored the members’ feeling of equilibrium because they were back 

to assimilating prior knowledge that they could understand.

Finally, the Cycle 2 data o f this study, generated from the same task as Kapur’s

(2012) study, depicted similar results as those found by Kapur (2012). The groups in 

Kapur’s study and this study used central tendencies, graphs, and deviation methods. 

However, my case study group was not able to create some o f the more sophisticated 

deviation methods, such as calculating the mean absolute deviation presented as an 

example of methods in Kapur’s study. Therefore, looking at the examples that Kapur 

provided, the PF groups in his study were closer to finding a formula for variance than 

my case study group. I found that my case study group spent most o f their time working 

on graphs, but failed to understand how the graphs could ultimately show them the 

consistency of the players.

Component 4: Critically Analyzes Targeted Concepts

Kapur’s (2008) study showed the PF groups critically analyzed ill-structured 

problems on the posttest better than the non-PF groups. He stated that the PF groups 

accounted for more variables, displayed cognizance of parametric variation, and reasoned 

the suitability of a range or fixed value for a situation. Also Kapur (2012) argued that the 

more the PF group could generate more representations and methods, the more they were 

able to understand new concepts.

My findings showed that the case study group could critically analyze their 

proposed solutions when they evaluated the plan. The groups utilized roles such as the 

questioner and the explainer to analyze their w ork.. These roles reflected some of the
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same roles that Zack and Graves (2001) found in their study o f group interactions 

between three fifth grade boys, which showed that the boys took on the roles of 

explainer, questioner, listener, and responder. During the group processes of 

understanding concepts and evaluating the plan, the groups spent much of their talking on 

the approach defining variables, which also showed a deeper analysis of the problem. The 

advantage that the PF students have is that the tasks require students to think critically in 

order to account for the problems’ lack of structure.

Component 5: Makes Connections between Failed Attempts and Successful Endeavors

Kapur’s (2009) content analysis of PF group work showed the process of creating 

a method only to discover that it would not work was a beneficial learning process for 

becoming expert problem solvers. He found that one group began with a guess-and-check 

method but determined the method to be inefficient and therefore, rejected the method.

He also found that students were able to build upon one method, such as a graphical 

method, to create another method, such as an algebraic method.

My findings showed that the group used the approach “stuck,” when they tried a 

method and it would not work. This was beneficial to the group because they were able to 

accommodate for their learning during moments o f being stuck. For example, during their 

moment of being “stuck,” the group determined that some systems o f equations do not 

have a solution in the form of an ordered pair. In order to solve a problem, it is equally 

important to know what will and will not work.
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Synthesis of the Study Framework and Persistency Model: Concluding Thoughts

My findings showed the inability to study the five components of a productive 

failure model through the group’s verbal thought. The data showed that the group used 

different group processes for different components o f the productive failure model. In 

addition, the group used different roles and approaches in order to persist during the task. 

This study’s data revealed that the group worked together and did not display the level of 

divergence in their work or multiple off-task behaviors described in the findings o f Kapur 

(2008). Like Kapur and Bielaczyc (2011), I found a relationship between the group’s 

prior knowledge and their making o f a plan. Lastly, I found that the approach “stuck” was 

necessary to aid in the group’s accommodation of new concepts.

Three Implications for Teaching: Bridging Theory with Practice 

Three main implications of this research synthesize with my theoretical 

framework. The constructivist views of Vygotsky, Piaget, and Freire serve as the basis 

for this framework. This section addresses the important implications of the findings on 

formatively assessing students through their verbal talk, making accommodations through 

persistence, and allowing students to become critical thinkers.

Analyze Verbal Thought: Assessment through Group Talk

A child’s social environment is a central to his or her learning (Vygotsky, 

1934/1962). When students are collaborating in groups, Teachers can learn much about 

what they know and how they form new concepts. This is because when students are 

talking in their groups, their words become attainable representations o f their thinking. 

Vygotsky (1934/1962) explained that verbal thought is the intersection of speech and



230

thought. This study provided evidence that the collaborative group discourse o f students 

facilitates assessment of what students know.

I found myself fascinated by their discourse as my groups talked during the task. 

Just by listening, I learned much about what they did and did not know. For example, 

during Cycle 2 ,1 learned that my students excelled at making box plots, but they did not 

have the faintest idea of what they were intended to show. The social environment 

created while the groups worked on the task provided a method of formative assessment 

of their prior knowledge. Not only did the group talk about what they did and did not 

know, but they also talked about what was important to record as results. They engaged 

in discourse about their confusion and their understandings.

After the groups talked and recorded, the groups presented a poster o f their results 

to the class. The other class members asked the group questions about their findings. The 

poster session provided another means to determine the students’ prior knowledge and 

the learning gains attained during the task.

No matter what theoretical model of teaching a teacher identifies with, every 

teacher needs to be aware of the prior knowledge of their students before teaching new 

concepts. The productive failure model proved to be an excellent method o f formative 

assessment of the students’ prior knowledge. Because of the persistent nature that the task 

created, I was able to determine much more about students’ prior knowledge than I could 

have discovered using a pretest. For example, when the students worked through their 

first plan in Cycle 1 ,1 determined that they made an error in the way they solved a 

compound inequality by treating a value of zero as an extraneous value. The task
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provided a rich soil for discovering these types o f mathematical misconceptions.

Learning about their prior knowledge is important to facilitate a teacher’s rethinking of 

instruction to tailor it to the needs o f students.

For example, after the students completed the task in Cycle 2 ,1 knew I needed to 

review box plots before I explained a formula for consistency. Being able to use their 

prior knowledge as a starting point informed my teaching because I continually had in 

mind what my students had said during the task and during their presentations. I was able 

to relate my teaching of new concepts by relating it to them in an authentic way.

Celebrate Errors: Making Accommodations through Persistence

Accommodation occurs when a person is faced with a task for which a previously 

created schema will not work. To adjust, a new organizational system must be formed 

within the mind. This study provided evidence that errors benefit students because they 

encourage students to accommodate for new mathematical learning.

Errors are crucial to learning because it is important for students to know what 

they do not know. The more a person understands a concept, for example what works and 

what does not work, the better a person can accommodate for the new concept. For 

example, if the group had not made the discovery that all systems of equations do not 

have a unique solution—a discovery they made through the error of trying to solve a 

parallel system to determine the number of combinations—then the students would not 

have been able to make this important accommodation. The disequilibrium initiated when 

the students could not assimilate that all systems have a unique solution created a need
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for reorganization of their thinking. Without the need, the students would not have made 

the accommodation that not all systems have a unique solution.

My findings showed that the groups were able to explain what they did not know 

through their errors. In order to explain their confusion, the students had to define 

variables, explain the task, and explain their previous solutions and methods. Their errors 

created a healthy dose of disequilibrium. Their disequilibrium was felt when they became 

confused. A person naturally persists in order to attain equilibrium. Therefore, error 

making is actually sense-making (Kapur, 2012).

Although a transmission model o f teaching is more efficient, the students are not 

given the opportunity to explore multiple representations through their errors. This can 

hinder the learning process because the students may not fully accommodate for new 

concepts. When students work together on a problem and become puzzled, teachers need 

to resist the temptation to provide initial support. The point o f a problem is for it to be a 

problem. Problems should create disequilibrium, for it becomes the needed driving force 

for students to persist and form their own assimilations and accommodations necessary 

for each student to reorganize their prior knowledge. The data in this study showed that 

students’ puzzlement was the force that kept them cycling through a process of 

persistence, which generated a wealth of representations and methods that were solely 

student generated.

Allowing students to persist by way of errors is also relevant to the Common Core 

Standards initiative. Eight standards for mathematical practice are the same for 

kindergarten through twelfth grade. The first standard, taken from the NCTM process
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standards, explains the problem-solving practices that teachers should seek to foster in 

their students. The standard of “CCSS.Math.Practice.MPl: Make sense o f problems and 

persevere in solving them” requires students to “monitor and evaluate their progress and 

change course if  necessary” (CCSSI, 2012, para. 2). In order for students to persevere by 

evaluating and changing their course, certainly errors must be involved in the problem

solving process. The descriptive paragraph given in the Common Core Standard for 

MPlto explain this problem-solving standard to teachers ultimately explained what I 

observed during my case study:

Mathematically proficient students start by explaining to themselves the meaning 

of a problem and looking for entry points to its solution. They analyze givens, 

constraints, relationships, and goals. They make conjectures about the form and 

meaning of the solution and plan a solution pathway rather than simply jumping 

into a solution attempt. . .  They monitor and evaluate their progress and change 

course if necessary. . .  Mathematically proficient students can explain 

correspondences between equations, verbal descriptions, tables, and graphs or 

draw diagrams of important features . . .  They can understand the approaches o f 

others to solving the complex problems and identify correspondences between 

different approaches, (para. 2)

The students determined many methods for solving the problem, continually interpreted 

their results, and checked their answers to determine if  the solution made sense in the 

problem. In order to facilitate students’ in-depth understanding of mathematical content,
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teachers need to focus on this standard for problem solving. The productive failure model 

provided an excellent way for the students to meet this standard.

At the end of each cycle, I conducted a consolidation lesson in which I explained 

the solutions to the task. Even during the consolidation lesson, I celebrated student errors 

by showing the students how this was “cool because you thought to use an inequality by 

using the maximum and minimum cost.” Celebrating errors is important so that students 

understand that making errors is part o f the learning process.

Student Voice: Allowing Students to Become Critical Thinkers

The data showed that when the case study group solved a productive failure task, 

a problem-posing model o f education was necessary. A problem-posing education model 

gives students a voice in the classroom in which they can critically reflect on their 

learning (Freire 1970/2012) and the freedom to voice ideas when they are wrong. When 

given the freedom, students will generate new methods and representations. Kapur (2009) 

stated that the productive failure model gives students the opportunity to construct their 

own mathematical structures for solving complex problems. Therefore, allowing students 

the freedom to voice their own mathematical ideas is a critical and necessary component 

for their learning (Duckworth, 2006; Freire, 1970/2012). Isaac’s confessional recording 

after the second day o f Cycle 2 is an excellent example for the benefits o f promoting 

student voice. In this instance, I asked the case study group to take their student cameras 

and go next door in the workroom to record their thoughts after each day o f the task.

When asked how he felt about the task, Isaac replied:



How do I feel about the task? Ummm. . .  I think that the task is not difficult. . .  

but wel l . . .  yeah I take that back . . .  I think it is difficult. . .  the task that we are 

doing in class . . .  on . . .  the teacher . . .  the teacher really doesn’t . . .  she makes 

u s . . .  well, let me put it this w a y . . .  she makes us work for i t . . .  works for it. 

Yeah, we work for it. And we have to do work . . .  umm. . .  by ourselves meaning 

that she doesn’t teach us . . .  she teaches us some of it, but leaves some of it out so 

we can work it out ourselves . . .  well, the task, it can be it can be challenging. . .  

it’s not boring, but it can be challenging . . .  time consuming . . .  definitely yes . . .  

for our last task, it was way more challenging than this task . . .  this task we got 

more things we know what we are doing . . .  we got more things to solve our 

problem to make a solution or an outcome somewhat. . .  um, I think the group 

likes that task . . .  cause we got a lot of work down. . .  yeah, we p u t . . .  I got a lot 

of stuff put down on my paper . . .  than I had for the last task . . .  so, that is what I 

have to say about the task.

Isaac said it best. Isaac was given the time, space, and freedom to work; to be challenged; 

and to make learning gains during the task. Although he admitted that it was not easy, he 

also said that he was not bored. During a productive failure modeled task, students are 

given the space to critically reflect on their learning and make connections.

These connections served as a foundation when it was time for the consolidation 

lesson. The students were given freedom during the consolidation lesson, as well. The 

process of requiring students to first work on the task in a group resulted in student 

ownership of the problem; the problem was their problem to begin with, not the teacher’s
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problem. Therefore, the students’ initial freedom to construct their own representations 

and methods changed the power o f the classroom during the consolidation lesson. The 

students viewed me differently. I served the purpose of helping them with their problem, 

and they appreciated my expertise, but they also felt empowered to ask questions and 

noticed their ideas within the solution. The data showed that by structuring the productive 

failure modeled task to be solved in student groups before formally teaching the new 

concepts, then following the group work with a poster session, and finalizing their 

learning with a teacher led consolidation lesson resulted in appreciation of the students’ 

ideas and ways of knowing.

Concluding Thoughts Regarding the Implications for Teaching

The three main implications of formatively assessing students through their group 

talk, celebrating errors as a means for accommodations through persistence, and allowing 

student voice to facilitate critical thinking are relevant to teaching. Teachers need to be 

able to assess students by listening to them talk, allow students to make mistake for the 

good of student learning, and empower students to become critical thinkers by using their 

voice. Knowledge construction is not about being efficient. Knowledge construction is 

about being effective.

Limitations of the Study: I Am the Instrument 

My case study group consisted o f four students from my own classroom. Since 

this was purely a qualitative study, I was the primary instrument for collecting and 

analyzing the data. As a human researcher, I admit the presence of personal biases during 

the study. My biases included knowing my students, assuming that the productive failure
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model would be beneficial to student learning, and determining that the productive failure 

model aligned with my constructivist theoretical beliefs.

Since, admittedly, I was the group’s teacher, I decided to focus most of my 

analysis on their recorded talk while they were problem solving. The reason is that their 

talking was not as influenced by my biases. If I collected data by solely making 

observational notes, it would have been much easier to infer what I saw through my a 

priori assumptions. To decrease my assumptions o f influencing the data, I videotaped 

students while they worked. The students were also given their own video cameras. At 

first, I was concerned that use o f the cameras would be a limitation since this was not a 

natural occurrence, and use of this type o f technology might cause students to act 

differently. At first, the students did act a little differently, but after a few minutes, they 

began working as a group, and the novelty o f the cameras was not an issue. The student 

cameras became a useful tool to ensure that the transcriptions were highly accurate.

Cycles 1 and 2 data were transcribed with utmost care and precision by using each 

student’s camera to make a complete transcription of the group’s talk.

However, during Cycle 3, the student cameras ran out of memory, and I resorted 

to using only my main camera, which should be considered another limitation. The sound 

on the taping was poor, so I was not able to transcribe the last cycle with the same level 

of detail as the first two cycles. For most o f the third cycle, the transcription reads much 

like field notes. Fortunately, the first two cycles provided rich data, and by the third 

cycle, I had met saturation for all three coded components.
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Using the transcriptions o f the group work also alleviated some of the biases I 

admit to having regarding the productive failure model. My assumption was that the 

students would work through the model as intended. This process involved the students 

activating their prior knowledge, initiating multiple representations, critically analyzing 

targeted concepts, and making connections between their failed and successful endeavors.

My data analysis focused mainly on using the voices of my students while they 

were problem solving; therefore, I allowed the students to speak for themselves.

Although I was biased toward the benefits of the model, using the transcriptions of the 

group talk facilitated the possibility of alternate interpretations. I prepared myself in case 

the model did not afford students a space for puzzlement. Fortunately, the data not only 

agreed with previous findings on what the model would show, it also afforded the ability 

to analyze the data to better understand how the model works.

Finally, I am biased towards a constructivist theory for learning; therefore, my 

contribution to research is a synthesis o f my interpretations o f the analyzed data through 

my constructivist understanding of how students should learn. I relied on the 

constructivist views of Vygotsky, Piaget, and Freire to determine how students should 

learn and how they should be taught mathematics. I chose to study the productive failure 

modeled task because I deemed it an appropriate design for carrying out my 

constructivist views for teaching and learning. The purpose o f this study was to further 

understand the model and determine how students struggle.
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Implications for Research: Further Studies using Case Study Research

Several areas of the productive failure model for problem solving emerged as 

potential areas for future research. These areas might provide further explanations of how 

groups of students naturally persist during a productive failure modeled task. The 

following is a list o f suggestions for future research:

•  Further examination of the productive failure model could use different tasks 

to determine whether different tasks would support the same findings. Since 

the ninth grade mathematics course was an integrated model, I chose to utilize 

a task for each genre, algebra, geometry, and statistics. It would be interesting 

to study how the students performed with three tasks that could possible build 

on one another to determine what concepts transferred or what concepts could 

be traced from one task to the next.

•  Further examination of the role of writing during a productive failure model is 

recommended. Since this study mainly focused on the data obtained from 

student discourse, it would be interesting to further examine student learning 

logs to better understand how their writing contributed to their knowledge 

construction.

•  Further examination of the productive failure model could determine how it 

aligns with the Common Core State Standards for Mathematical Practice 

(CCSSI, 2012). Although I determined that my findings aligned with the first 

standard, the study did not focus on the common core practice standards.
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Therefore, a closer investigation is necessary to determine how closely the 

eight standards align and how useful is the PFM to meeting these standards.

• Further examination of the productive failure model could use a different 

grouping of students. For this study, I used a representative single-case 

embedded design. It would be interesting to research a group o f students who 

would not constitute a representative sample during a productive failure model 

to determine whether they construct knowledge in the same way as the case 

study group constructed knowledge. For example, Bottge et al. (2010) found 

that students with learning disabilities struggle with solving word problems in 

a mathematics instruction because it is difficult for them to obtain the 

pertinent information needed to make gains in solving the problem. Although 

Kapur and Bielaczyc’s (2011) study showed that students with low ability 

levels in the productive failure group outperformed their counterparts in a 

traditional math setting, on answering a complex problem on a posttest, 

students with learning disabilities may not persist during the task in the same 

way the case study persisted.

• Further examination to determine how groups o f three or pair work would 

alter the results of this study. Since this study used four group members, it 

would be interesting to determine how students were able to construct 

knowledge with fewer members of students in their group.

• Further examination o f the benefits of how students’ academic conversations 

further their content-related terminology is needed. Although I analyzed their
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content-related terminology to assist in determining how the group 

constructed knowledge, there was not a research question that directly focused 

on the relationship between student academic language and the mathematics 

terminology they used.

• Further research of the benefits o f this model could determine the zone of 

proximal development o f students. The zone of proximal development is the 

difference between what a student can do independently and what the student 

can do with assistance (Vygotsky, 1934/1962). Vygotsky (1934/1962) stated 

that “with assistance, every child can do more than he can by himself — though 

only within the limits set by the state o f his development” (p. 103). It would 

be interesting to see how the zone of proximal development could be 

determined and utilized using this model.

•  Further examination of the pre- and post-tests to determine how the group 

processes and group roles forwarded their conceptual knowledge. Since the 

focus of data analysis was on the group talk, a deeper analysis o f the students’ 

pre- and post-tests could provide further understanding o f how the students 

forwarded their conceptual knowledge during the task.

• Further examination o f how gender plays a role in their problem solving is 

necessary. My findings showed that the Sara and Katie represented 

approximately 75% of the talking in their groups. Conversely, Zinicola (2009) 

found that the two boys talked more than the two girls did in the collaborative
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group. It would be interesting to replicate this study with another group to 

determine if the results would show the same findings.

•  Further examination o f the model could address a different age of students. It 

would be interesting to see if  the model would work the same if  the students 

were elementary-aged children. Younger students may not persist in the same 

way that the fifteen-year-old students from this study persisted.

• Further examination of the study could address a different course o f study. My 

findings showed how a group o f students persisted in a mathematics course. It 

would be interesting to determine how the model could be replicated in a 

Social Sciences course, for example.

Conclusion: The Construction of Knowledge through Failure

This case study of ninth grade mathematics students began with my problem 

concerning the overuse o f a transmission model for teaching. From my experience, high 

school mathematics teachers rely heavily on the transmission model because it is an 

efficient model for teaching. In our current culture where student scores on high-stakes 

tests determine teacher effectiveness, teachers seek an efficient model for teaching to 

facilitate addressing all of the necessary material for the test. Unfortunately, the problem 

with overuse o f the transmission model is that it typically does not afford students 

learning opportunities where they can critically reflect, analyze their work, and create 

meaning of the concepts. When teachers rely on a transmission model, the main goal is to 

teach with efficiency by relying on teacher-directed lessons through lecture and practice
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and assignation of problems similar to the examples shown during the lecture and 

practice lesson.

The Common Core State Standards clearly state that teachers need to afford 

students with time to work on authentic tasks that require students to persevere (CCSSI, 

2012, para. 2). I conducted my research in a standards-based classroom. At the end of the 

course, my students took a high-stakes test. Their scores on the test are a component o f 

my teacher evaluation. Even with the stress of making sure I taught my students the many 

mandated mathematics standards, I was able to create the necessary class time to include 

three cycles o f the productive failure model without omitting any of the course standards. 

I structured the tasks so that they focused on big, overarching concepts for the course. 

This proves that even in a high-stakes testing environment, teachers can take the time to 

design instruction that affords students the space to use their voice, make errors, and 

critically think without compromising the instruction of the mandated standards. The 

productive failure model may not be as efficient as a transmission model, but it meets the 

common core problem-solving standard far better than canned problems from the 

textbook.

This qualitative case study bridged theory and practice by explaining how 

students construct knowledge by their natural persistence during the productive failure 

modeled task. My finding showed that the group persisted during a productive failure 

modeled task by working together through five main group processes: making a plan, 

working the plan, reporting results, understanding concepts, and evaluating the plan.

Each process was used for different purposes and in a cyclic pattern of interaction. The
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group interacted with each other by playing eight major roles. All o f the group members 

utilized these roles to share their verbal thoughts with the group in order to make 

knowledge a group commodity. The group used 10 different problem-solving approaches 

that helped them make learning gains during the task. Finally, my findings contribute to 

the field o f secondary mathematics education. They explain how the productive failure 

model utilizes student errors to cultivate a learning environment where students: a) 

construct many methods and representations for solving the problem, b) continually 

evaluate their results, check their answers to determine if  the solution makes sense, and c) 

persist after initially failing.
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Tift College of Education

Problem Solving: Kapur’s Productive Failure Model

Parent or Guardian 
Informed Consent Form

Your child has been asked to participate in a research study entitled Problem Solving: 
Kapur’s Productive Failure Model. The study is being conducted by Amy Westbrook. 
The results will be used to further my understanding the benefits of the Productive 
Failure model for problem solving and whether the Productive Failure model helps them 
construct their own mathematical knowledge. Your son’s/daughter's participation is 
voluntary. A decision to participate in the research will not affect his/her relationship 
with XXXX, his/her relationship with other teachers, or his/her academic standing. This 
study has been approved by the school principal, XXXXX, and has received 
administrative approval at the district level.

I. The purpose of my study is to explore:
This research study is designed to determine how students construct knowledge while 
problem solving using the Productive Failure model. The data from this research will be 
used to provide secondary education professionals, curriculum specialists, and policy 
makers with evidence of the importance o f the productive failure model for problem
solving in the mathematics curriculum.

II. Procedures:

Each child will have the opportunity to learn three new concepts using a problem solving 
method. The tasks will be given as the students are ready for these new concepts. Each 
of the tasks is meant to help students construct new knowledge through problem solving 
and is aligned with their state Common Core standards. Each task will last 
approximately seven days of class. After the students have had time to problem solve in 
small groups, the teacher will lead the students in a group discussion. Each group will 
present their findings to the class. Finally, the teacher will lead a discussion that will 
consolidate the answers that each group found, reveal appropriate ways to solve the 
problem, and further inform students on the new concept.

Problem Solving Model:
If you allow your child to volunteer for this study and he/she is in the class that will be 
using the productive failure model, then your child will be asked to work individually and 
in a group setting on a problem solving activity. The problem will be aligned with the
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students’ standards. The problem will also be engaging, have multiple ways in which it 
can be solved, and may have more than one solution. The students will be given time to 
work on the problem so that they can process the problem and make their own 
understandings of the problem before the teacher intervenes. The students may not be 
able to reach a consensus on a correct answer during this stage of the problem, but should 
be able to make attempts at solving. After the students have been given a few days to 
fully understand the problem, the teacher will intervene and lead the students in a 
discussion regarding their findings and the teacher will present other methods that may 
have been used to solve the problem and provide the solutions.

Your child’s participation will involve participating in three different tasks each lasting 
approximately seven days of class. Only two o f the seven days of each task will last the 
entire block, most of the days will only take half the block (45 min.). This will give the 
teacher time to review previous concepts, go over homework, etc during the study.

Each student will be given a pretest at the beginning of each task and a posttest at the end 
of each task. These grades will not be recorded in infinite campus, but parents may 
request a copy of the assessment at any time. The classes will also be videotaped. The 
videotapes will be used to help the teacher hear and see the conversations of the students 
to determine the level of thinking that transpires while the students are working. Also, 
four students will be chosen to be interviewed to provide more insight to the level of 
thinking that transpired during the study.

Your child will be asked to assent to participate in this research. (Assent means that your 
child will be asked to voluntarily participate in this research.) Your child will tell the 
teacher they want to participate by answering yes or no after the teacher verbally reads to 
your child what the research is about and what he/she will be asked to do.

You have a right to refuse to have your child’s information included in the research. 
Refusing to include your information will not jeopardize your child’s receiving o f any 
services related to his/her classwork.

Parent/guardians who allow student to participate must:

Please read and complete the consent form.

III. Potential benefits to students and/or society
The data from this research will be used to provide secondary education professionals, 
curriculum specialists, and policy makers with evidence of the importance o f the 
productive failure model for problem-solving in the mathematics curriculum that in turn 
will benefit the quality of learning for secondary mathematic students.

IV. Potential Risks/Discomfort
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There are no foreseeable risks or discomforts associated with this study. If your child has 
a learning plan such as an IEP, those accommodations will be honored during the study.

V. Withdrawal o f Participation
Your child's participation is voluntary. Your child will not be penalized or lose any 
benefits that he/she are otherwise entitled to i f  you decide that your child will not 
participate in this research project.

If your child decides to participate in this project, he/she may discontinue participation at 
any time without penalty or loss o f benefits. You have the right to inspect any instrument 
or materials related to the proposal. Your request will be honored within a reasonable 
period after the request is received.

VI. Payment for Participation
Students will not be paid for their participation. There is no financial obligation for 
participants.

VII. Confidentiality
Every precaution necessary will be taken to preserve the confidentiality/privacy of 

the participants. The pretest and posttest results will be numerically coded with random 
identification numbers so that their names remain confidential. The list connecting 
participant numbers and names will be kept in a separate locked cabinet. The footage 
will only be viewed by the teacher and will be stored under lock and key in the teacher’s 
classroom. The footage will not be used for general broadcast, posting online, etc. 
Students’ real names will not be used. The interviews will also be kept under a lock and 
key in the teacher’s classroom. Students will be will be given a pseudo name for this 
study so that the participants are not in any way identifiable. The list connecting 
participant pseudo names to real names will be kept in a separate locked cabinet. The 
data will be stored for at least 3 years after completion of the study.

Questions about the Research
If you have any questions about the research, please speak with Amy Westbrook. If  you 
have questions later, you may contact Dr. Randolph Justus at Mercer University: 
Randolphjj@mercer.edu or 678-547-6519.

You have been given the opportunity to ask questions and these have been answered to 
your satisfaction. If you do agree to allow your child to participate in this research, please 
complete the information below:

I, __________________________________ , do want   to
participate in this research study.

Participant’s Name (Print) Date

mailto:Randolphjj@mercer.edu
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Parent/Guardian’s Name Parent Guardian’s Signature Date

Please return to Amy Westbrook as soon as possible.

In order to conduct this research, this project has been reviewed and approved by Mercer University’s 
Institutional Review Board (IRB). If you believe there is any infringement upon your child’s rights as a 
research subject, please contact the IRB Chair at (478) 301-4101. The IRBs are the governing bodies that 
are set in place to ensure responsible and safe conduct of research investigations.
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Tift College of Education

Problem Solving in Math I 
Informed Assent for Participants Ages 14-21

Problem Solving: Kapur’s Productive Failure Model

You are being asked to participate in a research study. Before you give your consent to 
volunteer, it is important that you read the following information and ask as many 
questions as necessary to be sure you understand what you will be asked to do.

Investigators at Mercer University are doing a research study where we are trying to learn 
about whether or not students learn the standards better using the problem solving model, 
Productive Failure.

Procedures

Mrs. Westbrook’s first block Coordinate Algebra class will have the opportunity to learn 
three new concepts using a problem solving model. All students will begin each new 
problem solving task with a pretest. During each task, all students will work in small 
groups of three to four students. After two days o f working on the task, each group will 
present their findings to the class. After each group has presented, Mrs. Westbrook will 
lead a discussion and explain the new concept to the students using the student’s 
knowledge that was presented on the previous day. At the end of each task, each student 
will take a posttest. The grades on the pretest and posttest will not be recorded in infinite 
campus. You have the right to refuse to have your information included in the research. 
Refusing to include your information will not jeopardize you receiving any services 
related to your classwork.

Videotaping and Interviewing.

The classes will also be videotaped. The videotapes will be used to help the teacher hear 
and see the conversations of the students to determine the level of thinking that transpires 
while the students are working. The footage will only be viewed by the teacher and will 
be stored under lock and key in the teacher’s classroom. The footage will not be used for 
general broadcast, posting online, etc. Students’ real names will not be used. You can 
refuse to participate in the videotaping or refuse to have the information used in the 
research without penalty.
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Four students will be chosen to interview. The interviews will provide additional 
information to help the teacher learn more about the level o f thinking that transpired 
while students were working. The interviews will only be recorded and read by the 
teacher and will also be stored under lock and key in the teacher’s classroom. Students’ 
real names will not be used.

Students will be will be given a pseudo name for this study so that the participants are not 
in any way identifiable. The list connecting participant pseudo names to real names will 
be kept in a separate locked cabinet. Any questions regarding the purpose and use of the 
videotape or interviews should be directed to Amy Westbrook: 770-463-5585.

Potential Risk and Discomforts

There are no foreseeable risks or discomforts associated with this study. If you have a 
learning plan such as an IEP, those accommodations will be honored during the study.

Potential Benefits o f the Research
The data from this research will be used to provide secondary education professionals, 
curriculum specialists, and policy makers with evidence of the importance of the 
productive failure model for problem-solving in the mathematics curriculum that in turn 
will benefit the quality of learning for secondary mathematic students.

Confidentiality and Data Storage

Your name will not be associated with your responses and will be identified only by an 
assigned coded number. At no time will your name be associated with the results o f the 
research. However, any identifying information you provide while being videotaped will 
never be used as part of the research or associated with the results o f the study.

Your responses will be stored in a locked location and will only be used for research 
purposes by Mercer University School. The footage will not be used for general 
broadcast, posting online, etc. Students’ real names will not be used. Students will be 
will be given a pseudo name for this study so that the participants are not in any way 
identifiable. The list connecting participant pseudo names to real names will be kept in a 
separate locked cabinet. You can refuse to participate in the videotaping or refuse to 
have the information used in the research without penalty. If you request to have your 
videotape destroyed before data can be collected from it, you may not be allowed to 
continue in the study. The data will be stored for at least 3 years after completion of the 
study.
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Your parent(s) have said that it is okay for you to be in this research study. You do not 
have to be in this study if you do not want. You can change your mind at any time by 
telling your Mom, Dad, or your counselor.

No, I do not want to be in this study. Yes, I want to be in this study.

Signature o f Participant Date

Signature o f Person Obtaining Assent Date
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Instructional Plan 1 
Unit 2: Reasoning with Equations and Inequalities 

Lesson: System of Linear Inequalities 
Length: 6 days

The Purpose:
The purpose of this instructional unit plan is to study a problem solving task that 

was designed using Kapur’s (2009) productive failure model for problem solving to use 
for my case study, A Case Study o f  How Ninth grade Mathematics Students Construct 
Knowledge during a Productive Failure Model. The instructional plan will provide a 
framework to ensure the standards, performance task, essential questions, assessments, 
and time frame are adequately implemented. The productive failure model for problem 
solving will allow for students to work through a problem and make their own 
assumptions before the teacher aids in helping the students find an answer.

Overview o f a Productive Failure Model:
Kapur (2009) suggested that teachers should incorporate “productive failure” as a 

problem-solving method as opposed to allowing for supports during problem solving. 
Productive failure is a method that capitalizes on the understanding that students need to 
be able to experience opportunities of unsettlement in order to expand their learning 
(Kapur, 2010, 2011). Kapur (2010) stated that:

it is important to note that invariant across the Piagetian notions and conceptual 
change is the idea that a disequilibrium (e.g., between internal schemas and 
environment) or a discrepancy (e.g. between learners’ and canonical conceptions) 
-  both forms of temporary failures — are a necessary condition for learning, (p. 
562)

Therefore when students are problem solving and are challenged to the point o f 
bewilderment, it can be a positive symptom of solving an authentic problem. Cotic and 
Zuljan (2009) stated that problem solving should be an “intellectual search” that 
“provoke[s] cognitive tension” (p. 299).

Kapur (2009) stated that when designing a complex problem, the problem should 
have “multiple solution paths leading to multiple solutions” (p. 527) and the problem 
should enable students “to make some inroads into exploring the problem and solution 
spaces without necessarily solving the problem successfully” (p. 528). Cotic and Zuljan 
(2009) gave five types of complex problems that should be given to students: 1) 
“problems that contain insufficient amount of data,” 2) “problems containing more data 
than needed,” 3) “multiple-solution problems,” 4) “problems that are solvable in various 
ways,” and 5) “problems with contradictory data or no solution” (p. 300).

Kapur’s (2008) productive failure model for problem solving provides students 
with opportunities to hypothesize multiple solutions to the problem. He found “that 
students from the productive failure condition produced a diversity of linked problem 
representations for solving problems that were ultimately unsuccessful in their efforts” (p. 
523). Although the students were not able to solve the problem during the period that 
they worked without supports, Kapur (2008) found that “despite seemingly
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failing.. .students from the productive failure condition outperformed their counterparts 
from the lecture and practice condition on well-structured and higher order application 
problems on post-tests” (p. 523).

The Lesson:
I will use Kapur’s (2012) productive failure design for problem solving in order to 

determine how students construct knowledge during a productive failure task. Table 1, 
shows the modified version of Kapur’s (2012) productive failure model that will be used 
for each problem solving cycle in this case study. Each cycle will last six days. The 
table shows a day-by-day plan of the activities conducted during a productive failure 
cycle, the duration of each activity, and the qualitative data that will be collected for each 
day of the cycle.

DAY Acnvmr DURATION QUALITATIVE DATA COLLECTION
Dayl Pretest: open- ended 

questions
25 minutes pretest recorded in learning log

Days
:i 2 . 

and 3

■ \ . *

Problem-Solving Task 
Cycle 1: Systems of 
Equations

Cycle 2: Variance

Cycle 3: Centers of 
Triangles

45 minutes 1. Student work is recorded each day in the learning 
log.
2. Students are videotaped while they work in a 
group on the task.
3. At the end of the task each day, each student 
records in the learning log a questionnaire page 
(Student Questionnaire 1 and
Student Questionnaire 2).
4. At the end of the task each day, students record 
what they thought about the task on video, a 
"student confessional"
5. Researcher Log—records general observations 
that were noticed during the task before the video
tape is viewed.

pay 4 Poster Presentation: 
students make a poster 
and present their findings 
to the class

90 minutes 1. Students are videotaped during their 
presentation.
2. Teacher collects the poster used during the 
presentation.
3. Researcher Log—records general observations 
after the consolidation lesson before the video
taping is viewed.

Day 5

- ' V *

Consolidation Lesson: 
teacher models ways to 
solve the task; uses their 
presentations to make 
connections

45 minutes 1. Students are asked to take notes in the learning 
log. Students can ask questions/make comments.
2. Researcher Log—records general observations 
after the lesson occurred.

it
Assessment (re-administer 
pretest)

45 minutes 1. Students take the post assessment which 
identical to the pretest.
3. Students are interviewed as a group.
4. Researcher Log—records general observations 
after the group interview.
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Essential Questions:

• How do I graph linear equations and linear inequalities in two 
variables?

• How do I find possible solutions when two variables are given? 

Instructional Technology:

a. Graphing Calculators -  at least one per group
b. Computer -  optional -  as a resource if  students need further information 

on a topic
c. LCD projector/computer — optional - used to present any work student has 

made
d. Internet -  students may need to research a question further, define a word, 

used as an available resource (the classroom is a BYOT (Bring Your Own 
Technology) so the students will have access to internet through their own 
devices

Materials:

1. Copy of Performance Task, “The Game Place” , one per person
2. Learning Log
3. Graph Paper and straightedges
4. Graphing Calculators -  as listed under instructional technology
5. Chart Paper and markers
6. Textbook
7. Colored pencils
8. Notebook paper and pencils
9. Scientific calculator
10. Whiteboard and markers

Accommodations for special needs:

- The students that were selected for this case study do not have an IEP or 
special needs. I will not be providing any extra supports or accommodations 
during the task to the students selected for my case study.

- The participants for my study will be working in a small group during a 
regularly scheduled class o f mathematics. The other students in the classroom 
who need assistance and have required accommodations as specified by an 
IEP will be met (for example: extra time).

Instructional Objectives:
Instructional objectives are defined as “a statement o f performance to be demonstrated by 
each student in the class, derived from an instructional goal and phrased in measurable 
and observable terms” (Oliva, 2009, p. 310).
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Cognitive Domain

1. The student will develop a plan for solving the task in order to gain a deeper 
understanding of systems o f linear equations.

2. The student will develop a plan for solving the task in order to gain a deeper 
understanding of systems o f linear inequalities.

Affective Domain

1. The student will grapple even when the task may become frustrating and show 
persistence when attempting to solve the problem in order to gain a deeper 
understanding of systems o f linear equations and linear inequalities.

Curriculum Aims, Goals, and Objectives:

As shown in Figure D l, the instructional plan aligns with the aims, curriculum 
goals, and curriculum objectives of the school system where the study will be 
conducted. Each of the goals listed in Figure D l  have multiple objectives; the 
most relevant was listed for each respectively.

•Maximize student success to  ensure mastery of national and state  
standards.

•Design and implement high quality standards-based instuction with 
high expectations for all students

•Design and implement a balanced assessm ent approach to ensure 
that all students achieve mastery and state curriclum standards.

•Demonstrate high expectations of all learners, involving students in 
goal-setting and monitoring their progress.

•Develop and utilize a variety of summative assessm ents to  evaluate 
student progress towards mastery of standards.

Figure D l. Alignment o f Curriculum Guide to Aims, Goals, and Objectives 

Standards:

As listed in Figure D2, the Common Core Georgia Performance Standards 
(CCGPS) that pertain to the problem solving task used in this curriculum guide. 
This task aligned well with the first five Standards for Mathematical Practice. The 
two standards for that component which aligned best were chosen for the figure.



Standard for Mathematical Practice

Key Standard
Make sense 

of the 
problems 

and 
persevere 
in solving 

them.

Construct 
viable 

arguments 
and critique 

the 
reasoning 
of others.

MCC9-12.A.CED.3 
Represent 

constraints by 
equations/inequali 
ties & by systems 

of equations 
and/or 

inequalities, and 
interpret solutions 

as
viable/nonviabie 

options in context

Performance  Standards
^M C C 9-12.A R EI.5  Prove that, given a 

system of two equations in tw o 
variables, replacing one equation by the  
sum of tha t equation and a multiple of 
the o ther produces a system with the  

same solutions.
MCC9-12.A.REI.6 Solve systems of linear 

equations exactly and approximately 
(e.g. with graphs), focusing on pairs of 

linear equations in two variables.
MCC9-12.A.REI.12 Graph the  solutions 
to  a linear inequality in tw o variables as 

a half-plane and graph the solution se t to  
a system of linear inequalities in tw o 
variables as the  intersection of the  

corresponding half-planes.

Figure D2. Standards Addressed 

Evaluation Techniques:

1. Pre-Assessment: the students will answer 10 open-ended questions
2. Formative Assessment: Data Gathered During the Task

In order to determine how students grapple and persist during the productive failure 
modeled task, two groups of students will be videotaped during their problem solving 
sessions. The teacher will be looking for the following:

1. Communication: Students are talking to each other during the task. Since data for 
my dissertation will be collected in the same manner, I need to make sure that the 
task’s context encourages the students to talk to one another during the task and 
leads to good discussion.

2. Difficulty Level: The students were challenged during the task to the point of 
bewilderment, but the students still persisted for the entire allotment o f time.

3. Authenticity: The students presented multiple ideas or methods for solving the 
problems.
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To determine whether the students developed a plan for solving the task and showed 
persistence during the task, the teacher will take detailed notes while the students are 
working on the task. The teacher will gain further insights and notes from watching back 
through the videotapes. This qualitative data will be analyzed using the three indicators 
listed above.

3. Summative Assessment: Data Gathered After the Task

After the students have finished the task and presentations and the teacher has 
presented the students with the solutions, each student will be asked the same 10 open- 
ended questions from the pre-assessment. This qualitative student feedback will help to 
determine whether or not the students made learning gains after they completed the task.

Validity and Dependability:

1. Consensual Validity: This study and design has been approved by my principal, 
the county school system, the Mercer College Institutional Review Board.

2. Epistemological Validity: My study will be compared to my findings from the 
review of the literature.

3. Dependability: Dr. Manu Kapur and his research team will assess the task and 
provide feedback before the task is given. This raw data will be accurately 
recorded and utilized to improve the task. A panel o f three teachers will also read 
the task and provide feedback. This second group will further strengthen the 
dependability of the task.

The Task:
The Game Place

You were just hired as the store manager of “The Game Place.” The Game Place sells 
used video games. As the store manager, you are responsible for purchasing games from 
other used video game distributors. You will need to know some basic math skills to 
solve problems involving the budget and purchasing. For example, two new types o f 
games are available to offer in our store. The first type o f game costs $30 dollars and the 
second one is $20. You want to stock at least $600 worth o f games to be competitive 
with the surrounding stores, but your store’s purchasing budget cannot exceed $1200 
worth of games.

Question: How many possible combinations o f orders can be made that will satisfy the 
minimum and maximum requirements?

(adapted from a word problem from the Jordan and Granite online textbook, p. 82)
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Question 4-highly
effective

3- effective 2- som ew hat 
effective

1-not effective

Do the
essential
questions
address an
enduring
standard?
Are the  
materials used 
appropriate for 
the task?
Does the task 
align with a 
Productive 
Failure Model?
Is the
Instructional 
Plan clear?
Do the 
assessm ents 
align with the 
standards 
stated?
Are the most 
appropriate 
assessm ents 
used to  yield 
adequate data?

Is the time 
frame
appropriate?

Other Suggestions/Feedback:
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Student Name:_____________________________________

Date:__________________________

Pre-Test

1. What do you know about graphing linear functions?

2. What do you know about graphing linear inequalities?

3. Can you give an example of a problem that could be solved by graphing a line?

4. What do you know about systems o f linear equations?

5. What do you know about systems o f linear inequalities?

6. What are the possibilities when solving a system of linear inequalities?

7. Can you make up a problem that could be solved by graphing a linear inequality?

8. Can you make up a problem that could be solved using a system o f linear 

equations?
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Nam e:___________________________  Date:__________________

Questionnaire 1:

1. After working through the task, what have you learned about finding possible 
solution combinations?

2. While working through this task, what did you find easiest? What was most 
useful?

3. What was most puzzling about this task? What helped you to keep trying?

4. In general, what did you learn?

5. How do you feel about this task?
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1. When you worked through these problems, what did you leam?
2. Why did you attempt to solve the problem by (name the method they used for 

example, drawing a diagram)
3. How/Why did your method help you better understand?
4. How did you test out your solution?
5. Was this learning situation different from the usual way you have learned math in 

the past?
6. How would you present this learning situation to the class?
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Cycle
#

P# Line# Type Transcribed Text

1 1 1 GO Cycle l_iphone_dayl_jgroupdiscussion
1 1 2 GD Student 1: "If you set it up like a compound 

inequality..somehow...Okay it'd be 600 divided by 50"
1 1 3 GD (student 3 listens and types in what student 1 says on her calculator)
1 1 4 GD Student 3: "12"

(student 1 writes down 12)
1 1 5 GD Student 1: "12 x is less or equal to twelve"
1 1 6 GD (camera pans in and you can see student 4 -  he is watching and 

listening with his pencil in hand -  head propped on hand)
1 1 7 GD (camera pans student 2 into the picture -  he has his calculator in 

hand -  he is working on something too -  he is quiet)
1 1 8 GD Student 1: "1 don't know because it has to at least you get less than or 

equal to 600 but it also needs to be less than or equal to one 
thousand two hundred. So we need to use a compound inequality."

1 1 9 GD Student 3: "where did you do first to get this"
1 1 10 GD Student 1: "1 subtracted 600 from the 600 and it cancelled out and 

then 1 subtracted 600 from the 1,200"

1 1 11 GD Student 3: "what did you do after that?"
1 1 12 GD Student 1: "yeah 1 combined like terms"

1 1 13 GD Cyclel_iPhone_daylB_groupdiscussion

1 2 14 GD Student 1:" x less than or equal to 12"

1 2 15 GD (student l 's  ideas are getting heard
1 2 16 GD student 3 is asking questions and writing it all down
1 2 17 GD student 4 is quiet but is visibly writing down the information that 

student 1 is coming up with)

1 2 18 GD (after student 1 finishes that inequality, a possible solution, she goes 
back and thinks and reads the problem situation again and point to it 
and says....)

1 2 19 GD —Student 1: "but it says how many possible combinations...oh!...so 
would it be 12 possible combinations? Wait, no...it has to be...l2 -  
either less than 12 or equal to 12 combinations"

1 2 20 GD Student 4: "do we write our answer on this" (referring to  the task 
sheet)

1 2 21 GD (with student 4's suggestion, student 1, student3, and student 4 who 
are in the camera's view all write the same idea on their task sheet)
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Codes for Group Processes (GP)

I. Making a Plan (MP)
A. New Idea (NT)
B. Explain Initial Idea (El)
C. Idea Extension (IE)
D. Provoking Question (PQ)

H. Working a Plan (WP)
A. Work Dynamics (WD)

1. Individual Work (IW)
2. Paired Work (PW)
3. Tri-ad Work (TW)
4. Whole Group Work (WW)

B. Tools (TL)
C. Give Instructions (GI)
D. Show Work (SW)
E. Shared Thinking (ST)
F. Adopted Thoughts (AT)
G. Asking Questions (AQ)

III. Understanding Concepts (UC)
A. Solving Steps (SS)
B. Types of Solutions (TS)
C. Define Vocabulary (DV)
D. Set-up Equations (SU)
E. Solving Methods (SM)
F. Define Variables (DR)

IV. Reporting Results (RR)
A. Explain Steps (ES)
B. Compare Work (CW)
C. Give an Answer (GA)
D. Ask a Question (AQ)
E. Explain Why (EW)

V. Evaluating a Plan (EP)
A. Check Answer against Task (CT)
B. Answer in Context (AC)
C. Decision Making (DM)

1. Yes
2. No
3. Maybe

D. Stuck (SK)
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Codes for the Final List for Roles:

I. Explainer (EXP)
A. Explaining the solution (ESL)
B. Explaining the set-up (ESU)
C. Explaining the method (EMT)
D. Explaining the steps (EST)
E. Explaining the summary of work (ESW)
F. Explaining the task (ETK)
G. Explaining confusion (ECF)

II. Quiet Thinker (NQT)
A. Noted a student/group went quiet (NQT)
B. Noted a quiet thinker in deep thought (NDT)

Dl. Recorder (REC)
A. Written recordings (RWR)
B. Calculator for recording (RCL)
C. Video Camera (RCM)

IV. Responder (RES)
A. Respond with a number (RNM)
B. Respond with an affirmative (RAF)
C. Respond that was not totally heard (RUH)
D. Respond with restatement (RRS)

V. Questioner (QUE)
A. Question to repeat (QRP)
B. Question with a needed one word or number answer (QOA)

1. Y/N
2. NUM
3. WRD

C. A “how” question (QHW)
D. A “why” question (QWY)
E. A “what” question (QWT)

VI. Listener (LIS)
VII. Hypothesizer (HYP)

A. Makes a statement (MST)
B. Asks a question (AQU)

VIII. Instructor (INS)
A. Give a command (ICO)
B. Lead a discussion (ILD)
C. Read the task aloud (IRX>)



Codes for Problem Solving Approaches:

I. Generate Ideas (geni)
A. Throw out a new idea

1. Ask the group (askg)
2. Tell the group (telg)
3. Discuss with group (disg)

B. Ask the group for a new idea (asni)
1. Gives with starter (agwd)
2. Asks group with no input (agni)

II. Write Ideas (writ)

III. Tools (tool)

IV. Read for Understanding (read)
A. Read the task (rdtk)
B. Read student work (rdsw)

V. Define Variables (defn)

VI. Guess and check (gues)

VII. Graph (grap)

VIIL Stuck (stck)

IX. Algebraic (algb)
A. Uses an equation (equa)
B. Uses an inequality (ineq)
C. Uses multi-step operations (mtsp)
D. Uses cancel out (canc)
E. Uses combining like terms (emit)
F. Uses addition (adda)
G. Uses subtraction (subt)
H. Uses multiplication (mult)
I. Uses division (divi)

X. Statistics (stat)
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Table M

Cycle 2 Task Table

Year Mike Arwen Dave Backhand Ivan Right
1993 14 13 13
1994 9 9 18
1995 14 16 15
1996 10 14 10
1997 15 10 16
1998 11 11 10
1999 15 13 17
2000 11 14 10
2001 16 15 12
2002 12 19 14
2003 16 14 19
2004 12 12 14
2005 17 15 18
2006 13 14 9
2007 17 17 10
2008 13 13 18
2009 18 14 11
2010 14 18 10
2011 19 14 18
2012 14 15 18
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Figure N. Cycle 3 Task Map


